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GENERAL PREFACE 


This book has been written in accordance with the modern 
trend in the teaching of Geometry, as shown, for example, in 
the recent booklet issued by the Scottish Education Depart- 
ment. The number of propositions with formal proofs has 
been reduced and stress laid on the solution of problems, 
attention being directed to the methodical arrangement of 
such solutions. In addition reference to Solid Geometry is 
made throughout the course. 

The fundamental trigonometrical ratios have been intro- 
duced and use made of the methods of both Algebra and 
Trigonometry. 

The Introduction is designed to acquaint the pupil with 
the basic facts of Geometry and to train him in the use of 
geometrical instruments. 

The large number of Examples together with Revision 
Papers and Examination Papers should provide sufficient 
practice at all stages. 

The book covers the work in Geometry for the Scottish 
Leaving Certificate, for the English Certificate of Education 
(Ordinary Level) and for the Preliminary Examinations of 
the Universities. 

We gratefully acknowledge the permission granted by the 
following examining bodies to include questions set by them 
at various examinations : i 

H.M. Stationery Office; Senate of Glasgow University ; 
Senate of London University; Local Examinations Syndi- 
cate, University of Cambridge; Local Examinations Syndi- 
cate, University of Oxford; Joint Matriculation Board of the 
Northern Universities of England; Examination Board of 
the University of Bristol, 
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„ „ „ therefore, 
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alt. „ „ alternate. perp. ., ., perpendicular. 


bet. 2% » between. ре d » point. 
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INTRODUCTION 


The word Geometry comes from two Greek words, ge—the 
earth, metron—a measure, and thus means earth measurement. 
Triangles and parallel lines are mentioned in early Babylonian 
records, as is also the division of a circle into 360 parts. More 
attention was given to the subject in ancient Egypt, because 
of the necessity to re-establish land boundaries, obliterated 
from time to time when the river Nile overflowed its banks. 
The land surveys, by which these boundaries were fixed, 
involved the measurement of certain geometrical figures and 
the construction of certain angles. The development of 
Geometry as it is studied to-day owed more to the Greeks, 
however, the most famous man in this connection being Euclid, 
who lived about 300 B. 0. His book on Geometry was the text- 
book studied in schools until the beginning of this century, 
that is, for over 2,000 years, and it is still the foundation of the 
elementary work in the subject. 


FUNDAMENTAL. IDEAS 


Solids.—In our everyday lives we are constantly coming into 
contact with an endless variety of things, whether it be in our 
homes, in our journeys to and from school, at work, or at play 
—books, pencils, marbles, cricket bats, cars, the air we breathe 
and the food we eat, and the list can be added to indefinitely. 
We can classify them in any way we please, by weight, by 
colour, or by age, but in spite of the endless diversity of the 
objects we have listed, there is an important property that 
they all possess. Each takes up а certain amount of room or. 
space. j 

Anything which takes up space is spoken of as a 
Solid. 

Thus each page of our books is a solid, however thin the 
papermay be. Theair we breathe and the water we use have 
also this property of occupying space and are therefore 
solids. The word “solid” as used here must not be confused 

N.C.G.—1 1 
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with the word “solid” which is used as opposed to “liquid” 
and “gas.” 

Most solids are irregular in shape, e.g. a pebble in the bed 
of a stream, a cloud in the sky. Geometry deals with the 
shape, size, and position of solids which are M in shape, 
e.g. а ball, a matchbox, an unsharpened pencil . 

The following sketches show some of the more common 
regular solids: 


Cuboid or Rectangular Triangular 
Prism or Rectangular Solid Prism 


Square Pyramid Cylinder Sphere 
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EXERCISES 1 


Nets.—If a cuboid were made of paper we could cut along 
some of the edges and lay the paper out as shown below. 
Such a figure is called a net. 


1. Draw the net оп stiff paper, say four 
times the size shown, cut it out, fold along 
the dotted lines and bind the edges to 
form a cuboid. 


2. Repeat Exercise 1 with the net for a tri- Cuboid 
angular pyramid as shown and make 
the model. 


3. Draw,nets for the following solids and 
make the models: (a) Cube, (b) Tri- 
Pyramid, 


Prism, 
(Cone, (е) A Жы уте 
go Triangular Pyramid 


Surfaces.—Solids are bounded by surfaces. These surfaces 
separate the solids from the surrounding space. Surfaces are 
of two kinds, plane and curved. 

The surfaces of a cube, rectangular prism, pyramid, are plane 
surfaces, while the surface of a sphere is curved. The nature 
of a surface may be tested as follows. Place a straight edge 
on the surface in several positions. If the straight edge is in 
contact with the surface throughout its whole length in all 
positions, then the surface is plane, and is referred to as a 
plane surface or simply as a plane. If the surface is not in 
contact with the straight edge in all positions, then the surface 
isa curved surface, Some surfaces, as for instance the curved 
surface of a cylinder or cone, answer to the test in some positions 
but not in all positions, 
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A sheet of paper, e.g. a leaf of this book, might be taken to 
` represent a surface, but even the thinnest sheet of paper will 
be a geometrical solid, since it has length, breadth, and thick- 
ness, and a surface has length and breadth but no thickness. 
Each leaf of this book is a geometrical solid, the words 
being printed on the pages, which are two of its bounding 
surfaces, 5 

Lines.—Surfaces intersect in lines and are bounded by lines, 
Lines are either straight or curved. Examine the model of 
a rectangular prism. When two surfaces intersect they do so 
in a straight line, called an edge of the prism. The curved 
surface of a cylinder and either of the plane surfaces intersect 
in a curved line. The trace made on paper by a fine pencil 
point might be taken to represent a line, but even the finest 
trace will be a geometrical solid, since it has length, breadth, 
and thickness, and a line has length, but no breadth and no 
thickness. 

Points.—Lines intersect in points, Examine any face of 
a rectangular prism.. The meeting place of two edges is called 
a point (a vertex of the prism). At each of the eight vertices 
it will be seen that three lines meet. The dot made on paper 
by a fine pencil point might be taken to Tepresent a point, No 
matter how fine the pencil point is, however, the dot is a 
geometrical solid since it has length, breadth, and thickness, 
and a point has no length, no breadth, and no thickness. A 
point indicates position but has no size. 

Naming of Points and Lines 
A point is named by one letter, thus: “A 


A line is named by two letters, thus: 5 
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EXERCISES 2 


The figure shown is the net of a solid. 


1. Name the lines of equal length. 

2. What points will coincide with C 
when the solid is made ? 

3. What points will coincide with L? 

4. What line will coincide with AF? 

5. How many faces has thé solid ? 

6. How many edges has it ? 

7. How many vertices has it ? 

8. What is the name of the solid ? 

9. Complete the following table : 

Cube . 


No. of Edges. | No. of Vertices. 
Square Pyramid 
Cone 


8 : 1 


10. Name a solid figure bounded by 
(a) One surface, 
И Two surfaces, 


c 


c) Three surfaces, 
Four surfaces. 

11, How many straight lines can be drawn through one point ? 
How many curved lines can be drawn through two points ? 
How many straight lines can be drawn through two 

ints? Mark points, How many (т) straight, 
(2) curved lines can be drawn through the three points ? 
‘Note: (1) Only one straight line can be drawn through 
two points. 
(2) 1f three or more points are in a straight line 
i they are said to be collinear.) 

12. What is (1) the greatest, (2) the least number of faces of 
(a) a cube, (b) a cylinder, (с) a square pyramid, that it is 
possible to see at one time? 
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із. (т) What is the shape of the water line if a wooden ball | 
floats in water ? ) 
(2) What із the mue of the water line if a wooden pencil 
floats in water x 
14. Using your ruler copy carefully the following diagrams to 
any suitable scale: h 


Measurement of Length 


А B 


To measure the length of the line AB place the ruler so that 
the edge graduated in inches touches the line, and so that the 
point A is actly opposite one of the inch marks on the ruler. 
Now count the number of complete inches and tenths of an 
inch betwegn А and В. We might find that the point В lies 
between 2:2 and 2:3 in. from A. Mentally we divide the 
tenth of an inch between 2:2 and 2:3 into ten equal parts, and 
estimate how many of these parts lie between 2:2 and В. If 
there are seven such parts, then the length of AB is 2:27 in. 
It is essential to state the unit which is being used, i.e. inches 
or centimetres, which are written іп, and cm. 
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А line is said to be bisected when it is divided into two 
parts of equal length. 
—— ü —ů3ã. — 
^ с в 
Thus if the line AB is bisected at the point C the parts AC, 
end CB are equal in length and we write AC == CB. 


EXERCISES 3 
1. Draw a line AB 5 in. long. Measure its length in centi- 
metres and hence find the number of centimetres in 1 in. 
Answer correct to 2 dec. pl. 
2. Draw.a line AB 10 cm. long. Measure its length in inches 
and hence find the number of inches in 1 cm. Answer 
correct to-2 dec. pl. 


3. 
8 c 


Measure in inches the lines AB and BC and find their sum. 
Write down the results as follows : 


AB= іп. 
ВС = іп. 
АВ + ВС = іп. 
ie АС = іп. 
Check by measuring the length of AC. 
4 
^ c в 


Measure іп centimetres the lines AB and CB and find their 
difference. Write down the results as follows : 
AB= cm. 
СВ = cm. 
АВ — СВ = cm. 
іе. АС = ст. 
Check by measuring the length of AC. 

5. Draw any two straight lines AB and CD. Now draw а 
third straight line XY, whose length you estimate to, be 
equal to the sum of the lengths of AB and CD. Check your 

' estimate by measurement and find your error. 
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Write down the results as follows : 


in. 
CD = in. 
іп. 
іп. 


р Error = іп. 
6. Estimate and check by measurement the lengths of the 
lines named in the following figure : 


Complete the following table: 


Check that AE + EC = AC, and that BE + ED = BD. 
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7. The figure ABC is called a tri- A 
angle. ^ Drawany triangle ABC. 
Find by measurement the mid- 
points E and F of the sides AC F E 
and AB respectively. Draw the 
lines BE and CF and name the 
pes in which they intersect, С. 8 о c 

raw a straight line through A : 

and С to meet BC at О. Measure BD and DC. What do 
you notice about them? Measure AD and GD. What 
do you notice about them? Find two other straight ' 
lines related in the same way as AD and GD. 

(Note: The straight line joining any vertex of a triangle 
to the mid-point of the opposite side is called a median. 
In the figure above AD, BE, CF are medians of the triangle 
АВС.) ; 


8. Estimate the lengths of CA and CB. Measure them with 
your ruler and show that they are equal. (The point-C 
is said to be equidistant from A and B.) Mark another 


€x 


х ` 
x 8 
A 


point which you think is equidistant from A and B and 
check by measurement. Find several points which you- 
consider to be equidistant from А and B. Where do they 
all lie? 

9. Mark a point A on your paper. Find a point which is 
2 in. from A. Find two more points also 2 in. from A. 
Now mark by sight several points 2 in. from А. Where 
do they all lie? 
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х 
х с 
B 


IO. А, B, C are three villages on а map on which every inch 
represents a mile. Estimate the distances from A to B, 
B to C, C to A and check by measurement. Try to mark 
on the map the point at which you would build a school 
sothat it would be the same distance from all three villages. 
Check by measurement. 


Horizontal, Vertical, and Oblique Lines and Planes 


When a stone hangs freely from the end of a string, we , 


say that the string is vertical. The string represents a 
line in a vertical direction. When a stone held in the hand 
is released, it falls directly to the ground. We say it falls 
vertically. А 

А builder uses a plumb-line to ensure that the walls of 
buildings are vertical. The surface of the wall is then said 
to be a vertical plane. 

The floor of a room forms a horizontal plane and is tested 
by a spirit-level. 

Two walls of a room thus meet in a vertical line and the 
floor or ceiling meets each of the walls in horizontal lines. 
Planes and straight lines which are neither vertical nor 
horizontal are said to be oblique. 


1 


( 


I. 
2. 


3: 


16. 
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EXERCISES 4 


Point (1) vertically upwards, (2) vertically downwards. 
How. many (1) horizontal, (2) vertical lines can be drawn 
through a given point ? : 

Point in a horizontal direction. Turn once completely 
round while still pointing. Does this direction remain 


horizontal ? 


. What kind of plane is formed by the surface of the water 


in a water-tank ? g 


. Tilt the water-tank in any direction. Does the nature of 


the surface change? 


. Float a match in a basin filled with water. Is the match 


horizontal? If all the matches in a box were emptied 
into the water in the basin would the matches all point in 
the same direction? Would all the matches be horizontal? 


. How many horizontal lines can be drawn on a horizontal 


plane ? 


. What kind of line is represented by the wire which supports 


the electric light in your room ? 


. In a large room, lit by many such lights, do the wires all 


run in the same direction? Are they all vertical? 


. (a) Do all horizontal lines run in the same direction ? 


(b) Do all vertical lines run in the same direction ? 
How many vertical lines can be drawn on a horizontal 
plane ? 


. How many horizontal lines can be drawn on a vertical 


plane ? 


. Fix a point in a vertical plane. How many (1) horizontal, 


(2) vertical, lines lying in the plane can be drawn through 
the point ? 


. Fix a point in a horizontal plane. How many (1) hori- 


zontal, (2) vertical, lines lying in the plane can be drawn 
through the point? 


. How many (1) horizontal, (2) vertical, lines can be drawn 


on an oblique plane ? 
How many (1) horizontal, (2) vertical, lines can be drawn 
through a given point on an oblique plane? ` 
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17. 
18. 


19. 


20. 


21. 


22. 


23. 
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“ If a vertical line can be drawn on a plane, then the plane 
must be a vertical plane." Is this correct ? 

“Tf a horizontal line can be drawn on a plane, then the 
plane must be a horizontal plane." Is this correct ? 
Place a cube on a horizontal plane. How many edges are 
horizontal? How many are vertical? How many faces 
are horizontal? How many are vertical ? 

Tilt the cube about one of its edges on the horizontal 
plane. How many edges are now horizontal? How 
many are vertical? How many faces are now hori- 
zontal? How many faces are now vertical ? 

If one edge of a cube is vertical, how many more must be 
vertical? How many edges must be horizontal ? 


A 


The figure shows a square pyramid 
standing on a horizontal plane. Name 
any (т) horizontal lines, (2) vertical lines, ; 
(3) oblique lines. D 


The figure shows a cuboid resting 
on a horizontal plane. What kind 
of lines are AE, HG, GC, EH, BH, 
FG, AG, EB? If the cuboid is 
turned about the edge EH, which 
remains touching the table, what 
kind of lines do the above lines 
become ? 


ANGLES 


Angle.—When two straight lines meet в 
they are said to form an angle. The 
straight lines ОА and OB meet at O and 
they are said to form the angle AOB, O 
written AOB. The lines OA and ОВ аге 
called the arms of the angle, and the ^ 
point O is called the vertex of the angle. 

Three letters are generally necessary to name an angle and 
the middle one of the three is the vertex of the angle. When 
there is no doubt as to which angle is intended, one letter 
only may be used. Thus, in the figure above, we can name 
the angle AOB or simply ô. 

Sometimes the symbol C is used for the word angle. The 
size of the angle may be regarded as the amount of turning 
necessary to bring a straight line, rotating about O in a 
counter-clockwise direction, from the position OA to. the 
position OB. 

Two angles ABC and DEF are A C 
said to be equal when the one can D 
be made to fit exactly on to the 

other. Imagine the figures cut out 
of the paper. Place the vertex B 8 . 
on the vertex E, so that the arm BA 
lies along the arm ED. Then if the F 
arm BC can be made to lie exactly 
along the arm EF, the angles are equal in size. It is not 
necessary for the point A to lie on the point D or for the point 
C to lie on the point Е. The size of an angle does not depend 
on the lengths of its arms. The size of an angle is not 
altered by lengthening or shortening its arms. The size 
depends only on the amount of turning from the position 
BC to the position;BA or from the position EF to the 
position ED. : 
13 
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Adjacent  Angles.—When two angles 0 
have a common vertex and lie on opposite 
sides of a common arm, they are said to 


be adjacent angles. Thus in the figure o B 
AOB and BOC are adjacent angles because 
(1) they have a common vertex О, A 


(2) they have a common arm OB, 

(3) they lie on opposite sides of OB. 
Notice that all three conditions must be fulfilled. In the 
figure AOB and AOC have a common vertex O and a common 
arm OA, and, therefore, the first two conditions are fulfilled. 
Both angles lie on the same side of OA, so the third condition 
is not fulfilled, and so these angles are not adjacent angles. 

Vertically Opposite Angles—When 


two straight lines intersect- vertically С в 
opposite angles аге formed. qr 
Thus in the figure the straight lines D 


AB and CD intersect at О and form 

two pairs of vertically opposite angles. 
Абс and BOD are vertically opposite angles. 
AOD and BOC are vertically opposite angles, 


Measurement of Angles 


When a straight line starts turning about a point, and 
continues to turn in the same direction, until 
it returns to its original position, the line is O~ 
said to have turned through a complete ^ 
rotation. 

A straight angle i is an angle whose arms lie in one straight 


line, In the figure AÓB is a straight angle, the arm OA having 
turned about the point O until it 


has reached the position OB, such 
that BO and OA аге іп one straight 8 ^ 


line. 


INTRODUCTION _ 15 


If the arm OB were to continue turning in the same direction 
until it had reached the original position OA, it would turn 
through another straight angle BOA. Since it would then 
have turned through one complete rotation, it follows that 


2 straight angles — І complete rotation. 


TOM 
c о А 
In the above figure COA isa straight line, and the sum of 
the adjacent angles AOB and BOC is one straight angle. If 
now we rotate the common arm OB about O, in the direction 
towards OC, the angle AOB will increase and the angle BOC 
will decrease. In eme position the two adjacent angles will 
be equal and each is then called a right angle. АОв апа 
BOC are then both right angles. We therefore define a right 
angle as follows; 


c о А 


When опе straight line stands on another straight line 
in such a way as to make the adjacent angles equal, 
each angle is a right angle. 

It is clear that, since the two equal angles AOB and BOC 
are together equal to one straight angle, 

2 right angles = 1 straight angle. 
The complete rotation is divided into 360 equal Sues each 
of which is called one degree, written 1°. 
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We therefore get the following table : 


I complete rotation =.360° 
I straight angle = 180° 
I right angle = 00% 
The degree is further divided into 60 equal parts, called 


minutes, and each minute is divided into 60 equal parts, 
called seconds, 


I degree = 60 minutes, written 60” 
I minute = бо seconds, written 60” 


Supplementary Angles.—Two angles are said to be supple- 
mentary when their sum is two right angles. Each is called 
the supplement of the other. Thus angles of 30° and 150° 
are supplementary, as are also angles of 87° 13' and g2? 477. 

Complementary Angles.—Two angles are said to be comple- 
mentary when their sum is one right angle. Each is called the 
complement of the other. Thus angles of 20° and 70° are 
complementary, as are also angles of 41° 37’ and 48° 23), 


EXERCISES 5 


B 
I, In the figure name 
(1) 3 angles with vertex H, 
(2) 2 angles with vertex С; ` 
(3) the vertex and the arms of HEC and of АБС. 


2. Through what angle does the minute hand of a clock turn 
between 6 p.m. and 7 p.m. ? 


3. Through what angle does the hour hand turn between 
.6 p.m. and 7 p.m.? 


-— 


4. 


е 


14, 


15 


16. 


17. 


. You аге facing north and 
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Through what angle does the minute hand of a clock turn 
between 2.15 a.m. and 4.15 a.m.? 


. What is the size of the angle between the hands of a 


clock at (1) 3 o'clock, (2) 6 o'clock, (3) 8 o'clock ? р 
Through what angle does the minute hand turn between 
5.10 p.m. and 5.25 p.m.? Through what angle does the 
hour hand turn in the same time? 


Itl is 120 "clock midday. The minute hand turns through 


270%. What is the time now? 


. At what hours is there a right angle between the hands 


of a clock ? 


„ What is the hour when the angle between the hands of a 


clock is (1) 60°, (2) 120°, (3) 150°? 


. About turn! Through what angle must you turn? 
. Left turn! Through what angle must you turn? 


Half M turgi argk what angle must you turn? 


turn to face east, Through 
what angle must you 
turn ? 


You are walking north and 
change to walk north-east. 
Through what angle must 
you turn ? 


What is the size of the aagle between the ние pairs 
of directions : 


1) N. and S. (2) E. and N. 
3) E. and 5.Е. (4) S.E. and S.W. 
(5) N. and S.E. (6) S. and N.E. 


Write down the supplement of 20°, 70°, 79° 14', 90°, 
108° 37’, 120°, 179°. 

Write down the complements of 10°, 30°, 45°, 52° 15’, 
60°, 67% 47, 87°, 37° 14. 


18 
18. 


19. 


20. 
21. 


22. 


23. 


24 


25. 
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The angle formed at a bend in a road is 109%. Walking in 
either direction, through what angle must you turn at the 
bend? 

A man walks east and then turns to walk south. Through 
what angle has he turned? 

What angle is the same size as its supplement? 

What angle is the same size as its complement ? 


The anglés marked a, 5, c in the figure are all equal and 

AB is a straight line. What is the size of each angle? 
What kind of angles are (1) a and b, (2) b and с, 

(3) (а +b) and с, (3) a and (5 + c)? 

In the figure AB and CD are straight lines. What. kind 

of angles are (1) AOC and COB, (2) AOC and BOD? 

Name one more pair of adjacent angles : 


and one more pair of vertically opposite 8 
angles. £ 

If AOC = 40°, what must be the size o 5 
of COB? Ж 


Write down the sizes of all the angles in the figure. What 
do you notice about AOC and BOD? 


Calculate the remaining angles in the following figure (not 
drawn accurately) in which two straight lines intersect. 


In the figure AOC is x°. Write down c B 
the sizes of all the angles in the figure. >> 

Can you give а reason why vertically (2) 
opposite angles are always equal ? ^ қ р 


26. 


27. 


28. 
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In the figure AB and CD are two straight lines. What 
kind of angles are AOC and AOD? 


What is their sum? Write down A D 
their sum in two different ways and 2х9, 

find the value of x. Hence write XA 

down the sizes of all the angles in 

the figure. c й B 


Repeat the above exercise when AOC = xe, and 
AOD = 3%. ; 

The figure represents a cuboid. What is the size of АЙЕ 
and of ANG? Name the complement of EFH, and the 


supplement of GOF. Name a pair of adjacent angles. 
Name a pair of vertically opposite angles, 


[Note: AH is at right angles to the straight lines HE and 
HG which intersect at H and are in the plane HEFG. 
HF is also a line in this plane, drawn from H. AHF is a 
right angle, and AH would be at right angles to any line 
drawn from H in the plane HEFG. This fact will be used 
from now оп.) 
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The Protractor 


Take a circular piece of paper and halve it. Take one half 
and fold it in two. Open it out and mark the crease. Repcat 
the process of folding until the paper, when opened out, shows 
the creases indicated in the figure. Consider a straight line 
turning from the postion BC in a counter-clockwise direction 
into the position BA. The arms BC and BA are in one straight 
line, so the moving arm has turned through 180°. Hence we 
can mark o* at C and 180° at А. By the construction of the 
figure there are eight equal angles whose sum is 180°, all with 
their vertices at B. Each angle is thus 22}°, and hence the 
points E, H, K, etc., are marked as in the figure. This paper 
could be used to measure angles approximately.. Such an 
instrument is called a protractor. The best type of pro- 
tractor is made of celluloid. A diagram of such a protractor 
is shown below: 


|534! 
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There are two sets of numbers on the protractor. One set 
is obtained by considering a line turning, as in the previous 
figure, from the position BC through the successive positions 
BE, BH, BK, etc., the other set by considering a line turning 
from the position BA, through the successive positions BO, 
BM, BL, etc. In the first case the line is turning in a counter- 
clockwise direction, in the second case the line is turning in a 
clockwise direction. 

Care must be taken to use the correct set of numbers. Mis- 
takes can usually be avoided by judging the size of the angle, 
noting particularly whether it is greater ог less than 90°. 


To Measure ап Angle with a Protractor 


Suppose AOB is the angle to be measured. Place the pro- 
tractor so that the zero line lies along one arm of the angle, say 
OA, and the mid-point of the zero line lies on the vertex O. 
Note the position at which the other arm of the angle cuts the 
scale of the protractor. Reading on the correct set of figures, 
АОВ is seen to be 35°. 

If we wish to find the size of the angle AOB, 
` marked x° in the figure, we measure the angle 
АОВ, marked у°, and subtract this from 360°. GUSTA 
(A line starting from OA and turning through 
the angles marked à and y° has turned 8 
through a complete rotation or 360°.) 


x? 
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To Draw an Angle with а Protractor 


Suppose an angle of 79° is to be drawn. Draw a straight 
line OA. Place the protractor with the zero line along OA 
and the mid-point of the zero line on О. Using the correct 
scale on the pronator mark the point B on the paper opposite | 
the mark for 79* on the protractor. | 
Remove the protractor and join OB. Then AOB is the 
required angle. To draw an angle of f 263°, first subtract 263° 
from 360°, and, having obtained 97°, make an angle of 97°. | 
The angle of 263° is thus the adjacent angle which, with. the 
angle of 97°, makes up the complete rotation. [ 


Angles are classified according to size as follows : 

(1) An acute angle is an angle less than a right angle. 
(2) An obtuse angle is an angle greater than a right angle, 
but less than a straight angle. a 
(3) A reflex angle is an angle greater than a straight 

angle, but less than a complete rotation. 
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Tn the figure the straight line OA B 
_ drawn from the vertex O of BOC 
divides BÓC into two equal parts. o< A 
The angle BOC is said to be bisected 
by OA. c 


When measuring an angle always estimate its size before 
using the protractor. ; 


* 


| Draw angles of 30°, 45°, 60°, as above, in your jotter. Draw 
| them in а number of different positions, and this should help 
| you to estimate more accurately the sizes of other angles. 
| The two set-squares commonly used have angles of 45°, 45°, 
| 90° and 30°, 60°, 90°. 
| : 
| 
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1. Draw angles of 33°, 67°, 127°, 218°, 321°. 
2. Place the following angles in ascending order of magnitude 
without using a protractor: 


S : 
о 2 " f 
€ 
DT 
. Why аге there two readings opposite any mark on the 


protractor? "What do you notice about these readings ? 
If one reading is 65° what is the other? 


24 INTRODUCTION 
4. Estimate and then measure the angles shown below: 


5. Estimate the sizes of the angles AOB, 
BOC, AOC. Measure the angles AOB, 
BOC. How far wrong were your esti- 
mates ? 


6. Estimate the sizes of PRS and PRT. 


= Check with your protractor. Describe 


the pair of angles PRS and PRT as fully 
as you can. If the line RP turns about 
Rina direction towards T draw the figure 


when the angle PRS ceases to be an acute f 5 
angle. What then is the size of PRS? 
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7. Draw a figure bounded by three straight lines. The figure 
is called a triangle. Measure the three angles and find 
their sum. From the class results what can you say about 
the sum of the angles of any triangle? 

8. Draw a figure bounded by four straight lines. This figure 
is called a quadrilateral. Measure the four angles and 
find their sum. From the class results what can you say 
about the sum of the angles of any quadrilateral ? 

(Note: (г) The sum of the angles of any triangle 
is two right angles. 
(2) The sum of the angles of апу quadri- 
lateral is four right angles.) 

9. How many obtuse angles can a triangle have ? 

1o. How many right angles can a triangle have ? 

11. How many acute angles can а triangle have ? 

12. If all three angles of a triangle are equal, what is the size 
of each ? 

13. If one angle of a triangle is 42°, and the remaining angles 
are equal, what is the size of each ? 

14. Make an angle AOB equal to a right angle. Mark a point 
C on AO about 2 in. from O and from C drawa straight line 
CD to meet OB in D, making 


pco = 30°. Measure сбо. How y 
would you describe CDO and DCO. p. 
Can you state, without measure- t 

ment, the sizes of ACD and BDC? 

Find the mid-point E of CD, and д с 0 


join EO. Measure EÓD and EOC 
and name any pairs of angles which are equal. 
ee the following angles as being acute, obtuse, or 
reflex : 
12°, 78°, 325°, 168°, 1%, 179*, 258°, 917. 
16. You are thinking of an acute angle. What kind of angle is 
(1) its complement, (2) its supplement ? 
17. You are thinking of an obtuse angle. What kind of angle 
. is its supplement ? 
18. In the figure for Exercise 14, state which angles are acute 
and which obtuse. 


15 


` 
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^ 
B D 
А man walks from A to B, and then from В to C, and so on 
until he returns to А. Mark the angles through which he 
must turn at each of the points B, C, D, з state what 
kind of angle each is. 
20. In the figure for Exercise 19, if the man turns to his left at 


C instead of to his right, through what kind of angle must 
he turn to face towards D ? 


Angles at a Point 
c 


А о B 
Exercise 1,—Draw an acute angle BOC and produce BO to a 
point А, 
“What kind of angle is АОС? 
Wat is the sum of the angles AOC and COB? Give a 
each case, 


reason for the answer in 
Exercise 2.—Draw an obtuse angle BOC and produce BO to a 
[point A. У 
c 


8 
What kind of angle is АбС? 
What is the sum of the angles AOC and COB? Give a 
reasón for your answer in each case. 
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A o B 
Exercise 3.—Draw a straight line AB and mark a point O in 
the line. From O, draw any straight line OC. 
What is the sum of the angles AOC and COB? 


In the above exercises nothing has been said about the size 
of the angle COB, nor has it been necessary to measure the 
angles AOC and СОВ to find their sum. The result is true no 
matter what the sizes of the angles happen to Бе. It may be 
stated thus : 

When one straight line stands on another straight 
line, the adjacent angles so formed are together equal 
to two right angles, or are supplementary. 


Exercise 4.—Draw angle BOC — 65*. 
с 


2 
A 77$ B 

At О make angle COA equal to the supplement of 65°. 

What do you notice about the arms OB and OA of these 

adjacent angles ? 


Exercise 5.—Draw angle BOC = 146°, 


c 
=... № 146* 
А 5 $ 


At О make angle COA equal to the supplement of 146°, 
What do you notice about the arms OB and OA of these 
adjacent angles ? A 
The results of Exercises 4 and 5 may be stated thus: 
If two adjacent angles are supplementary, their outer 
arms are іп one straight line. 
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D 
Е с 


А о в 


Exercise 6.—Draw a straight line AB and mark a point O in it. 
From O draw lines OC, OD, OE all on the same side of the 
straight line AB. Measure the angles BOC, COD, DOE, 
EOA and find their sum. 

Would the answer be different if, instead of drawing three 
lines OC, OD, OE from O, we had drawn four or five or 
more lines from O? Can you give a reason why the answer 
is always the same no matter how many lines are drawn 

; 52 O, provided they аге all drawn on the same side of 
AB 


The result тау be stated thus: 

If from a point in a straight line any number of 
straight Iines are drawn on one side of the line, the 
sum of the consecutive angles so formed is two right 
angles. 


Exercise 7.—Draw a straight line AB and mark a point O in it. 


On one side of the line draw straight lines OC, OD, OE. 
On the other side of the line draw straight lines OF and OG. 
Give reasons for each of the answers to the following ques- 
tions : 


(x) What is the sum of the four angles BOC, COD, DOE, 
ЕОА? 
(2) What is the sum of the three angles AOF, FOG, 
B? ES 


S808 
(3) What is the sum of all seven angles? 
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Will these results still be true if we change the number of 
angles on one or both sides of АВ? j 

If the arm OA were omitted from the figure, what will then 
be the sum of the six angles formed by the lines radiating 


from O? 
Can you give a reason why the sum of the angles so formed 


will always be the same ? 
The result may be stated thus: 
If any number of straight lines is drawn from a 
point, the sum of the consecutive angles so formed is 
four right angles. 


Exercise 8.—Draw any two straight lines AB and CD inter- 


secting at O. E 
AOC and BOD are vertically opposite В 
angles. A 

AOD and BOC are vertically opposite Q 
angles. > 


What is the sum of AOC and сбв? 


| 

| What is the sum of DÓB and BÓC? 

| What can you state about the angles AOC and BOD? 
| Try to prove the same fact about the angles AOD and 
| 


BOC. 


The result may be stated thus: 
| If two straight lines intersect, the vertically opposite 


angles are equal. 
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D 
1. ABC is a straight line. Find x. 
| vhs 
А 8 с 
2. DEF is a straight line. Find y. „Nie. 
2 р Е iF 
3. XYZ is а straight line. Find a. а 5%, 
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4. ABC is a straight line. In each case find x, 


ax, i Lr 2225 


4 
o 


5. АОВ is a straight line. AOD = рӧс. 
Find the size of each, 


6. АОВ is a straight line. AOE and BÔC 
are complementary and OD bisects 


EÓC. Find x and the size of EOD. 


7. AB and CD are two straight lines. 
Find the sizes of all the angles. 


8. AB, CD, EF are three straight lines. 
Find the sizes of all the angles. 


9. AB, CD, EF are three straight lines. 
Find the sizes of all the angles. 


— 
. 


2x? Me 


Sec!’ 
fo 
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10. Two straight lines AB and CD intersect at O, making 
АОС a right angle. Prove that all the angles at O аге 
right angles. е 


11. Find the values of х and y, and the 


с. 
size of AÓC. 
А 


3x° 8 
» 
D 
B 
12. BOD is bisected by OE. Find the с Е 
size of СОВ. oO 3 
^ 
= 


F 


13. OE bisects BOD and OF bisects COB. 
Find the size of COF, and show that 
EOF = 1 right angle. 


14. OE bisects BOD and EOF = 1 right 
angle. Show that OF bisects BOC, 
and hence find the size of COF. 


15. OE bisects BOD and OF bisects AOD. 


Prove that EOF = І right angle. 
If EO is produced to G, prove that 


OG bisects AOC. What is the size 
of FOG? 


16. Find the value of x. 2 


17. 


18. 


19. 


20. 


21. 


23. 


: ine 
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Find the value of z. 


Find the value of y. 


The straight lines OC and AB meet at O and AÓC - сбв. 
The straight line OD makes сӧр = 3 

What is the difference between AOD and DOB? 

What is their sum ? 

AOB is 42% and AO is produced to C. BÓC is bisected by 
OD. Find the size of the reflex angle AOD. 

OA, OB, OC, OD are four straight lines in order such that 
Абс = = BOD = 90°. 

If BOC = x°, calculate the size of AOD. 

If AO is produced to E, find the size of DOE. 


The dotted lines bisect the angles 
— 5 h which they pass. Find the 
of the angle т the dotted 


AD bisects BAC and 
DAE = 90% Find the 
size of AEC. 
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24. Find z, y, z. 


D 
25. ABCD is а quadrilateral. 5 
Calculate BCD. 
B c 
D 
26. ABCD'is a quadrilateral, Calculate x. Lo 
A B 


27. ABCD is a quadrilateral. 
culate x. 


28. ABCD is a quadrilateral. 
ABD and then ADB 


N.C.G.—2 
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PERPENDICULARS 


When one straight line stands on another straight line in such 
а way as to make the adjacent angles equal, the straight lines 
are said to be at right angles to, or per- А 
pendicular to, each other. In the figure 
the angles ABC and ABD are equal, and 
each is, therefore, one right angle. AB 
and CD are at right angles to each other, 
or AB is perpendicular to CD. c 8 b 

Lines at right angles to each other, or perpendicular lines, 
are of frequent occurrence in everyday life, e.g. the top and 
side edges of this page meet at right angles. 

To draw а perpendicular to a given straight line XY through 
а given point О, using a ruler and set-square. 


Place the set-square so that one of the short edges lies along 
XY [position 1 in the figure above], and place the ruler against 
the longest edge of the set-square. Hold the ruler firmly, and 
slide the set-square along till the other short edge passes 
through О [position 2 in the figure). Draw the perpendicular 
OP. 
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o 
Distance of а Point from a Line : | 
The distance of the point O from the 5 8 
line AB is measured by the length of the P 
perpendicular OP drawn from the point O S 
to the line AB. 


From a point O any number of straight lines can be drawn 
to points in AB, e.g. OQ, OR, OS, OT. It will be shown later 
о 


А QR P 5 T 8 
that OP, the perpendicular from O to AB, is the shortest of all 
such lines, 


Parallels 


Parallel straight lines are straight lines which lie in the same 
plane, and which do not meet however far they are produced 
beyond both ends. 

The words “ Не in the same plane ” must be carefully noted. 
Two straight lines might not meet however far they were pro- 
duced beyond both ends, and yet not be parallel, because they 
did not lie in the same plane. Such lines are called skew lines. 

The figure represents a rectangular prism. AB and DC аге 

parallel because they lie in the same plane ABCD and do not 
meet however far they are produced beyond both ends. 
Similarly BC and HE are parallel. 
They lie in the plane BEHC. But D c 
GF and CD are not parallel, because, 
&lthough they do not meet however ^ 
far they are produced beyond both 
ends, they do not lie in the same 
plane. T 

GF and CD are skew lines. £ 
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The figure represents а triangular pyramid. AB and CD are 
skew lines. 
A 


B D 


We might have said that parallel straight lines are straight 
lines which are in the same direction. Thus two lines each 
running due East and West are parallel. Are any two 
vertical lines parallel? Are any two horizontal lines parallel ? 

To draw a parallel to a given straight line XY, through а given 
point O, using ruler and set-square. 


Place the set-square so that the longest edge lies along XY 
[position 1 in the figure above), and place the ruler against one 
of the short edges. Hold the ruler firmly, and slide the set- 
square along it till the longest edge passes through O [position 2 
in the figure). Draw the parallel OP, 
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Transversal Diagram 


AB and CD are two straight lines, each of which is cut bya 
third straight line EH. This line EH is called a transversal. 
The transversal forms with the other two lines eight angles, 
numbered x to 8 in the figure. 

The eight angles are classified thus ; 


(1) 1, 2, 7, 8 are exterior angles, 
(2) 3, 4, 5, 6 are interior angles. 


) The pairs of angles, 1,5; 2,6; 3,7; 4, 8 are called 
corresponding angles (or sometimes F angles). 


(4) The pairs of angles 3, 5 ; 4, 6 are called alternate angles 
(or sometimes Z angles). 


(5) The pairs of angles, 4, 5; 3, 6 are called co-interior 
angles, 


If now we make the lines AB and CD parallel, and draw the 
transversal EH, we can show that 


(1) corresponding angles are equal, 
(2) alternate angles are equal, 
(3) co-interior angles are supplementary. 
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(1) Corresponding Angles 

In the figure AB and CD are parallel Straight lines, crossed at 
Ғ and G by the transversal ЕН, 

Suppose we wish to walk from A to D along the path 
AFGD. We have to make two turns, one at Е, the other at С. 
On reaching F we are facing towards B and must turn to face 
towards С. We must therefore turn in a clockwise direction 
through the angle ВЕС. Оп reaching G we are facing towards 
Н and must turn to face towards О. We must therefore turn 
in a counter-clockwise direction through the angle DGH. But 
since AB and CD are parallel, i.e. drawn in the same direction, 
we are now facing in the same direction as we were originally. 

Having made one clockwise turn and one counter-clockwise 
turn on the journey, these turns must have been the same size. 


2. BFG = рён and these are corresponding angles. 
The same result could be found for the other pairs of 
corresponding angles. 
Hence, when two parallel straight lines are crossed 
by a transversal, corresponding angles are equal. 


(2) Alternate Angles 


вёс = оён (proved above), 
But 7 рён = FGC (vertically opposite angles) 
2225 BFG = ЕСС (each is equal to DGH) 

and these are alternate angles. х 

The same result could be proved for the other pair of 
alternate angles. 

Hence, when two parallel straight lines are crossed 
by a transversal, alternate angles are equal. 


INTRODUCTION 39 
(3) Co-interior Angles 
ҒА BFG = DGH (proved). 

But FGD end DGH are the adjacent angles made by the 
straight line DG standing on the straight line FH 

2. DGH + FGD = 2 rt. angles 

2. ВЕС + FGD = 2 rt. angles 
and these are co-interior angles. 

The same result could be proved for the other pair of 
co- interior angles, 

Hence when two parallel straight linés are crossed 
by a transversal, co-interior angles are supplerhentary. 
` These facts provide us with a means of testing whether 
Straight lines are parallel. We can show that if 

linéB'are crossed by a transversal and 


pom angles are equal, 
| : Angles are equal, 

or (3) co-interior angles afe supplementary, 
then the two straight lines are parallel. 


(1). Corresponding Angles Equal 
Е 


А , 8 


c S 0 


н 

In fhe figure the straight lines AB and CD are crossed by the 
transversal EH at F and G, and the corresponding angles BPG 
and DGH are equal. Suppose we walk from А to D along the 
path AFGD. We have to make two turns, one at F, the other 
at С. On reaching F we are facing towards B, and must turn 
,to face towards б. We must, therefore, turn in a clockwise 
direction through the angle BFG. On reaching G we are 
facing towards H, and must turn to face towards D. We 
must, therefore, turn in a counter-clockwise direction through 
the angle DGH. 
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But the two angles BFG and DGH through which we have 
turned are equal. 

At F we turned through an angle, and at G we turned back 
through the same angle. We must, therefore, be facing iri 
exactly the same direction as before. 

-. The straight lines AB and CD are parallel. 
The same result would follow for any pair of Corresponding 
angles. ` 

Hence, if two straight lines are crossed by a trans- 


versal, and a pair of corresponding angles are equal. 


the two straight lines are parallel. 


(2) Alternate Angles Equal 

In the figure the alternate angles BFG and FGC are given 
equal. 
Then вс = fc. Ў 
But ғас = DGH (vertically opposite angles) 

2.86 = Оён. 

But these are corresponding angles. 

Buy the previous section, the straight lines AB and CD are 
parallel. g 

The same result would follow if the other pair of alternate 
angles-were given equal. 

Hence, if two straight lines are crossed by a trans- 
versal, and a pair of alternate angles are equal, the two 
straight lines are parallel. * 


(3) Co-interior Angles Supplementary 

Іп the figure we are given that the co-interior angles BFG 
and FGD are supplementary. 
Then ВЕС is the supplement of FGD. 
But DGH is the supplement of FGD (adj. Zs, DG standing on 
str. line FH). 2 > 

2. вёс = рен 

But these are corresponding angles. 

г. By the first section the Straight lines AB and CD are 


parallel. ; = 
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The same result would follow if we were given that the other 
pair of co-interior angles were supplementary. 

Hence, if two straight lines are crossed by a transversal 
and a pair of co-interior angles are supplementary, the 
two straight lines are parallel, 


Worked Examples 


The following worked examples indicate a method of setting 
down the solution. The various facts must be stated clearly, 
as must also the reasons for each step. 

Example 1.—AB and CD are two parallel straight lines. А 
. point E is taken on AB, and from E a straight line EF is drawn 
to meet CD in F, making AEF = 60°. Also from E а straight 
line EG is drawn meeting CD іп б, making FEG = 75°. 
Calculate the size of FGE, 


c ғ G D 


(Draw a figure from the information in the exercise and 
mark in the various facts that are known. The arrow heads 
indicate that AB and CD are parallel.) 

To find the size of FGE, 

AGF = 60° and Ёс = = 75° (given). : 

Li + FÉG + BEG = 180° (sum of Zs at point E on one 

side of str. line AB) 

2. 60° + 75° + ВЕС = 180° ` 

2. 135° + BEG = 180° 
2 BEG = 180°—135° 
mi 
But .FGE = BEG (alt. /s to parallel lines AB and 
2. ЕЕ = 45°. i CD) 
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[Note: In later exercises the reasons will be stated more 
concisely ; e.g. the last reason stated above will be given as 
"alt. Zs, AB, CD parl."] 

Example 2.—AB and CD are two parallel straight lines, 
crossed at F and G respectively by a transversal ЕН. ҒО 


bisects BFG and GO bisects FGD, the two bisectors meeting 
at O. If EFS — 140*, find the size of FOG, 


Required.—To find the size of FOG. 
EFB + BFG = 180° (adj. Zs, BF standing on 


str. line EG). 
But efe = 140° (given) 
D вёс = 40°, 


ofa = 20° (OF is the bisector of sf). 
EfB = р (corresp. Zs АВ, CD parl.) 
. FED = 140? 
2. OGF = 70° (OG is the bisector of FGD). 
Bug FOG is a triangle 
5 FOG + OGF + GFO = 180° 
%5 FOG + 70° + 20° = 180° 
" FOG = 90°. 
FOG will be a right angle по matter what size EfB is, This 
is proved as follows : E 
FO bisects вёс and | GO bisects FGD 
2, OPG = 4BFG and ОСЕ ib. 
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Bat BFG + FGD = 180° (eo int. Zs, AB, 
CD parl.) 
5 oke =f ағёр = 90° 
, OFG + OGF = 90°, 


But OfG and оёғ are two angles of AFOG and their sum 
is 90% 


2. the third angle FOG = 90° (sum of /s of A = 180°). 


Exercises 8 
Find a the angles in the DU figures : 


^ deu 


4. AB and CD are two parallel straight lines, crossed at Fand 
G respectively by a transversal EH. If EfB = 58°, find 


all the angles of the figure. If EFB = 90*, what can be 
said about all the angles? 


+ § АВ and CD are parallel. What is the ^ 
relation between x and y? . 


6. AB and CD are parallel. #К bisects 
AFG. Find FRG. 


7. In the figure for Exercise 6, BFG is bisected by FM, 
which meets CD in M. Find the size of FMK, and prove 
that KFM = 90°. - 
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G 
In the figure AB is parallel to CD, and — g 
EF is parallel to CD. Mark the other H 
angles in the figure which are èqual to c D 
x°. Is AB parallel to EF? II so, why? LI ERUIT F 
M 

A c y E 
AB and EF are both parallel to CD. - 
Find x, 75 

8 D Е 
AB is parallel іо DC and BC is 
paralleltoAD. [The figure iscalled B c 


a parallelogram.] 
- Find the sizes of the remaining i / 
angles in the figure. What do you 


ІІ. 


12. 


13. 


14. 


notice about the opposite angles А D 

in the parallelogram ? 

ABCD is a parallelogram in which BAD — 90%, Prove 
that the other angles of the figure are also right angles. 
Draw an angle BAC = 80°, Divide it into any two parts 
by а straight line AD. Through Р, any point in AD, draw ` 
PQ parallel to BA meeting AC in Q. Through P draw PR 
parallel to CA meeting AB іп R. Find ОРА. 


в А 
BA is parallel to ED. Find CDE. 130% 
Hint. Through С draw CX parallel C C 
to ВА.) E 
E 


In the figure for Exercise 13, if ABC Ix, BCD = jJ? and 
CDE = : find a relation between z, y and z. 


15. 


17. 


18. 


19. 


20. 


of ACD. 


21. 


/ 


xe 45 


c 
Prove that AB is parallel 16. AB is parallel to DE. 


to CD. Find AM 
АВ is parallel to CD and CB is parallel ^ s 
to DE. Prove that ABC + СбЕ = 
180°. 
c D 

AB is parallel to CD and EH is parallel , 
to KL. Prove that 

(т) AEH = Hd. 

(2) KEH = кін. 


(3) AEH + BKL = 180°. 


The figure represents a rectangular 
prism. What kind of lines are 

(1) AE and DL, 

(2) AE and CK, 

(3) AE and BC? 


Write down the sizes of СЕН, СКІ, cit Prove that 
AC and EK are parallel. 


BA is parallel to CE. Find the size 


DE is parallel to BC. Find angles B 
Sandee os 


1 


$ 
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A 


22. СВ and ED are parallel. Find angle A. c 


Ж 


23. Draw a triangle ABC with A = 70°, Ê = 60°, meus 
the three vertices draw straight lines parallel to the 
opposite sides, forming the triangle PQR, Find the 
angles P, Q, R. 


A B 


24. AB and CD are parallel. Find EDK. 


c D K 
25. ABC is a triangle with BC produced A E 
to D. „СЕ is parallel to ВА. Find 
ACE, ECD and show that 
ACD = Â + 8. : D 


26. AB and DC аге parallel. D@B= D e 
, _ 1205, CAB = 30°, Find B. 


А 8 
D. c 
27. АВ and DC are parallel. Prove that JAN 
AGB = оёр + OBA. EAS э Ў 
А 
28. : 29. 
А D, 
A x 
F 
8 D c B E 
"In ДАВС, AD bisects In AABC, ВА із produced to 
BÁC. CE is parallel D and AE bisects DAC. cr 
to DA. Calculate E, is parallel to EA. If B = 30°, 


DCE. ACE = 80°, calculate AEC, 
c. 


— км 


| 
| 
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THE CIRCLE 
Definition.—A circle is a plane figure bounded by one line 
called the circumference, which is such that all points on 
the circumference are equidistant from a fixed point within it. 
The fixed point is called the centre of the circle. 


Diameter 


SS Coro 


A radius of a circle is a straight line drawn from the centre 
to the circumference. All radii are equal. 4 

А chord of а circle is a straight line joining any two points 
on the circumference. 

A diameter of a circle is a chord which passes through 
the centre. 

An arc of a circle is any part of the circumference. 

By using a pair of compasses it is possible to draw a circle, 
having any given point as centre and any given length as 
radius. 

Compasses may also be used to cut off from a given straight 
line any given length. 
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The Relation belween the Circumference of a Circle 
and sts Diameter 

Wrap a strip of paper round a cylinder till the paper over- 
laps and pierce the paper at the overlapping part with a pin. 
Unwind the paper and measure the distance between the two 
marks made by the pin. This distance is the length of the 
circumference of the end of the Cylinder. Measure the 
diameter of the cylinder. Repeat for different cylinders and 

record the results in a table as follows: 


Length of 


Circumference 
Circumference, i . ameter. 


The relation, or ratio, of the length of the circumference to 
the length of the diameter is the same for all circles. It 


cannot, be expressed by a terminating decimal and is repre- 
sented by the Greek letter . 


* = 31416 (correct to 4 decimal places) 
= = (approx). 
The ratio is often written thus: 


Circumference re 
Diameter 


or in symbols, 1 -л 


-. € = nd aur, where 7 is the radius of the circle. 
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Example x.—The diameter of a bicycle wheel is 28 in. If 
a cyclist's speed is such that the wheels make 120 revolutions 
per minute, at what speed in miles per hour is he travelling ? 
Distance travelled in І revolution = лі 
Қ u. 28 in. 
Distance travelled in 120 revolutions = 28% X 120 in. 
2. Distance travelled in 1 hour = 282 x 120 & 60 in. 
28л x 120 X 60 
12 X 5280 


Speed — 10 m.p.h. 

Example 2.—The diameter of a bicycle wheel is 28 in. 
How many revolutions does it make in travelling I mile? 
Distance travelled in 1 revolution = лі 

= 287 in. 
1 mile 
28 in. 
5280 x 12 

28x 2 

5280 X 12 7 
—7 38 Хш 
= 720. 


^. No. of revolutions in travelling 1 mile = 


EXERCISES 9 


(eee) 


I. Calculate the circumference of a circle, whose diameter is 
(1) 34 ft. (2) 84 іп. (3) 35 yd. 

2. Calculate the circumference of a circle, whose radius is 
(1) 5 in. (2) 63 cm. (3) 4} yd. 

3. Find the diameter of a circle if its circumference is 15:4 in. 
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4. Find the radius of a circle if its circumference is 54 cm. 
Answer correct to 1 decimal place. 


5. The diameter of a wheel is 28 in. How far does it travel 
in І revolution? How far in 100 revolutions ? 


6. A cyclist travels at 15 miles per hour. If the wheel makes 
10,800 revolutions in an hour, find the diameter of the 
wheel in inches. 


7. Draw a circle, radius 1} in. Draw two diameters, AB and 
CD, making the angle between them 45%. Join АС, BC, 
AD, BD and méasure them. 


8. Draw any circle and any diameter AB in it. Mark C any 
point on the circumference. Join AC, BC. Measure ACB, 
9. Mark two points A and B 3} in. apart. Finda point which 


is 2 in. from A and 1] in. from B, How many such points. 


are there ? 


- 
10, In the figure for Exercise о, find a point which is 3 in. from 
А and 2 in. from В. How many such points are there ? 


11. Mark two points A and B. Using compasses only, find 
several points, say 5, equidistant from А and B. What 
do you notice ? 


12. Two forts A and B 4 miles apart have guns with a maximum 
range of 3 miles. Show by a diagram the ground covered 
by both guns. 

13. Two places A and B are joined by a straight road. А gun 
is 3 miles distant from the road and has a maximum Tange 
of 4 miles. Show by a diagram the part of the road 
covered by the gun. 


14. Draw two circles, cutting at A and B. Join AB and let the 
straight line joining the centres of the circles cut AB at O. 
Measure AO and BO. 

15. Draw a circle of radius 2 in, Beginning at any point on 
the circumference, draw chords equal in length to the 
radius and placed end to end in the circle. How many 

such chords can you draw? Measure the angle between 
any two chords. 


16. Draw three circles each of which passes through the 
centrés of the other two. 3 
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17. Copy the following diagrams to any suitable scale: 


BS 
o8 


THE TRIANGLE 


A triangle is a plane figure bounded by three straight lines, 
The triangle ABC has three sides, АВ, BC, CA, and three angles, 
A, B, C. 

These are called the six elements of the triangle. 

The sides are often denoted by the А 
small letters a, b, c, the side а being 
opposite the vertex А, the side b be- | b 
ing opposite the vertex B, and the side 
c opposite the vertex C. In the figure 4 c. 
BC is usually taken to be the base of 2 
the triangle ABC but any side may be taken as the base. 
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Triangles may be classified with reference to their sides thus 1 
An equilateral triangle is a triangle which has all its sides 


equal. 


An isosceles triangle is a triangle which has any two of its 
sides equal. 
A scalene triangle is a triangle which has all its sides 


unequal. \ 
Equilateral Isosceles Scalene 


` Triangles may be classified with reference to their angles 
thus : у 

An acute-angled triangle is a triangle which has all its 
angles acute angles. : 

An obtuse-angled triangle is a triangle which has one of 

its angles an obtuse angle. 

А right-angled triangle is a triangle which has one of its 

angles a right angle. 


Acute-angled Obtuse-angied Bight-angled 


Construction of Triangle from Known Elements 


. How many of the six elements of a triangle must be known 
before a definite triangle can be constructed? Н only one 
element is known, for example, a side, it can be shown easily 
that any number of different triangles can be constructed with 
this side as one of the sides. The same is true when only one 
angle is known. ' Ч 
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If only two elements are known these may be (1) two sides, 
or (2) one side and one angle, or (3) two angles. You will find 
that in each case any number of different triangles can bé 
constructed. Note that if two angles are known, the third 
angle is also known, and although any number of different 
triangles can be constructed these triangles have all the same 
shape. This is discussed more fully on pages 58 and 59. 

ІН three elements are known these may be: 


(1) three sides, 
or (2) two sides and the angle included by those two sides, 


or (3) two sides and an angle, not the angle included by the 
two sides, 


or (4) one side and two angles, 
or (5) three angles. 


I. Three sides 
Construct a triangle, with its three sides 6 cm., 5 cm., 4 cm. 
in length. | 
* Draw a straight line BC 6 cm. long. 
With centre B and radius 5 cm. draw 
an arc of à circle. 
With centré C and radius 4 cm. draw 
an drc of another circle to cut the 
former arc at A and D. 
Join AB, AC, BD, CD, thus forming 
two triangles ABC and DBC. When 
the angles of triangle DBC are measured 
they are found to be equal to the angles 
of triangle ABC. 
Thus the six elements of the two triangles are equal, each 
to each, so that the triangles are exact copies of each 
other. 
Therefore, when the lengths of the three sides are known a 
definite triangle can be constructed. 


е Throughout the book, when necessary, figures are drawn to scale, 
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I. Two sides and the included angle 
Construct a triangle with two of its sides 2 in. and 3 in, in 
length, the angle included by these two sides being 40°. 


B 3" c 


Draw a straight line BC 3 in. long. 

At B make angle ABC — 40^, making BA 2 in. long. 

Join AC. 

One triangle ABC, and only one triangle, has been constructed. 
Therefore when the lengths of two sides and the size of the angle 
included by these sides are known a definite triangle can be 
constructed, 


5 III. Two sides and an angle, not the included angle 
Construct a triangle with two of its sides 2 in. and 3 in. in 
length, the angle opposite the side 2 in. long being 35°. 


А 


Draw a straight line BE of indefinite length. 
At/B make angle ABE = 35°, making BA = 3 in. 
ith centre А and radius 2 in. draw an arc to cut BE. 
It will cut BE in two points, C and D. 
Join AC and AD. 


j 
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Two different triangles ABC and ABD have been constructed 
and in each of them there are two sides 2 in. and 3 in. long, 


the angle opposite the smaller side being 35°, 
Therefore a definite triangle cannot be constructed in all 
cases when we know two sides and an angle, not the included 


angle. 


IV. One side and two angles 

Construct a triangle with two of its angles 50° and 60°, the 
side opposite the angle of 50° being 2 in, long. 

[Note: Since two.of the angles are known the third angle is 
also known, since the sum of the three angles of a triangle is 
1807) " 

In this case the third angle is 70% 


Draw a straight line BC 2 in. long. 

At B make an angle of 70*. 

At C make an angle of 60°. 

Let the arms of these angles cut at A. 

Then one triangle АВС, and anly one triangle, has been con- 
structed. 

Therefore, when the length of one side and the sizes ot two 
angles are known, a definite triangle can be constructed. 
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У. Three angles 

[Note: If two angles are given the size of the third angle is 
known since the sum of the angles of any triangle is two right 
angles.) 


Construct a triangle with its three angles 60°, 40° and 8o*. 

The figure will show that any number of different triangles 
can be drawn having the angles of each 60°, 40°, 80°, There- 
fore a definite triangle cannot be constructed when the sizes of 
the three angles are known. Although, however, the triangles 
in the figure are different in Size, they all have the same shape. 


Special Case of Right-Angled Ti riangle 


Corstruct a right-angled triangle with the side opposite the 
right angle (called the hypotenuse) 3 in. long, and one of the 
other sides 2 in. long. 

Draw ABD = 90°, making 
= 2 in. 
With centre A and radius 3 
in. draw an are, cutting DB 
inC. Join AC. 
One triangle, and only one 
triangle, ACB has been con- 
structed: Therefore, when 
the lengths of the hypo- b 
tenuse and one other side of ў 
а right-angled triangle are known, a definite triangle can be 
constructed, 


IO. 


II 


12 


13. 
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EXERCISES 10 


Construct the following triangles; from the given measure- 
ments, write out the constructions and measure the sides and 
| angles indicated. 


т. AB = 4 in, BC = 3 in., ABC = 64°. Measure АС and 


ACB. 


2. а = 82 cm., 5 = 5:4 em., Ce 73% Measure c and А. 
.BC = 4-3 in., ABC = 37°, ACB = 42°, Measure CA and 
AB. 


c 94 em., A 43°, с. 72°, Measure a and b. 


АВ = 3 in, ВС —4 in., САз-5 in. Measure all the 
angles, 
а = 72 cm., b = 56 cm., с = 9:1 cm. Measure all the 
angles. 
А = 90°, AB 2527 in., ВС = 3:6 in. Measure AC and В, 


. b = 10 cm., В = 90°, c — 6 cm, Measure a and C. 
. On a line BC of length 3:8 in. construct a triangle ABC in 


which AB and АС are each 3 in. long. Measure the angles 
ABC and ACB. Find by measurement the mid-point D of 
8 and join Ab. Measure BAD, CAD, and the angles at D. 
Construct a right-angled triangle LMN in which L = 90°, 
MN = 4-8 in. and LM = 24 in. 
Find by measurement the mid-point P of MN and join PL: 
Measure PL and state what you notice about it. Measure 
the angles of ALPM. 3 
(Note: Р, the mid-point of the hypotenuse, is equi- 
distant from the vertices. This fact about a right-angled 
triangle will be proved later and may be used in exercises. ] 
Construct AABC in which B = C = 65° and BC = 2:9 in. 
Measure AB and AC, 
Construct an equilateral triangle; each of whose sides is 
2 in. long, Measure any two of its angles and calculate 
the third angle. 
Draw а straight line BC = 4 cm. On opposite sides of BC 


. draw two isosceles triangles АВС: and DBC in which 


АВ = AC = 3. cm. and DB = DC = 5 cm, Join AD, 
cutting BC at О. Measure ВО, CO, DAB, САВ. · 
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14. Construct ДАВС given B = 40°, c = 8 em., 5 — 6 cm, 
How many solutions are there? Measure 4 and C. А 

15. Construct ДАВС given B = 40°, c = 8 cm., b = 10 cmi 
How many solutions are there? Measure a and cr 

16. Construct isosceles triangle ABC in which AB = АС given 
that A = 36° and that Bc — 3 cm. Make ABD = 36%, 
D being on AC. Measure BD and BDC, 

17. Construct a triangle ABC in which BC = 2-7 in., angle 


B = 42°, angle C = 104°, Draw through A a line parallel 
to BC and take a point E on it such that AE = AB (the 


18. A, B, C are three points in a straight line such that | 

AB = BG = 4 cm. On AB, BC as bases construct two 
equilateral triangles, ADB and BEC, on the same side of 
ABC. Join DE and measure DE. Measure EDB. 

19. Construct the triangle ABC in which AB = 10:5 cm., 

BC = 84 cm., СА = 6:3 cm. Measure C. Draw CD 

from C perpendicular tg AB. Measure CD. 

ABC is a right angle in which AB = BC = 5 сп, On АВ 

and BC construct equilateral triangles АРВ, СОВ, each 

triangle being within the arms of the angle. Measure 

CBP, PBQ, ОВА. 


20. 


Similar Т, riangles 
We have seen that any number of different triangles can be 
drawn having the angles of each say 60°, 40°, 80°, Two such 
triangles are shown below, 
These triangles аге all 
different in size, but 
they have the same 
shape, They are called 
similar triangles, 
The following exercises 
will help us to find out 
Certain facts about 
Similar triangles : 
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VE 
Exercise x.—Construct ДАВС with AB = 6 cm., BC = 8 cm. 

\ СА = 7 cm. Find by measurement the mid-point D of 
BC. Through D draw DF parallel to & to meet BA in F. 

\ Why are the triangles ABC and Ри) equiangular? 

Measure BF and compare its length with te length of AB. 

Measure FD and compare its length with the length of AC. 


Exercise 2.—Construct ДАВС with BC=4 cn. f = 60°, 
С = 50°. Measure AB and AC. 
Venstruct a second triangle DEF with EF= cm., 
&$— 8 and Р = C, Measure DE and DF. Compare the 
lengths of DE and AB and the lengths of DF and ^c, 
What do you notice ? : 


Exercise 3.—Construct ДАВС with a = 1j in., = 2 in., 
с= 2} in. Construct ADEF with d=} in, ¢=1 in., 
lf in. Measure the angles of AABC and of ДЕР. 
Mac do you notice ? 


(Note; In Exercise x the triangles are equiangular and it is 
found that each side of AFBD is one half of the corresponding 
side of 1 

In Extrcise 2 the triangles ABC and DEF are equiangular and 
each side of ADEF is three times the length of the correspond- 
ing side of AABC. 

Hence, if two trianghs аге equiangular, each side 
of the one is the same fraction of the corresponding 
side of the other or the sites of the two triangles are 
proportional. 

In Exercise 3 each side of ADEF has the same relation to the 
corresponding side of AABC and itis found that the triangles 
are equiangular. It should be noted that the relation of 
a to b in ДАВС is the same as the relation of d to e in ADEF, 


for 2 MS and eee In the tame way it can be 
b qM ГТ: e 
shown that dco and that £d 
[ Cu f a d / 
Hence, if the sides of two triangles аге proportional, 
then the triangles are equianguler.] 
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if As ABC arid DEF are similar 


A. BC СА 
and “ЗЕ = gp 


[or (а AB _ DE, BC EF. с.) 
G) Bc T Eg; САТЫ: АВ БЕ) 
To prove two triangles ABC and DEF similar it is sufficient to 
prove either (1) or (2). 
Example x.—Prove that triangles РОА and PYZ ‘dre simileir, 
Calculate the lengths of PY and ZY if PR = 8 em., PQ = 6 cm., 
QR — 10 cm., PZ — 5 cm. 
In As PQR, PYZ Р 
І. Î is common. Ў А 
2. РҮ2 = О (each is 60°). 2 
3. PZY = К (sum of Zs of A / 2 R 
= 2 rt. angles); 
7. As PQR and PYZ are equiangular 


7. Their corresponding sides are Proportional, i.e. they are 
similar, х 
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EXERCISES II 
tm | s 
в c Р 
Why are the As in the figure. similar ? 
1. If AB = 3 cm., BC = 9 cm., DE = 2 cm., calculate the 
length of EF. 
2. If ВС = 6 in., CA —2 in., FD = 1:5 in., calculate the 
length of EF. 
3. If CA — 9 cm., EF — 7 cm., DF — 2:1 cm., calcalate the 


length of BC. 
A 


B c 
In the above figure DE and BC are parallel. 

4. Name two similar triangles and prove that they are 
similàr, 

5. If AD = 5 in., ОВ — 3 in., AE = I in., find AC. 

6. 1f AD — 4 cm., DE — 3 cm., AB — 9 cm., find BC. 

7. If AD = 8 in., DE = 4 in., AE = 6 in., DB = 4 in., find 
BC and АС, 


^ D 
In the diagram AD and 
CB are parallel, 
8. Prove As ADO, BCO o 
similar. 


e 8 
9. If AD — em., CB = 84 cm., OD = 5 cm., find OC. 
10. If AO = 4 in., CO = 6 in., OB = 3 іп., find OD. 
11. If AD = 4:2 cm., DO = 6:4 cm., АО = 32 cm., ОВ = 4:8 
cm., find OC and CB. 


S 
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12, ABC is а triangle with A a right 
angle. AD is perpendicular to BC 
and B = 30°, à 
Find C, BAD, CAD, 
Prove that As ABC, ABD and ACD 
are all similar. 

13. In the figure for Exercise 12 would the three triangles still 
be similar if B = (1) 40°, (2) 50°, (3) any acute angle ? 

I4. In the figure for Exercise 12 if AB — 4 cm., BD — 3:2 cm., 

C — 3 cm., find AD and CD. 


A 


15. Draw a figure like the one shown in 1 
which two chords of a circle intersect. E 
Measure the 8 15 of As AOC and о 

OD. А imi i 
B re they similar triangles ? c «nA 


£ х B м : +S 3 
16. In the figure for Exercise 15, if AO = 4.8 em., AB — 6 em., 
СО = 24 em., find OD. ? З 
17. Repeat Exercise 15 for 
the following diagram 
where the, two chords ^ 
meet when produced, 
221 ОВ = 6 cm., OC = то 
cm., OA = 12 cm., find 
OD. 


18. 


The length of the shadow of a vertical post 3 ft. high is 

5ít. Thelength of the shadow of a tree at the same time 

3 is 150 ft. How high is the tree? Mies A 
19. The length of the shadow of a vertical post 6-ft. high is 

8ft. The lamp casting the shadow is 24 ft. high. How || 

far is the post from the lamp? 8 5 5 2 2) 

20. On а тар a triangular field is represented by a triangle, 

the longest side being 2 in. long. If the sides of the field 

are 300 yd., 400 yd., 500 yd., find the lengths of the other 


two sides of the triangle on the map. 


B BOOK I 
| CONGRUENCE OF TRIANGLES 


We have shown that if we know certain sets of elements, 
one, and only one, definite triangle can be constructed. All 
triangles having for their elements one of these sets of elements 
will be exactly alike in every respect, i.e. the six elements of 
any one will he equal to the six elements of any other, each to 
each, and the triangles will be equal in area, Such triangles 
are said to be congruent triangles. 


I. Three sides : 

Suppose, for example, that the two triangles shown below 
have the three sides of the one equal to the three sides of the 
other, each to each, then the triangles are congruent. 


DA D 
B c E F 
The triangles ABC and DEF have 
АВ = DE, 
x < BC = EF, 


We know that each angle of ДАВС is equal to the correspond- 
ing * angle of ADEF, i.e. 
Ab. Bf. €-f 

and the triangles are equal in area, ie. the triangles are 
congruent. We write it thus : 

AAC = ADEF (three sides). 
The statement in brackets is referred to as the case of 
congruence. 

* [Corresponding sides of two congruent triangles are sides 
which lie opposite equal angles. Corresponding angles in two 
congruent triangles are ше which Не opposite equal sides.) 

3 j 
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П. Two sides and the included angle 


J А D 
B c Есту Ё 
In triangles ABC and DEF 
1. AB = DE, 
2, BC = EF. 
3. 8—€ 


2. ДАВС = ADEF (two sides and ind. CG). 
-. The remaining elements of AABC will be equal to the 
corresponding elements of ADEF 


ГАСЫ DF, Cus F.A cs D; 


D" 


III. Two angles and a corresponding side 


A D 
B < Е F 
In triangles ABC and DEF 
1. BC — EF. 
2. В E. 
3. С-Ғ 


7. AABC = ADEF (two /s and corresp. side). 


The remaining elements of ДАВС are equal to the corre- 
sponding elements of ADEF 


Г. AB = DE, AC = DF, Â = б, 
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I. Right angle, hypotenuse and one side 


In triangles ABC and DEF 
1. rt. Z S xt. E 
2. AC — DF. 

3. hyp. AB — hyp. DE. 


2, AABC = ADEF (rt. angle, hyp. and side). 
2. The remaining elements of ДАВС are equal to the corre- 
sponding elements of ADEF 


22 BC — EF, 8 — €, А-б. 


In trying to prove that two triangles are congruent, we must 
first of all show that three elements of the one triangle are 
equal to three elements of the óther, and then we must check 
that these three elements form one of the four groups called 
cases of congruence : 


(1) Three sides. 
(2) Two sides and the included angle. . 
- (3) Two angles and a corresponding side. 
(4) Right angle, hypotenuse and one side. 
The following examples will illustrate how to set.down the 


facts: 
N.C.G.—3 
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Example 1.—ABC is an isosceles triangle in which AB — АС, 
The angle A is bisected by a straight line which meets BC in D, 


Prove that BD — DC, and that AD is perpendicular to BC, | 


^ 


в 9 


Given: AABC with AB — AC, AD bisecting А and meeting 
BC in D. ; 
Required: To prove that (1) BD = DC, (2) AD is perpendicular 
to BC. 
Proof: In As ABD and ACD 
I. AB = AC (given). 
2. AD is common, 
3. BAD — CAD (А is bisected). 
г. ДАВО = AACD (two sides and incl. Z) 
.. BD = DC. 
Also ADB = Adc, - i 
But these two angles are adjacent angles on the straight 
line BC : 
2. AD is perp. to BC. 


Example 2.—BAC is bisected by the straight line AD. 
P is any point on AD, PX is the perpendicular from P to AB, 
PY is the perpendicular from P to AC. Prove that PX = PY. 


x 8 
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Given: BAC bisected by AD. P is any point on AD and 
PX and PY are drawn perpendicular to AB and AC 
respectively. 

Required: To prove that PX = PY. 

Proof: In As XAP and YAP 

no X=¥ (rt. angles). 
2, XAP = YAP (A is bisected). 
3. AP is common. 
2. AXAP = AYAP (two Zs and corresp. side) 
V PX = PY: 
Example 3.—AB and CD are equal chords of a circle with 
centre О. Prove that АОВ = COD. ` 


Given: Circle with centre O and AB and CD two equal chords. 
Required: To prove that AGB = COD. 
Construction: Join AO, BO, CO, DO.. 


Proof: In As AOB and COD 
І, AB = CD (given). 
2. AO =CO (radii of same O). 
3. BO — DO (radii of same O). 
2. ДАОВ = ACOD (three sides) 
2. AOB = COD, 
[Draw the figure when the two equal chords intersect, and 
check the above proof in this case.] 


= 
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Example 4.—O is the centre of a circle of which AB is'a 
chord. OD meets the chord AB at right angles at D, Prove 
that D is the mid-point of the chord АВ, 


Given : Circle with centre O and chord AB )] OD meets АВ 
at right angles at O. 
Required : To prove that D is the mid-point of AB, 
Construction : Join OA and OB. 
Proof: Іп As AOD and BOD 
1. ADO = ВБО (each is а rt. angle). 
2. ОА = OB (radii of same C). 
3. OD is common. : 
^. AAOD = ABOD (rt. angle, hyp. and side) 
. AD = DB, 
ie. D is the mid-point of AB. 


EXERCISES 12 


1. State which of the following groups of elements will make 
the triangles LMN and PQR congruent and state the case of 
congruence : 


(i) LM = РО, MN = QR, LN = PR. 
(i) LM = РО, MN = QR, LNM = PRQ, 
(іі) MN = QR, LT =P, LN = PR. 
(iv) = 6, N=R, LM = PQ. 
(v) Î =f, Ñ = Ô, LM = QR. 

- Wi) N= OR, N= G. THR 


— 


Sea 


—— — 


Ф 
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(vii) LN = PR, MN = QR, LÑN = PRQ. 
(viii) L= P = 90°, MN = QR, LM = РО. 

(ix) С.В = 90°, MN = QR, LM = PR, 

(x) LM = QR, MN = PR, LN = PQ. 
In the triangles ABC and XYZ the following elements are 
known to be equal. In each case, state the additional 
information necessary to prove the triangles congruent. 
Give as many alternatives as you can and state the case of 
congruence : 
(1) AB = XY, BC = YZ. 
(2) AC = XZ, BAC = YXZ. 
(з) BC = YZ, BAC = NN. 
(4) C= 2-1 rt. angle, BC = = YZ. 
(5) c= 2-1 rt. . angle, 8-1. 
(6) 8-1; А-Я. ; 
In Exercises 3 to 18 the case of congruence to be used is 
stated at the end of the exercise. It may be helpful to 
mark the equal elements in the various figures. 


Two circles intersect at A and В. Their centres are C and 


D. Prove that CAD = CBD, and that CD bisects ACB. 
(Three sides.) 


ABC is a triangle with AB = АС. О is the mid-point of 


A 


8 D c 
BC. Prove that ADB is a right angle. (Three sides.) 
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А 
5. ABC and DBC аге two isosceles triangles оп 8 c 
opposite sides of the same base, Prove 
that AD bisects the angles at A and D. 
(Three sides.) 
D 
6. Three points A, B, C are taken on the circumference of 
a circle, centre О, so that AB = BC, Prove that OB bisects 
ABC. (Three sides.) 
x 
7. O is the mid-point of a straight line AB, and P 
through О a straight line XOY is drawn 
at right angles to АВ. Р is a point on XOY. 
ProvethatPA —PB. (Two sides and incl. dx) 30. B 
А m 
8. Two straight lines AB and CD D 
bisect each other at O. Prove rcp аа 
that AC — ВО. (Two sides and o B 
incl. 7.) c 
9. ABC is a triangle with AB = AC. Р and 


Q are the mid-points of AB and AC respec- 
tively, Prove that PC = ОВ. (Two sides Р 9 
and incl. 7.) 


B c 


10. ABC is an angle with AB = ВС. BX bisects АВС. Prove 
^ . that any point оп BX is equidistant from A and С. (Two 
sides and incl, C.) 


11. AB and CD are two equal and parallel ^ 5 
straight lines. AD and BC when 
joined meet at O. Prove that 
AO = ОО and BO=OC. (Two é D 
Zs and corresp. side.) 
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12. ABC is bisected by BD. E is any point in BD and HEK 


H A 
= | D 
2 Е 
: K c 
is perpendicular to BD. Prove that HE = ЕК. (Two Zs 
and corresp. side.) 


13. In AABC, ВІ bisects 8 and СІ bisects C, ІР, IE, IF are 


А д 
2 3 
B D c 
perpendicular to BC, CA, AB respectively. Prove that 


(1) ID — IE. 
(2) ID = IF. (Two Zs and corresp. side.) 


14. ABC is a triangle with D the mid-point of BC. Through C 


a line CE is drawn parallel to AB to meet AD produced in E. 
Prove that AD = DE. (Two Zs and corresp. side.) 


15. From the vertex A of an isosceles triangle ABC a straight 


due 

B D с 
line AD is drawn meeting the base BC at right angles at D. 
Prove that 8 — C. (Rt. angle, hyp. and side.) 


7a 
16. 


17. 


18. 


19. 


20. 


21. 


TRIANGLES 


P із any point equidistant from B 
the arms AB and AC of BAC. 4 

Prove that PA bisects ВАС. (Rt, 2 
angle, hyp. and side.) [5 


The circles have the same centre O, 


A and B are any two points on the x V 
inner circle. AX is Perpendicular to 
OA and BY is perpendicular to OB. 
Prove that AX — BY. (Rt. angle, 
hyp. and side.) 
x c 


ABCD is asquare. А circle, centre A, 

and with radius less than AC, cuts BC 

atXandCDatY. Prove that DY.— * 
BX. (Rt. angle, hyp. and side.) ^ 


x A 8 


In the figure ABCD, the opposite в Qc 
sides are equal and the angles are 

all right angles. BP — RD and P 

AS = QC. Find two pairs of con- 

Eruent triangles and prove that R 
the opposite sides of PQRS are 

equal, 8 D 


In the figure ABCD, AB is parallel 
to DC and BC is parallel to AD. 
Name the triangle which is 
congruent to (1) AABC, (2) ABCD, 
(3) AAOB, (4) AAOD. In each ^ D 
case state the case of congruence, 


co 
о 


Prove that the perpendiculars drawn 
from the ends of the base of ап isosceles 
triangle to the opposite sides are equa. g 


22. 


23. 


26. 


27. 


28. 


29. 
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Prove that if the perpendicular drawn from a vertex of a 
triangle to the opposite side bisects that side, then the 
triangle is isosceles, 

AB is a straight line, and O is its mid-point. Through A 
and В are drawn two parallel straight lines. Prove that 
any other straight line through O, and terminated by the 
parallels, is bisected at O. 


. ABC is a triangle with D the mid-point of BC. DE and 


DH are drawn perpendicular to AB and AC respectively. 
If DE = DH prove that 


(1) BE = CH, 
(2) AE — AH, 
and hence that AABC is isosceles, 


. In AABC the sides AB and AC are produced to D and E 


respectively and the exterior angles DBC and ECB are 
bisected by straight lines meeting at R. From R per- 
pendiculars are drawn to BD, to BC and to CE, Prove 
that these perpendiculars are equal. 


On the arm OA of an angle AOB, any two points P, S are 
taken, and on OB two points Q, T are taken such that 
OQ = ОР; ОТ = OS. PTandQScutatX. Prove that 
(т) AOQS = ДОРТ, 6 
(2) APXS = AQXT, 
(3) OX bisects АОВ, 


D is the mid-point of the side BC of AABC. BH and CK 
are drawn perpendicular to AD or AD produced. Prove 
that BH — CK. 


ABC is a triangle and through C a straight line CD is 
drawn parallel to BA, to meet in D, a straight line drawn 
through A, parallel to BC. Prove that B — D. 

ABCD is a quadrilateral in which all the sides are equal 
and all the angles are right angles. AP, AQ are drawn 


inside the quadrilateral, each equal to AD, making angles of ` 
30* and 60% respectively with AD. Prove that 


BQ — QP — PD. 
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30. 


31. 


32. 


33. 
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ABCD is a quadrilateral with its opposite sides equal and 
parallel. АН is drawn perpendicular to AD and equal to 
AD, Н being on the side of AD opposite to B. AF is drawn 
perpendicular to AB and equal to AB, F being on the side 
of AB opposite to D. Prove that FH = АС, 


The figure represents a cuboid. 
X is the mid-point of OO. 5 
А 


Y is the mid-point of EF. 

Prove that 5 
(1) AX — GY. 
(2) HX = AY. 


The figure represents a cube. 

O is the mid-point of EG. 

Prove that AO — CO and that AFC 
is an equilateral triangle. 


The figure represents a solid bounded 
by 4 equilateral triangular faces, X 
and Y are points on BD and CD 
respectively so that BX = CY. Prove 
that AX — AY. 
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THEOREMS 


А theorem is a statement of a geometrical truth which 
has to be proved from facts already proved or assumed. 

A corollary is a statement the truth of which may readily 
be inferred from a theorem. 

The parts of a theorem are: 


(1) The General Enunciation.—This states in general terms 
the truth which has to be proved. 


(2) The Particular Enwnciation.—This restates with refer- 
ence to a particular figure the truth which has to be proved. 
It has two parts: (i) a statement of what is given, (ii) a state- 
ment of what has to be proved. 


(3) The Construction.—This states any lines or figures which 
are required for the proof, 


(4) The Proof.—This proves the truth by facts already 
established or assumed, - 

The converse of а theorem proves what the theorem 
assumes and assumes what the theorem proves. Ў 


For example: 


Theorem—If a triangle is equilateral, it is equiangular. 
Converse—If a triangle is equiangular, it is equilateral. 


Ifa theorem is true it must not be assumed that its converse 
must be true. For example, consider the theorem: If two 
straight lines are parallel, they lie in the same plane. The 
converse of this is: If two straight lines are in the same plane 
they are parallel, which is not true. Hence the converse of a 
theorem must be proved separately. 
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THEOREM I 


The angles at the base of an isosceles triangle are ! 
equal. s 


. A : 
B D c 


Given: AABC with AB — АС, 
Required: To prove that B — ё, 
Construction: Let the bisector of A meet BC at D. 
Proof: Іп As ABD, ACD 
1. АВ = АС (given). 
2. AD is common. 
3. BAD = CAD (constr.). 
Хе ДАВР = AACD (two sides and incl. 2) 
^ В = С. 
Сот. — a triangle is equilateral, it is equiangular, 
This theorem may also be stated thus: If two sides of a 
triangle are equal, the angles opposite these sides are equal, 


THEOREM 2 


If two angles of a triangle are equal, the sides opposite 
these angles are equal. 


Given: ДАВС with 8 = C, A 
Required: To prove that 

AB = AC, 
Construction? Let the bisec- 


tor of A meet 8 D с 
BC in D. А 
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Proof: Іп As ABD and ACD 

1. 8 = € (given). 

2. BAD -- CAD (constr.). 

3. AD is common. 

2. ДАВО = AACD (two Zs and corresp. side) 
7, АВ = АС. 
Cor.—If a triangle is equiangular, it is equilateral. 


EXERCISES 13 


I. Ina 1 isosceles triangle what is the size of each 
angle ? 
2. Inan isosceles triangle each of the base angles is double the 
vertical angle. What is the size of each angle? 
^ 


3. Find DAE, LOS 
LX “O 
5 B c Е 
4 А 5. А 
ye с T0 8 Di We C 


AB = АС. AB -- АС, 

CD = CA. BD = EC. 

Find &. P MM ЛАРЕ is 
m - coe АЕ = " 

ВАС = 100°, Find C. 
CA = AD. 


Find С, б, p&c. 
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. ABC and DBC are two isosceles triangles on. opposite sides 


of the base BC. Prove that ABD — ACD. 


. ABC and DBC are two isosceles triangles on the same side 


of the base BC. Prove that ABD — ACD. 


- Draw AB the diameter of any circle, centreO. Draw OC 


any radius. Join AC,.CB. Prove that ACB = А + 8, 
А 
What is the size of ACB? 


. ABCD is a quadrilateral with all its sides equal. Without 


^ ^ 


Using cases of congruence prove A = C, 8 б. 


, ABC is ап equilateral triangle with D, E, F respectively the 


mid-points of AB, BC, СА, Prove that ADEF is equi- 
lateral. 


I3. In AABC, BA is produced to Y so that AY —AC. CAis 
produced to X so that AX — AB, Prove that BX is 
parallel to CY. 

14. AB=AC. | A 
BD bisects ABC, 

CD bisects ACB. 
Prove ABDC isosceles, ET 7 с 

15. 16. А 
^ 8 ? \ 

B 5 в с 
А = 35°. ABC = 100°, AB = AC, 
BD is perp. to AC. DE is parallel to BC. 
> Prove ABDC isosceles, Prove that AD = AE, 
17. A 


AB = AC, 


18. 
E 
ВСЕ — 42°, 
сёр = 5359 ^^ С B D c 
Prove (r) AE = CE AD bisects ВАС. 


(2) CD = ЕС, CE and DA are parallel. 
Prove that AC — AE. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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ABC is a triangle with A = 00% О is a point in BC such 
that OA — OB. Prove that OA — OC. 

ABCD is а quadrilateral with AB = AD and 8 =D, 
Prove that BC — CD. 

From the vertex A of a right-angled triangle a perpendicu- 
lar is drawn to the hypotenuse BC. The bisector of the 
angle B meets the perpendicular at R and meets АС at 5. 
Prove that the triangle ARS is isosceles. 


ABC is an isosceles triangle with AB = AC, From B and 
C, BX and CY are drawn perpendicular to AC and AB 
respectively, BX and CY intersect in O. Prove that 
AOBC is isosceles, А 


In triangle ABC, АВ = АС. ВС is produced to E and СВ 
is produced to D. The bisectors of angles ACE and ABD 
meet, when produced, in X. Prove that ABXC is isosceles 
and that XA is the bisector of angle BAC. 

ABC is a triangle having AB greater than AC. ВС is pro- 
duced to E. The bisectors of the angles ABC, ACE meet 
at D, and DLM is drawn parallel to BC, cutting AC at L 
and AB at M. Prove that BM — ML 4- LC. 


ABC is a right-angled triangle with hypotenuse AB. AX, 


the bisector of А, meets BC in X. BD is drawn perpen- 
dicular to AB to meet AX produced. Prove that BX — BD. 


PQRS is a quadrilateral with its opposite sides parallel and 
equal. The internal bisectors of the angles SPQ, PSR meet 
QR (produced if necessary) at X and Y respectively. 
Prove that "APQX is isosceles and that QY = RX. 


The figure represents a cuboid on a 
square base. Prove that FAC = FCA 
and AHF = AFH. fi 


The figure repre- 
sents a cuboid. д 


Prove that ХЕБ 
= XFE, 
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SYMMETRY 
A 


Fold a sheet of paper along a line АВ, Prick with a pin 
through both parts of the paper at 3 points L, M, N. Open 
` the paper and join up the points to form the triangles LMN 
and PQR. 

L and P are called corresponding points. So also are 
M, Q and М, R. 

We may say that P is the image of L and that APOR is the 
image of ALMN, since, when the paper is folded about AB, the 
АРОК fits exactly the ALMN, > 


Hence 115 a D i.e. corresponding 
NL = RP lines are equal. 


^ ^ 
T n i.e. corresponding 

М0 angles are equal, 
N=R : 


The triangles LMN ала РОК are said to be symmetrical about 
the line AB which is called the axis of symmetry. Thus 
when two figures are symmetrical about an axis, every feature 
of the one figure, whether it be a point, a line, or an angle, has 
its image in the other. 

Now join LP and let it cut AB at X, 
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LX and PX are now corresponding lines 
.. LX = РХ. 
Also AXL and AXP are corresponding angles 
„ = AXP, 
and since these are adjacent angles standing on a straight line, 
each is a right angle. 

Hence the straight line joining corresponding points in two 
symmetrical figures is bisected perpendicularly by the axis of 
symmetry. 

Hence MQ and NR are bisected perpendicularly at Y and 
Z by AB. 


In tlie isosceles AABC which has AB = 
AC, if D is the mid-point of the base, AD 
is obviously an axis of symmetry. 


A 


„ A8 = ADC = 1 rt. angle, 
since B and C are corresponding points, g D c 


2. BAD = CAD, since these аге corresponding Zs. 


It follows therefore from considerations of symmetry that the 
straight line, joining the vertex to the mid-point of the base of 
an isosceles triangle, bisects the vertical angle, and is рег- 
pendicular to the base. 


Exterior Angle of Triangle 


When one side of a triangle is produced the angle so formed 
is an exterior angle. Thus in the figure, BC is produced to D 
and the exterior angle is ACD. The angle ACB is then referred 
to as the interior adjacent angle and A and Bas the interior 


opposite angles. A 
We have already shown by meas- 
urement that the sum of the three 
angles of a triangle is two right 
angles. This is now proved in g С 5 


the following theorem. 
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THEOREM 3 


If one side of a triangle is produced, the exterior 
angle so formed is equal to the sum of the two interior 
Opposite angles, and the sum of the three angles of 
the triangle is two right angles. 


A 


Given: AABC with BC produced to D. 


Required: To prove that (x) ACD =A FE 
(2) A+ B+ ACB = 2 rt. angles, 


Construction: Through C draw CE parl. to ВА, 


Proof: x. — ACE = А (alt. Js, CE, BA рай). | 
! ECD = Ê (corresp. Zs, CE, BA parl.). 
2. By addition 
AĈE + ED =Â +Ê 
^ ACD — À +8, 
2. ACD-A +8 (proved). 
To each side add ACB 
Л ACD + ACB=A4B4 ace, 
But ACD + ACB = 2 rt. angles (adj 
eA +8 +ACB — 2 rt. angles. 
Cor.—The exterior angl 
interior opposite angle. 


- ZS, BCD a str. line) 


e of a triangle is greater than one 
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‘EXERCISES 14 


I. In the figure name the six exterior 
angles of the triangle. Name the 
three angles which are not exterior Z 
angles although they are outside the 
triangle. How many different sizes 
of exterior angle are there here ? 


. Find BAC. 


: c 
A 
If_ ABC = 56% and ACB = 42°, find 
вӧс. 2 


4. If in the figure for Exercise 3, A = 84°, ABC = 42°, find 
BOC, 


; А 
B c D 


6. If in the figure for Exercise 5, ADB = 40°, find 8. 


7. If in the figure for Exercise 5, 8 = x° and Б = y*, prove 
that x + 4y = 180, 


ы 


e 


A D 
8. If ABC = 64°, A = 56°, find BDC. LA 
B c E 


9. If in the figure for Exercise 8, ABC = 52°, AXD = 86°, 


find ACB and DCE. 
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10. Prove that if one angle of a triangle is equal to the sum of 
the other two angles the triangle is right-angled. 

21. The three angles of a triangle are proportional to x, 2, 3. 
Find all the angles. 

X2. The greatest angle of a triangle is three times the smallest 
and the third angle exceeds twice the smallest angle by 12°, 
Find all the angles, 


x 

EIS ME <I 
13. XD bisects YXZ. Find DXE. IN 
T 


17 Di 2 
A 
14. Prove that 
BOC — BAC = ABO + ACO. 
(Hint; Join AO and produce it. 
to any point O.] Е c 
A 
А уч 9 
15. Prove that ABP = ACQ. P 
B c 
c 


16. O is the centre of the circle, Cal- 
culate AOB. NI 
А 
СУ 


17. ABC isan acute-angled triangle and O is a point inside the 
triangle, equidistant from A,B,C. Provethat BOC — 2A, 


A 
18. Prove As ABD, ACD, BAC equi- 
angular. қ 


Ld 
o 
о 


19. 


20. 


25. 


27. 


28. 


29. 


9% 
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ABC is an isosceles triangle in which each base angle is 
double the vertical angle A. The bisector of 8 meets AC 
at E. Find CÉB and prove that BE — BC. 
ABC is a triangle with € = 0°. CD meets BA at D 
making DCB = DBC. Prove that DC = DA. 


- Prove that the sum of the interior angles of a quadrilateral 


is four right angles. 

In quadrilateral ABCD the four angles are x°, 3°, 7%°, x'. 
What is the value of x? 

Prove that either (a) one pair of opposite sides are parallel 
or (b) opposite angles are supplementary. 

Through a point X are drawn two straight lines PQX, 
RSX. PR and QS are joined. RPX = 82°, XQS = 57° 
and X$Q = 25Х0. Find PRX. 

The quadrilateral PQRS has all its sides equal and all its 
angles right angles. PS is produced to T. The bisector of 
QST meets PR produced at X. Calculate the size of RXS 
and prove that. RS — RX. 

ABC is an isosceles triangle with AB = АС. Dis ay point 
within AABC and ADE is another isosceles triangle with 
AD = AE, such that D, E are on opposite sides of AC. 
If AED = ACB prove that DB = EC. 

The bisectors ВІ and СІ of the angles B and C of AABC 


meet in l. Prove that БІС = 90° + 2 


The sides AB, АС of the triangle ABC are produced to F 
and E respectively ; the bisectors of the angles ABC, ACB 
meet in X, and those of the angles CBF, BCE meet in Y. 
Show that BXC is obtuse and that ВҰС is acute. 
From the vertex A of a right-angled triangle а perpen- 
dicular is drawn to the обие BC. The bisector о 
the angle B meets this perpendicular at R and meets AC at 
5. Prove that the triangle ARS is isosceles. 
ABCD is a quadrilateral with all its sides equal and all its 
angles right angles. AC is a diagonal and AE bisects angle 
CAB, meeting CB in E. Prove that AC = AB + BE. 
(Hint: Draw EX perpendicular to AC] 
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CONSTRUCTIONS 


The following constructions are carried out with ruler and 
compasses only. The graduated scale on the ruler is unneces- 
sary since at no time will it be necessary to measure a length. 
The ruler is required only to join two points and to produce 
a given straight line. Compasses are required to draw circles 
or arcs of circles with a given point as centre and with a given 
radius, and also to cut off from a given line a length equal 
to the length of another given line. 

The proofs of the correctness of the constructions illustrate 
the application of cases of congruence. 


CONSTRUCTION I 
To bisect a given angle 


Given : BAC. 
Required : To bisect BÁC. 
Construction: With centre A and any suitable radius draw 
an arc to cut AB at D and AC at E. 
With centres D and E and any suitable radius, the 
same for each, draw arcs to cut at H. Join AH. 
Then AH bisects ВАС, 
Proof: Join DH, EH, 
In As ADH and AEH 
1. AD = AE (radii of same O). 
2. DH = EH (radii of equal Os). 
3. AH is common, 
7. AADH = AAEH (three sides) 
2. DAH = EAH, ie. BAC is bisected by AH. 
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CONSTRUCTION 2 
To bisect a straight line 


Given : Str. line AB. 
Required : To bisect AB. 
Construction : With centres A and B and any suitable radius, 
the same for each, draw arcs to cut at C and D. 
Join CD and let it cut AB at O. 
Then AB ís bisected at O. 
Proof: Join AC, CB, BD, DA. 
In As ACD and BCD 
І. AC = BC (radii of equal Os). 
2. AD = BD (radii of equal Os). 
3. CD is common. 
2. AACD = ABCD (three sides) 
2. ACD = BCD. 
Comparing As ACO and BCO 
I. AC = = BC (radii of equal Оз). 
2. ACO = BCO (proved). 
3. CO is coramon. 
2. AACO = ABCO (two sides and incl, C) 
г. AO = OB 
2, AB is bisected at O. 


88 CONSTRUCTIONS 


Construction 3 


To draw a Straight line Perpendicular to a given 
Straight line from a given point in it 


Given: Str. line AB with point O in it. 


Required: To draw through O a straight line perpendicular 
to AB. 


Construction: With centre O and any suitable radius draw 
an arc to cut AB at C and D, 
With centres C and D and any suitable radius, the 
same for each, draw arcs to cut at E, 
Join OE, 2 
Then OE is perpendicular to АВ, 


Proof: Join CE and ED, 
In As ECO and EDO 
1. OC — OD (radii of same ©). 
2. CE = DE (radii of equal Os). 
3. OE is common, 
2. ДЕСО = AEDO (three sides) 

2. EOC = EG. 3 
But these are adjacent angles standing on a straight 
line, 

Fach is a right angle 
2. OE is perpendicular to AB. 
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CONSTRUCTION 4 


To draw а straight line perpendicular to a given 
straight line from a given point outside it 


Given: Straight line AB with O a point outside it. 
Required: To draw from O a straight line perpendicular to AB, 
Consiruction: With centre O and any suitable radius draw an 
arc cutting AB at C and D. 
With centres C and D and any suitable radius, the 
same for each, draw arcs to cut at F. 
Join OF and let it cut AB at E. 
Then OE is perpendicular to AB. 
Join OC, CF, FD, DO. 
Proof: Іп As OCF and ODF 
І. OC = OD (radii of same O). 
2. СЕ = DF (radii of equal Os). 
3. OF is common. 
2. AOCF = ДОРЕ (three sides) 
5 COF = DOF, 
In As COE and DOE 
1. OC = OD (radii of same ©). 
2, COE = DOE (proved). RSE, 
3. OE is common: 
2. ACOE = ADOE (two sides and incl. C) 
^ OEC = OED, 
But these are adjacent angles standing on a straight line, 
2. Each is a right angle 
' ^ OE is perpendicular to AB. 
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CONSTRUCTION 5 


To construct an angle of 60° 


A 


Required: To construct an angle of 60°, 


Construction: Draw any str. line AB. 


With centre A and any suitable radius draw an arc 
to cut AB at C. 


With centre C and the same radius draw an arc to 
cut the former arc at D. 
Join AD. 


Then DAB = 60°, 


Proof: Join DC. 
АС = AD (radii of same ©). 
АС- CD (radii of equal Cs). 
. In AACD, AD — AC — CD 
2. AACD is equilateral 
54 AACD is equiangular 
ae DAB = 60°. 


CONSTRUCTION 6 
To construct an angle of 30° 


Construct an angle of 60° and bisect it. 
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CONSTRUCTION 7 


To construct an angle of 90° at a given point in 
a given straight line 


Given: Straight line AB and O a point in it. 
Required: To construct at О an angle of 90°. 


Construction: With centre O and any suitable radius draw 
an arc to cut AB at C. With centre C and the same 
radius draw an arc to cut the former arc at D. With 
centre D and the same radius draw an arc to cut the 
first arcat E. With centres D and E and any suitable 
radius, the same for each, draw arcs to cut at F. 
Join OF. 

Then FÓB — 9o*. 
Proof: Join OD, OE, DE. 
DOC = 60°. 
In AEDO, OE = OD (radii of same ©). 
OE = DE (radii of equal Os) 
2: ОЕ = OD = DE e 
2. AEDO is equilateral 
2. EOD = 60°. 
By construction OF bisects EOD 
2 FOD = 30° 
2. FOB = FOD + DOB 
= 30° + 60° 
= 90°. ` 
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CONSTRUCTION 8 
To construct an angle of 45° 


Construct an angle of 90% and bisect it. 


Construction 9 


At a given point in a given straight line, to 
Construct an angle equal to a given angle 


x 


Y 2 А о P В 


Given: Straignt line AB with О a point in it, and xvz. 


Required : To construct at O an angle equal to ХҰ2, 


Construction: In YX and YZ take any points X and Z and 
join XZ. 
Construct AOPQ having ОР = YZ, PQ— zx 
QO = xy, 


Then QGP is the required angle, 


“Proof: In As QOP and XYZ 
I. OP = YZ (constr.). 
2. РО = ZX (constr.). 
3. QO= XY (constr.). 
A Of = ANY (three sides) 


+, 


^ 


.. QOP = Х72. 


CONSTRUCTIONS 93 


CONSTRUCTION IO 


Through a given point to draw a straight line 
parallel to a given straight line 


D 9 Е 


А < B 


Given: Straight line AB and point O outside it, 
Required : To draw through O a straight line parallel to AB. 


Construction: Take any point C in AB and join OC. 


At O in CO construct an angle сӧр equal to оёв. 
Then DO is parallel to АВ. 


Proof: DOC = OCB (constr.). 
But these are alternate angles to DO and AB 
2. DO and АВ are parallel. 


EXERCISES I5 


` Use only ruler and compasses for the following exercises. 
I. Construct an angle of 15°. 


2. Construct an angle equal to one quarter of a right angle. 


3. Construct an angle of 120° and show how to divide it 
into four equal parts, 

4. Draw any triangle ABC. Bisect the angles B and C and 
let the bisectors meet in 1. Join IA and measure the 
angles BAI and CAI. What do you infer about the bi- 
sectors of the three angles of a triangle ?, 

5. Draw any triangle ABC. Construct the perpendicular 
bisectors of AB and AC and let them meet in O. Con- 
struct the perpendicular bisector of BC. Does it pass 
through O ? What do you infer about the perpendicular 
bisectors of the sides of a triangle? 


10. 


11. 


12. 


CONSTRUCTIONS 


. In the previous exercise, prove that OA — OB and that 


OA — OC. Draw the circle with centre O and radius 
OA. Through which. points in the figure must this 
Circle pass ? 


- Construct a triangle ABC, right-angled at B and having 


AC — 2BC. ғ ik 
At B, in AB, make ABO = CÂB and let BO meet AC in O. 


Prove that € = oĝc. 
Prove also that AOBC is equilateral. 


- Construct two straight lines AB and CD such that each 


bisects the other perpendicularly. Join AC, CB, BD, DA 
to form the figure ACBD. Prove that 

(1) AC = BD, 

(а) АС = AD. 
What can b> inferred about all four sides of the figure ? 


. Draw a straight line AB, With centres A and B and any 


suitable radius, the same for each, draw arcs to cut at C. 
Join AC and BC. Bisect ACD letting the bisector CD 
meet AB at D. 

Prove that D is the mid-point of AB. 

Prove that the following construction gives a straight 


line perpendicular to a given straight line AB at a given 
point O in AB, 


Take C any point not on AB. 

With centre C and radius CO draw an arc of a circle to 
cut AB at D. 

Join DC and produce it to meet the arc at E. 

Join EO. Then EO is Perpendicular to AB, 

Draw a straight line AB and take O a point outside АВ. 
With centre О and any suitable radius draw an arc cut- 
ting AB at C and D. Join OC and Ob. Bisect COD 
and let the bisector meet CD at E. Prove that OE is 
perpendicular to AB, 

Draw a straight line AB and take O а point outside АВ, 
Draw OD any straight line from O to meet AB in D. 
Bisect OD at C. 

With centre C and radius CO draw an arc of a circle to 
cut AB at E. Join OE. 

Prove that OE is Perpendicular to AB, 


13. 


14. 


15. 


16. 


17. 


18. 


21: 


22. 
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In any circle draw three chords AB, CD, EF. Construct 
the perpendicular bisectors of the chords, What do you 
notice ? 

Draw any circle. Divide the angle at the centre into six 
equal parts by lines meeting the circumference in six 
points. Join up the points and so form a six-sided 
figure (a hexagon). 

Draw any circle. Divide the angle at the centre into 
eight equal parts by lines meeting the circumference in 
eight points. Join up the points and so form an eight- 
sided figure (an octagon). 

Prove that the figures formed in Exercises 14 and 15 have 
all their sides equal and all their angles equal. [Such 
figures are said to be regular figures.) 

If your compasses could open only until the points were 
2 inches apart, how would you bisect—by means of ruler 
and compasses—a line more than 4 inches long? 

In triangle ABC construct the three perpendiculars from 
А, B, C to the opposite sides. Verify that these perpen- 
diculars are concurrent. 


. ABC is a triangle with AB, AC produced to D and E 


respectively. Bisect A, CBD, BCE and verify that these 
bisectors are concurrent. 

Show how to trisect a right angle. 

Using ruler and compasses only construct an angle of 75°. 
Describe each step of your method: i E 
Using ruler and compasses only construct an angle of 
52]. Describe each step of your method. 
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Inequalities concerning the sides and angles of а triangle : 

If we try to construct a triangle ABC given that a — 6 em., 
b = 3 cm., c = 2 em., we find it impossible, because with the 
usual construction the arcs, radii 3 cm. and 2 cm. respectively, 
wil not meet. What would happen if a — 5 -- c? 


cm. 
Hence, ina triangle any two sides are together greater 
than the third side. 


THEOREM 4 


If one side of a triangle is greater than another, the 
angle opposite the greater side is greater than the angle 
opposite the smaller side. 


Given: AABC in which AB > АС, 
Required: To prove that € 8. 
Construction: Bisect А by AD meeting BC in D, 
From AB cut off AE — АС. Join DE. 
Proof: In As AED and ACD 
1. АЕ = AC (constr.). 
2. AD is common. ` 
3. EAD = CAD (constr.). 
HD = AACD (two sides and incl. 2) 
д AED — C, 
But AED > 8 (exterior Zof ABDE > one int. opp. /) 
5 
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The converse of Theorem 4 is: If one angle of a triangle, 
is greater than another, the side opposite the greater 
angle is greater than the side opposite the smaller 
angle. 

We now proceed to prove that this converse is true and 
the method used is called Proof by Exhaustion. This 
method is used when only one of a number of alternatives 
can be true, The method involves proving that all of the 
alternatives but one are false, The remaining one must 
then be true. 


THEOREM 5 


If one angle of a triangle із greater than another, the 
side opposite the greater angle is greater than the side 
Opposite the smaller angle. 

A 


B c 
Given: AABC with С> 8, 
Required: To prove that AB > AC. 


Proof: The alternatives are either : 
(1) AB — АС, or (2) AB < АС, or (3) АВ > AC. 
I. If AB — AC then ДАВС would be isosceles and 
8-€. 
But 8 is not equal to ё 
2. AB and AC are not equal. ; 
2. If AB — AC, then by Theorem 4 the angle opposite 
the greater side would be greater than the angle. 
opposite the smaller side, іе, B > С. 
But it is given that B<é 
2. AB is not less than AC. 
Since AB is not equal to AC and AB is not less than АС 


2. АВ > AC. 
N.C.G.—4 z 
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WORKED EXAMPLE 


Prove that the perpendicular is the shortest straight line 
that can be drawn to a straight line from a point outside it. 


o 


x B А Y 


Given: Str. line XY, and point O outside it. OA is perpen- 
dicular to XY and OB is any other straight line from 
О to XY. 


Required: To prove that OA is shorter than ОВ, 
Proof: Іп AOBA 
А is a right angle. 


2. В is less than a right angle (sum of Zs of Д is 
2 rt. angles) 

“A is greater than 8 

2. OB is greater than OA [in AOBA the greater side 
is opposite the greater angle]. 

Hence OA is less than any other straight line drawn 

from O to XY. : 


2. OA is the shortest straight line that сап be drawn 
from O to XY. 


EXERCISES 16 


в Е С 
Prove EAB > EAC. 
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2. ABCD is a quadrilateral with ^D the greatest side and 


BC the least side. Prove that ABC > ADC. 


(Hint: Join BD.) 


3 А 
ud ] BS 
B D c 
Prove that ADC is an acute у 48 
2 А 
В D c 
Prove that AC > DC and AB > BD. 


5. c 
А 3 


AB is a diameter. Prove that АВ > АС. 
ІНіш: Join OC and ВС.) 


Prove that AH < HC and DC > DH. 
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Prove that 
(x) AC > BC, (2) BH> HC. 
8. In a right-angled triangle prove that the hypotenuse is 
the greatest side, 


9 A 


АВ > AC Prove that BD > СР, 
10, А 


S ED | 
AB — АС. Prove that AB > АО, ) 


21. АВС is an isosceles triangle with AB — АС. D is any ) 
point іп BC produced. Prove that АВ < AD. | 

) 

| 


12. А 


B 
Prove that ED — DC. 
13. ABC is an isosceles triangle with AB — AC, 
() 1f А < 60% prove that BC < AB, 
(2) If A> 60° Prove that BC > AB, 


— — 


14. 


15. 


16. 


17. 


25. 
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ABC is а triangle in which BA is produced to D so that 
AD — AC. Prove that (1) BD > BC, (2) BA + AC > BC. 
ABC is any triangle and D is any point within it. Prove 
that AB + AC > DB + DC. 
[Hint: Produce BD to meet AC in E and consider (x) 
ADEC to prove BE + ЕС > BD + DC, (2) ABAE.] 
ABCD is a quadrilateral, Prove that 

AB + BC + CD + DA > АС + BD. 
ABC is an isosceles triangle in which AB = АС. BC is 
produced to any point D. A straight line DQP is drawn 
cutting AB, АС in P, Q respectively. Prove that 
АР < АО. 


. AD isa median of ДАВС, Prove that AD < 4(AB + AC). 


(Hint: Produce AD its own length to Е. Join CE.] 


„Ad is a median of ДАВС, If АВ < AC prove that 


BAD > CAD. 


- Using the result of Exercise 18, prove that the sum of the 


medians of a triangle is less than the perimeter of the 
triangle. 

(Note: The perimeter of a figure is the length of 
the bounding line or lines.] 


+ ABCD is a quadrilateral. X is any point within it. Prove 


that AB + BC + CD + DA < 2(ХА + XB + ХС + XD), 


In ДАВС, AB > AC, BD is perpendicular to AC, and CE 


is perpendicular to AB. BD and CE intersect at Н, 
Prove that BH > HC, 


In ДАВС, AB = АС, AD is perpendicular to BC and is 


produced to any point Y. A straight line YZX cuts AB 
at Z, and CA produced, at X. Prove that 

BY + YX > BA + AX. 
(Hint: Join CY.) 
A straight line AB is bisected at O, and ON is drawn per- 
pendicular to AB. C is any point on the same side of 
ON as A, and CB cuts ON at P. Prove that CQ + 
QB > CP + PA, where О is any other point on ОМ, 
ABC is an equilateral triangle. BC is produced to D so 
that CD = ВС, E is any point on BA produced. Prove 
that ADAB is right-angled and that ED + DC > EB. 
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CONSTRUCTION OF QUADRILATERALS 


A quadrilateral is a plane figure bounded by four straight 
lines. 

The straight line joining two opposite vertices is called a 
diagonal. 


ABCD is а quadrilateral. 
AC and BD are diagonals, 


с 


A quadrilateral has eight elements, four sides and four angles. 
To construct a definite quadrilateral it is necessary to know 
five independent elements, Since the sum of the angles of a 
quadrilateral is four right angles, if three of the angles are 
known, the fourth is also known. Hence the four angles 
cannot be regarded as independent elements. In general any 
five independent elements are sufficient but ambiguity may 
arise in certain cases. Before beginning the actual construc- 
tion a rough sketch should be drawn, and the given elements 
marked on it. Then the figure should be completed by con- 
structing the two triangles which will be clearly indicated by 
the sketch. 
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Example 1.—Given the four sides and one angle, construct 
the quadrilateral. 


AABD can be constructed since we know two sides and the 
included angle 

.. BD is fixed. - 
ABCD can be constructed since we know the three sides 
2. quadrilateral ABCD is constructed. 


Example 2.—Given two sides and three angles, construct the 
quadrilateral. 


^ i B 


The order in which the various elements could be used are 
indicated by the numbers. 
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EXERCISES 17 


In Exercises 1-10 construct quadrilateral ABCD from the 
following data. In each case measure the Sides and angles 
that are not given. 

I. AB = r8 in, BC = r2 in, CD = 23 in., DA = 26 in., 
АС = 2-1 in. 
2. AB = 3:2 cm., BC = 6'5 cm., CD = 47 cm., AC = 5:8 cm., 
BD = 4'I cm. 3 
3. АВ —37 in., BC = 2:5 in, CD = 27 in., DA = 1-6 in., 
A = 76°, Н 
4. AD = 4:6 ст., BD — 6:2 cm., ОС = 2:3 cm., ADB = 41%, 
вбс = 78°, 
5. AC = 2:9in., BD = 41in,BC— 2:7 in., В = пее 103°, 
6. Â = 1775, 8 = 124°, C= 62°, AB = 3'2 cm., BC = 2.8 cm. 
7. АВ = r8 in, ASD = 66%, BD— 2:9 in., AC = 2-7 in., 
BBC — 32°, 
8. AB— 7:6cm., BC = 2.8 cm, 8 = 82°, еле 112, 118%, 
9. 8- 70°, 4 — 95°, 6 = 105°, АВ = 4:8 in., AD = 41 in. 
10. AB —42 in, САВ = 34° Ар = 43° Аба. 64°, 
ADB = 527, S 
21. Construct the quadrilateral ABCD in which AB = BC 
= 16 in, апі AD = DC =34 in, and BD =4 in. 


12. Construct the quadrilateral ABCD in which AB is parallel 
to DC, and CD — 42 in, BC = r8 in, DB = 3:8 in., 
ADB = 30°. Measure AB, AD, АБС. 

13. Construct the quadrilateral ABCD’ in which AB is parallel 
to DC, and BC is parallel to AD, AB = 5cm., AD = 8cm. 
and В = 132°, Measure BC, CD, A. 

14. Construct the quadrilateral ABCD in which Â — 90*, AB 
is parallel to DC and is 2 in. long, and AD is parallel to BC 
and is 3 іп. long. Measure all the angles, 

15. Construct the quadrilateral ABCD in which AB is parallel 
to DC, BC is parallel to AD, and ВС = CD = 3:2 in. 
Measure the remaining sides, 


16. 


157. 


18. 


19. 


20. 
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Construct the quadrilateral ABCD in which AB is parallel 
to DC, BC is parallel to AD, A = 90°, AB = BC = 6 cm. 
Measure the remaining sides and angles. 

Construct a quadrilateral ABCD in which AB — 2-2 in., 
A = 30°, C = 8o*, and the angle D is divided by the 
diagonal DB so that the angle ADB is 65? and the angle 
BDC is 15% Measure AC. 

Construct a quadrilateral ABCD with diagonals inter- 
secting at O, such that AB — 22 in., BC = 27 in., 
ВО = 3:3 in., AC = 4 in., AOB = 106°. Measure ADC. 
The sides of a quadrilateral are of lengths 1 in., 2:5 in., 
3 in., 4.5 in., and one diagonal is of length 4 in. How 
many different quadrilaterals can be drawn to satisfy 
these conditions? Give full reasons for your answer. 
Construct one such quadrilateral and measure the second 
diagonal. 

Construct the quadrilateral ABCD given that AB — AD 
=1r8in, A= 50°, BC — CD — 1 in. How many dif- 
ferent quadrilaterals can be drawn to satisfy these 
conditions ? 


Special Forms of Quadrilaterals and their Properties 


Kite :—If a quadrilateral has two adjacent sides equal and 
the other two sides equal, it is called a kite. 


Exercise.—Draw a kite ABCD іп which AB = AD and 
BC — CD. Draw the diagonals and let them cut at O. 
Measure AO, OC, BO, OD, BAC, DAC, BEA, ОСА, BOA. 
What do you notice? . 
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Trapezium :—If a quadrilateral 
has two sides parallel, it is called 
a trapezium. 


Parallelogram.—1t a quadrilateral 
has its opposite sides parallel, it 
is called a parallelogram. 


Exercise.—Construct a parallelogram ABCD. Measure the 
sides and the angles. What do you notice? Draw the 
diagonals, cutting at O. Measure OA, OB, OC, OD. What 
do you notice ? : 


Rhombus.—lf a parallelogram has 
two adjacent sides equal, it is called a 
rhombus. (Later it will be proved 
that all the sides of a rhombus are 
equal,] 


Exercise.—Draw a rhombus ABCD and its diagonals, cut- 


ting at O. Measure OA, OB, ОС, OD and AGB, What do 
you notice ? 


Rectangle.—If a parallelogram has 


one angle a right angle, it is called a 
rectangle. [Later it will be proved 
that all the angles of a rectangle are 
right angles.) 


Exercise.—Construct a rectangle ABCD. Draw the dia- 
gonals, cutting at O. Measure AC, BD, OA; OB, OC, OD. 
What do you notice ? 


Square.—If a rectangle has two adjacent sides 
equal, it is called a square. Later“! it will be 
proved that all the sides of a Square are equal] 


й 
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Exercise.—Draw a square ABCD. Draw the diagonals, 
cutting at O. Measure AC, BD, OA, OB, ОС, OD, AÓB. 
What do you notice ? 

These exercises have shown that : 

(1) One diagonal of a kite is bisected by the other, and the 
diagonals cut at right angles. 

(2) The opposite sides and angles of а parallelogram are 
equal, and the diagonals of a parallelogram bisect each other. 

(3) The diagonals of a rhombus bisect each other, and cut 
each other at right angles. 

(4) The diagonals of a rectangle are equal and bisect each 
other. 

(5) The diagonals of a square are equal and bisect each other, 
and cüt each other at right angles. j 

Some of these facts must be used in constructions in the 
following exercises. 


EXERCISES 18 


I. Construct a kite ABCD in which AB — AD — 1:75 in., 
АС = 3:75 in., and BD = 2:5 іп. Measure ABC and ADC. 

2. Construct the kite ABCD in which AB=5 cm. The 
diagonal AC is 6 cm. long and is bisected by the other 
diagonal BD which is Іо cm. long. Measure CD and 
ADC. 

3. Construct the trapezium ABCD in which AB is parallel to 
DC, Б--82% C—42, DC —34 in, ADB = 457. 
Measure AB. | 

4. Construct the parallelogram ABCD in which AB — 3:2 in., 
BC = 18 in., C = 118°, Verify that the diagonals bisect 
each other. 

5. Construct the parallelogram ABCD іп which AC = 4:3 in., 
BD = 3:2 in., AOB = 64° where О is the point of inter- 
Section of the diagonals. Measure angles A and B. 

6. Construct the parallelogram ABCD in which AB — 2 in., 
AC = 2-4 іп., BD = 3:6 in. Measure BC. 

7. Construct a rectangle with adjacent sides 3:5 in. and 2:5 in. 
Draw and measure the diagonals. 
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8. 


9. 


10. 


ТІ. 


13. 
14. 
15. 


16. 


17. 


18. 


19. 


20. 
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Construct a rectangle in which AB.— 2 in., AC — 3:5 in. 
Measure BC. 

Construct a rectangle ABCD in which AC — 3:8 in., and 
Абв- 132% where О is the Point of intersection of the 
diagonals. 

Construct a rhombus ABCD in which AB = 2:5 in., and 
А- 45% Measure the angles between the diagonals. 
Construct a rhombus whose diagonals аге 2:2 in. and 3:8 in. 
Measure the side. 

Construct a rhombus ABCD in which AC — 3:6 in. and 
ACB = 32°. Measure BD. 

Construct a square on a side 2:5 in. long. Measure the 
diagonal. 


Construct a square whose diagonal is 3 in, long. Measure 
the sides, 
With ruler and compasses only, construct a quadrilateral 
PQRS such that PQ — PS, RQ — RS, the angle at P is 90%, 
the diagonal QS is 3 in. and the diagonal PR is 41 in. 
Measure QR, 
Construct a trapezium ABCD in which AB and DC are 
parallel. AB = 5 in., ВС 1 in, CD = 1. 5 in., DA = 1 in. 
State your construction and show that it is correct. (In 
preliminary sketch draw parm, BCDE.) 
Draw any rectangle ABCD, Show, without measurement, 
how to construct a Square which has the same perimeter 
as that of the rectangle, 
Draw any Straight line AB about 4% in. long. Using 
ruler and compasses only and without measurement, 
Construct a square with АВ as its perimeter. 
Construct a trapezium ABCD with AB — 2 in., CD = rin, 
C — r5 in, BD=2 in. DC is parallel to AB, 
[Hint: In preliminary sketch draw DE parallel to CA 
to meet BA produced in Е.) 
Construct а quadrilateral ABCD having AD = т} in., 
BD = 21 in., BC = CA = 2 in., and with AC perpendicu- 
lar to ВО. How many solutions are there ? . 
(Hint: In Preliminary sketch construct parm. DAXB: 
then start by constructing AAXC.] 
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THEOREM 6 
The opposite sides and angles of a parallelogram аге 
equal, and each diagonal bisects the parallelogram. 


^ D 


e c 
Given: Parallelogram ABCD and diagonal BD. 


Required: To prove that 
I, AD — BC and AB — DC. 
2. À= € and ABC = ADC. 
3. BD bisects parm. ABCD. 


Proof: In As ABD, CDB 

т. ADB = DBC (alt. Zs, AD, BC parl.). 

2. ABD = СОВ (alt. /5, AB, DC parl.). 

3. BD is common. 
2. AABD = ACDB (two 4s and corresp. side) 
1:1. AD = BC and АВ = DC. 

2. A= and ABD + DÉC = Сбв.+ Абв, 

ie. ABC = ADC. 
3. AABD = ACDB in area, 
ie. BD bisects parm. ABCD. 

Similarly it could be proved that AC bisects the parm. 


Cor. x. If one angle of a parallelogram is a right angle, all 
the angles are right angles; ie. all the angles of a 
rectangle and of a square are right angles, 


Cor. 2. If two adjacent sides of a parallelogram are equal, 
all its sides are equal; i.e. all the sides of a rhombus 
and of a square are equal. 
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THEOREM 7 
The diagonals of a parallelogram bisect one another. 


Doer 
p^. v 


Given: Parm. ABCD with diagonals AC, BD intersecting at O. 
Required: To prove that AO — OC, BO — OD. 
Proof: Іп As AOB, COD 

I. AB — DC (opp. sides of parm.), 

2. AOB = DOC (vert. opp. Zs). 

3. OAB = OCD (alt. /s, DC, AB parl.). 

2. ДАОВ = ACOD (two Zs and Corresp. side) 
4. AO = OC and BO = Ор, 
THEOREM 8 


И one pair of opposite sides of 8 quadrilateral are 
equal and parallel, the quadrilateral is a parallelogram. 
D, c 


A B 
Given: Quad. ABCD with AB — DC and AB parl. to DC, 
Required: To prove that ABCD is a parm. 
Construction: Join AC. 
Proof: In As ABC, ADC 
f I. АВ = DC (given). 


2. BAC = DEA (alt. /s DC, АВ parl.). 
3. AC is common. 
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2. ДАВС = AADC (two sides and incl. Z) 
2. BCA = DAC, 

But these are alternate angles to AD and BC 

1. AD and BC are parallel. 

But AB and DC are parallel (given) 

2. ABCD is a parallelogram, 


EXERCISES 19 


. Prove that, if the opposite sides of a quadrilateral are 
equal, the quadrilateral is a parallelogram. 


. Prove that, if the diagonals of a quadrilateral bisect each 
other, the quadrilateral is a parallelogram. 


. Prove that, if the opposite angles of a quadrilateral are 
equal, the quadrilateral is a parallelogram. 
(Hint: Sum of angles of quadrilateral is 4 right angles.] 


. Prove that, if the diagonals of a parallelogram are equal, 
the parallelogram is a rectangle. 
In Exercises 5-13 ABCD is a paralielogram. 


. X is the mid-pt. of AD, Y is D A 
the mid-pt. of BC. Prove that 5 
AYCX is a parallelogram, and X Y 
that XY and BD bisect each А 
other, i 

. XY is any straight line through x 5 


O. Provethat XO = OY: | o 
. If, in the figure for Exercise 6, p deese 
PQ is any other straight line SS Q 
through O, prove that PYQX is 4 
а parallelogram. x 


. BM bisects ABC. 


— M 
DN bisects ADC. Prove that С 
(1) BM — DN. 


(2) BNDM is a parallelogram. 
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9. Prove that 
(1) BE — СН. 
(2) BCHE is a rectangle. 


B c 
Io. BM bisects 8. ^ Hoc 
AN bisects А. Prove that 
(1) MN = CD. 
(2) ABNM is a rhombus, 8 Nc 
D c 
II. АХ = CY. Prove that BXDY is 
a parallelogram, 
^ B * 
А 5 D 
12. P, Q, R, S are the mid- pts. of 
the sides. Prove that PQRS isa p А 
parallelogram, 


I3. AO — OB. Prove that 
(1) DA — AE, 


(2) ACBE is a parallelogram. 


Е 
14. РОВ5 is a parallelogram in which the bisectors of angles 
P and Q meet on-RS. Prove that PQ — 2QR. 
15. ABCD and ABEH are two parallelograms оп a common 
base АВ. Prove that DHEC is a parallelogram unless DC 
and EH are in one straight line. 
16, P is the mid-point of the side AC of ДАВС. ВР is рго- 
duced its own length toD. Prove that ABCD is a parallelo- 
- -Q is the mid-point of AB and СО is produced 
its own length to E. Prove that. 
(1) EAD is a straight line, 
(г) ED = 28C. 


17. 


18. 


19. 


21. 


23. 


24. 
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Through the vertices A, B, С of AABC, straight lines 
XAY, XBZ, YCZ are drawn parallel to the opposite sides 
forming AXYZ. Prove that A, B, C are the mid-points of 
the sides of AXYZ. 4 


D is the mid-point of the side AB of AABC. DH is drawn 
parallel to BC and meets, in H, CH which is drawn parallel 
to BA. Prove that 

(1) AD = CH. 

(2) DH and AC bisect each other, 


D and E are the mid-points of sides AB and AC, respec- 
tively, of ДАВС. DE produced meets a line through 
C, parallel to BA, in H. Prove that 

(1) ЛАРЕ = ACHE. 

si DBCH is a parallelogram. 

) DE = jBC. 

ABCD is a parallelogram and PQ is any straight line 
through A which does not meet the parallelogram. Prove 
that the perpendicular from C to PQ is equal to the sum 
of the perpendiculars from B and D to PQ. 
ABCD isa parallelogram. А straight line is drawn through 
C parallel to the bisector of 8 and meets AB, AD produced 
in X and Y respectively. Prove that AAXY is isosceles 
and that the perimeter of the parallelogram is equal to 
the sum of AX and AY. 


O is any point inside AABC, The parallelograms BOCD, 
COAE, AOBF are completed, Prove that As ABC and 
DEF are congruent. 


Two parallelograms ABCD and AECF have the same 


diagonal AC. Prove that BDEF is a parallelogram if 
B, E, D, F are not collinear. 


ABCD is a parallelogram with А an obtuse angle. Through 
D a straight line DK is drawn to meet. BA produced in K 
so that DK = CB. Prove that K = B. 


E 
25. In the parallelogram ABCD, AB = 2AD. The bisector of 


ABC mects CD at K. Prove that CK = KD, AK bisects 


. BAD, ARB = 90°, 
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26. In AABC, AB — AC. D is any point on AB. AC is 
produced to E so that CE — BD. DE cuts BC at K. 
Prove that DK — KE. 

ІНіт: Draw DX parl. to AC to meet BC in X.) 


27. The figure represents a cuboid. А D 
Prove that 3 E ад 
(1) ABGH and BFHD are paral- * 
lelograms, zoe] 
(2) AG = BH, 1 


28. With the figure for Exercise 27, prove that AG, BH, FD, 
EC have a common point, 


Proofs of Cerlain Properties of Special Types of 


Quadrilalerals 
The Kits 
G v 
Compare As ABC and ADC and prove that they are congruent. 
Hence BAO = DAO, 


Then compare As ABO and ADO and prove that they are 
congruent, 
Hence (1) BO= ор. ы 
(2) AGB = a rt. angle. 

Therefore in a kite the diagonals cut at right angles, 
and one diagonal is bisected. 

[Note that AC is an axis of symmetry, B and D being cor- 
responding points. It follows from symmetry.that BD is 
bisected at rt. angles by АС]: 


PARALLELOGRAMS 115 
Тһе Rhombus $ 


Compare As AOD and DOC and prove 0 5527 
that they аге congruent. Hence AOD — LX 
DOC = 1 rt. angle. Also ADO = CDO. 


Therefore the diagonals of a rhombus bisect each 
other at right angles and bisect the angles through 
which they pass. 

[Note that AC and BD are both axes of symmetry, B and 
D being corresponding points for the axis AC, and A and C 
being corresponding points for the axis BD. It follows from 
symmetry that AC and BD bisect each other at. rt. angles.] 


The Rectangle 
Compare As ABC and DBC and д D 
prove that they are congruent, the 
case of congruence being two sides and 
the included angle. 
2. AC = BD. 8 
Hence the diagonals ot a rectangle are equal. 
(Note that neither of the diagonals is an axis of symmetry.) 


The Square 


Compare As AOD and DOC and prove that D c 
they are congruent. БА 


Непсе ргоуе AOD = a rt. angle, and ADO = A/N 
co. 
Since by definition a square is a rectangle, AC = 8D. 
Therefore the diagonals of a square are equal and 
cut at right angles and bisect the angles through which 
they pass. E 
Note that both AC and BD are axes of symmetry, from 
which it follows that AB and CD bisect each other at rt. angles.) 
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EXERCISES 20 


D c 
P 
1. ABCD is a rectangle. ; P. 
Find OBC and DOA. Exo 
4 А в 
D c 
2. ABCD is a rectangle, PT 
Find DCA and Абв. Ao 
A 8 
D c 
3. ABCD is a rhombus, 2 
Find ABC and AÉb, on 
2 Y 
pec се 
4. ABCD is a rhombus. 38 
Find ABC, 
A B 


5. Prove that the diagonals of a rhombus bisect the angles 1 
through which they pass. 


6. Prove that the diagonals of a square bisect the angles 
through which they pass, 


7. A and B are the centres of the circles, 
Prove (in two Ways, one of them by 
symmetry) that AB bisects XY at 


Tight angles, 
D B 
8. ABCD is а rectangle and AC = 2АВ. 
Prove that 3 
(1) PX is perp. to CA, D А 
(2) XP — AD. 


9. 


10. 


II. 


12. 


13. 


14. 


15. 


16. 
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D 
ABCD is a rectangle with COB = 60°, БЕЙ 
Prove that AC = 2BC, 
ig О 5 
А 


BD bisects 8 of ДАВС, АТ 
Prove that BGDH is а rhombus, 
А B с 
PQRS is a square. PK = РТ, / v 
Prove that PKT = 3TKQ, XN 
T 


ABCD is a parm. ABEF and ADGH Ё 1^7 
are squares, Prove that ACGE is E M. 


isosceles, 


t А 
AB and CD are diameters, c 
Prove that ACBD is a rectangle. D 
B 


ABCD is a square. Е, Е, б, Н are the mid-points of the 
four sides. Prove that the figure EFGH is also a square. 


ABCD is a rectangle and E, F, G, H are the mid-points of 
the sides. Prove that the figure EFGH is a parallelogram, 
What special type of parallelogram is it ? 


ABCD is'a rhombus, whose diagonals intersect in O. 
AR is drawn parallel to BD and DR is drawn perpendicular 
to AR meeting it in R. If OR cuts AD in K, prove that 
AB — 20K. 
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1. 


19. 


20. 


21. 


22. 


23. 
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D C 
E 
A B 


ABCD is a square. E is any point in BC. BF is 
perpendicular to AE. Prove that AE — BF. 


ABCD isa square. Prove that VXYZ is also a square. 


ABCD is a square. Prove that EF is parl. to BD. 
PQRS isa rectangle. The bisectors of the angles intersect 
to form а quadrilateral ABCD. Prove that ABCD is a 
rectangle. 4 

ABCD is а square with the diagonals AC and ВО inter- 
secting at О. Ү is any point on DO. BZ is drawn рег- 
pendicular to AY to cut AO in Х. Prove that AX = DY, 


PQR is a triangle. PA bisects P and meets QR in A. 
QP is produced to E. PB is perpendicular to PA and 
meets ÔR produced in 8. Through B, BE, BH are drawn 
parallel to RP, PQ respectively, meeting QP and PR pro- 
duced in E and H respectively. Prove that PHBE is a 
rhombus. 

PQRS is a square. From T, any point in PR, TA is drawn 
perpendicular to PS and TB perpendicular to PQ meeting 
PS, PQ respectively in А, B. RC and TD are drawn per- 
pendicular to AQ. Prove that AD = CQ. 
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POLYGONS 


A polygon is a plane figure bounded by more than four 
straight lines. 

A polygon is said to be equiangular if all its angles are 
equal. 

А polygon is said to be equilateral if all its sides are equal. 

A polygon is said to be regular if all its angles are equal 
&nd' all its sides are equal. 

When the polygon has five sides it is called a pentagon ; 
Six sides, hexagon; eight sides, Octagon; ten sides, 
decagon. 

The interior angles of a polygon of n sides are together 
equal to (2n — 4) right angles. 


Suppose the polygon divided into triangles by joining the 
vertices to any point O inside the figure. Since each side of 
the polygon is the base of a triangle, vertex O, and there are 
n sides, the number of triangles formed must be n. 


The sum of the angles of each A — 2 rt. angles 

2. the sum of the angles of che қ As = 2m rt. angles. 

But the sum of the angles of the » As = all the interior angles 
of the figure + angles at O 

.. all the interior angles of the polygon 4- the angles at 
O — 2n rt. angles. 

But the angles at O — 4 rt. angles 

~. all the interior angles of the polygon + 4 rt. angles = 2% 
rt. angles 

2. all the interior angles of the polygon = (an — 4) rt. angles. 
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If the sides of a convex * polygon are produced іп 
order, the sum of the exterior angles so formed is 
4 right angles. 


Suppose the polygon has m sides. At each vertex 
the exterior angle + the interior angle 
= 2 rt. angles (adj. angles on a str. line) 
2. the я exterior angles + the м interior angles 
= 2n rt. angles 
2. the n exterior angles + (25 — 4) rt. angles 
= 2n rt. angles 
2, the » exterior angles + an rt. angles — 4 rt. angles 
= 2n rt. angles 
2, the я exterior angles 
= 4 rt. angles. 


* A convex polygon is one in which each interior angle is 
less than 180°. If at least one of the interior angles is greater 
than 180° the polygon is said to be re-entrant. 
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EXERCISES 2I 


Т, д A 2. aAa 
N по? 
B 
3 с 


What is the sum of the three Find x. 
exterior /s of the A? 
3. жені is the sum of the interior angles of the following 


figures 
(а) (9) © 


4. What is the size of each exterior angle of a regular 
(1) hexagon, (2) octagon ? 

Now write down the size of each interior angle of a regular 
(1) hexagon, (2) octagon. 

5. What is the size of each interior angle of a regular polygon 
with (1) 12 sides, (2) 20 sides? (Find first the size of 
each exterior angle.) 

6. How many sides has a regular polygon whose exterior 
angle is (1) 45°, (2) 36°? 

7. How many sides has a e polygon whose interior 
angle is (I) 162°, (2) 156° % 


x 


8. Find x. 


9. Two angles of a hexagon are right angles. A third angle 
is 150% and the remaining angles are equal. Find the 
size of e 

10. The angles of an octagon are x^, 227, 3x*, 4, 5%°, 55%, 
8x°, 8x°. Find all the angles. 
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11. The sum of the interior angles of a convex polygon is 
double the sum of its exterior angles. How many sides 
has the polygon ? 5 


12. Two angles of а convex polygon аге 100° and 140%, The 
others, which are equal, are angles of 120°. How many 
Sides has the polygon ? 


2323 N 

LY 2 
(ә в (b) B 

What is the size of AÔB in each case ? 


13. 


I4. B, c 15. 
F E B 
Prove that ABDE is a Prove AEBC isosceles 
rectangle. and that each of its 


base angles is double 
the vertical angle. 


Note: The figures for exs. 14 and 15 are equiangular. 


16. Two regular polygons are such that the number of sides 
in one is double that in the other, and an angle of the 
first is 1] times that of the second. Find the number of 
sides in each. \ 

17. ABCDE is a regular pentagon. AB and DC are produced 


to meet in T. Find the size of BTC, and prove that BDT 
is an isosceles triangle. 


18. Construct a regular hexagon ABCDEF. On the sides AB, 
BC construct squares ABPQ, BCLM lying outside the 
hexagon. 

Prove that PM = QP and find the number of degrees in 
OPM and prove that QP, PM, ML are consecutive sides 
of a regular twelve-sided polygon. 
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19. ABC is an isosceles triangle in which B — E=2K. вх 
bisects 8 and meets AC in X. 
Prove that BX and XA are consecutive sides of a regular 
pentagon. 

20. In a pentagon ABCDE the E D is double the angle B, 
and the angles A, C and E are each half of the sum of the 
angles B and D. Find all the angles of the pentagon. 


THEOREM 9 ] 
The straight line drawn through the mid-point of one 
side of a triangle parallel to another side of the triangle 
bisects the third side. 


B c 
Given: AABC with D the mid-point of AB and DE parallel 
to BC meeting AC in E. 
Required: To prove that AE — EC. 


Construction : Through C draw CH parallel to BA meeting DE 
produced in H. 


Proof: Because BD is parallel to CH (constr. and DH is 
parallel to BC (given) 
7, BCHD is a parallelogram 
2. CH — BD (opp. sides of parm.). 
But BD — DA (given) 
.. СН = DA. 
In As ADE, СЕН 
1. AD= СН (proved). 
2 A= ECH (alt. Zs DA, CH parl). 
E AED — СЕН (vert. opp. Zs). 


2. ДАРЕ = A СЕН (two Zs and corresp. side) 
„ AE = ЕС, 
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THEOREM IO 


The straight line joining the mid-points of two sides 
of a triangle is parallel to the third side and equal to 
half of it. 


Given: AABC with D, E mid-points of AB, AC respectively, 
and DE joined. 
Required: То proye that 
(1) DE is parallel to BC, 
(2) DE = івс. 


Construction: Through C draw CH parallel to BA, meeting 
DE produced in H. 


Proof: Іп As ADE, CHE 
І. AE = EC (given). 


^ 


2. A=ECH (alt. Zs DA, CH рап). 
3. AED — СЕН (vert. opp. /5). 


7. AADE = ACEH (two /s and corresp. side) 
Г. AD = CH, and DE = ЕН, 
But AD = DB (given) 
2. CH = BD. 
But CH is parallel to BD (constr.) 
-. BD and CH are equal and parallel 
2. BCHD is a parm. (quad. with pair of opposite sides 
equal and parl.) 
<. BC = DH (opp. sides of parm.) and ВС is 
parallel to DH, 
But DE = jDH (proved) 
2, DE is parallel to BC and DE = 48C. 
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THEOREM II 
If three or more parallel straight lines make equal 
intercepts on one transversal, they make equal intercepts 
on any other transversal. 


Given: AD, BE, CH three parallel straight lines, cutting off 
equal intercepts AB, BC on transversal ABC. 


Required: То prove that the intercepts DE, EH made on any 
other transversal DH are equal. 


Construction: Through E draw KEL parallel to СА, meeting CH 
in K and AD in L. 
Proof: ABEL is a parm. (quad. with opp. sides parl.) 
„ AB = LE 
Similarly BC — EK. 
But AB — BC (given) 


. LE = EK. 
In As LED, KEH 


1. LE = ЕК (proved). 
2. DEL = КЕН (vert. opp. Zs). 
3 =R (alt. Zs AL, CH рап). 
2. ALED = ЛКЕН (two ZS and corresp. side) 
<- DE = EH. 
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CONSTRUCTION 11 


“То divide a straight line into any number of: equal 


Given : 


Str. line AB. 


Required: То divide AB into any number of equal parts, say 5. 


Construction: Draw any straight line AX making an angie 


Proof. 


with AB. 

From AX cut off 5 equal parts AC, CD, DE, EF, FG. 
Join GB. à 
Through C, D, E, F draw str. lines parallel to GB, 
meeting AB in H, K, L, M respectively, 

Then AB is divided into 5 equal parts. 


Draw AY parallel to ВС, 


Since the intercepts made on the transversal AX by 
а system of parallel straight lines are equal, therefore 
the intercepts made by the same parallel straight lines 
on the transversal AB are equal. 

. АН = HK = KL = LM = MB, 
іе. AB is divided into 5 equal parts. 
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THEOREM 12 
The medians of a triangle are concurrent, and the 
point of concurrence is a point of trisection of each 


median. 
A 


D 
Given: ДАВС. 
Required: To prove (i) that the medians are concurrent ; 
(ii) that the medians аге trisected at the point 
of concurrence. 
Construction: Draw the medians BY and CZ and let them cut 
at G. 
Join AG and produce AG to D, so that AG — GD. 
Let GD cut BC at X. 
Join BD and CD. 
Proof: In AABD, Z is the mid-point of AB, G is the mid-point 
of AD 
7. ZG is parallel to BD and ZG = 180 (str. line 
joining mid-points of two sides of Д is parl. to the third 
side and equal to half of it). 
Cd YG is parallel to CD 
. BGCD is a parm. (quad. with opp. sides parl.) 
. BX — XC (diags. of parm. bisect each other) . 
. AX is a médian 
2. the medians are concurrent. 
ZG = 4BD (proved). 
But BD = GC (opp. sides of parm.) 
1. ZG = 4GC 
2. G is a point of trisection of CZ. 
Similarly G is a point of trisection of BY and AX. 
[Note: The point of concurrence of the medians is called the 
centroid of the triangle.) 
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EXERCISES 22 


1. Draw a straight line 7:3.cm. long and divide it into seven 
equal parts. Measure the length of one part. 


2. & А 3. ý 
A x D 
Ж d 
8 P c в Y c 
In AABC, P is any point ABCD is a parm. 
in BC. Prove that DE Prove that BX and DY 
bisects AP. trisect AC. 
4 A 5. А 
Е H F 52 je 
B D c в D c 
Prove that EH = {ВС, Prove that AD bisects EF. 


6. Show how to construct a triangle given the mid-points of 
the sides, 


Prove that 


7. А D 
3 (1) DH — HC. 
¢ EEN (2) GH bisects both 
А АС and BD. 
8 (3) GH = }(8C + AD). 


с 
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8. 9. 
i A 
F 
в о c B D с 
Prove that PQRS is Prove that AF = jAC. 
а parallelogram. 
IO. 11. 5 R 
D eee 
pev Жә 
. в: 
в R D c 2 Sd 
BD = DG, АЕ = ЕС, е Q 
ВА = RD, AS=SD. PQRS.is а square 
Prove that BT = TE. Prove that OA — jRB. 
12. А 


In circle ABZ centre O, OE is perp. 
to AB. 

ЕК is parallel to AZ. 

Prove OK perp. to ZB. 


2 


13. AD is a median of ДАВС. ВХ and CY аге drawn parallel 
to AD. GH is any straight line perpendicular to AD and 
meeting BX and CY in G and H respectively. Prove 
that AG = AH, 


14. In the parallelogram ABCD, AB is produced its own length 
to E. DE cuts AC in H and BC in G.. Prove tbat 
(1) G is the mid-point of BC. 9 
(2) CH = НА. 
N.C.G.—5 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


The figure represents a triangular 
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PQRS is a parallelogram with T tbe mid-point of RS. 
PT produced cuts QR produced in K. PR and QT inter- 
sect in О. Prove that 

(т) QR — RK. 

(2) KO produced bisects PQ. 
ABCD is a parallelogram and E is a point on AC such that 
AE — jEC. Prove that BE produced bisects AD in H 
and that EH = jBE. 
PQRS is a parallelogram with T the mid-point of PQ. If 
STR = 00% prove that PQ = 2QR. 
ABC is a triangle with CE perpendicular to AB. Any line 
from B to AC cuts EC in H. If P, Q, R are mid-points of 
BH, BC, CA respectively, prove РОК = 002, 
BE and CF are perpendiculars from the vertices B and C 
to the opposite sides AC, AB respectively of AABC. 
BE and CF cut in H. If X, Y, Z are the mid-points of 
АН, AB, BC respectively, prove that XYZ = 90°, 
ABCD is а parallelogram with AD produced its own length 
to E. BE and CD intersect іп К. AK produced meets 
CE in Н. Prove that KH = }AK. 
PQR is a triangle with X the mid-point of PQ, and Y a 
point in PR, so that RY = 4PY. XY produced meets QR 
produced in Z. Prove that QR — 2RZ. 
P, Q, R, S are the mid-points of BA, AC, CD, DB of the 
quadrilateral ABCD. If BC = AD prove that PR and QS 
bisect each other at right angles. 
ABCD is a parallelogram and XY is any line outside the 
parallelogram. AP, BQ, CR, DS are perpendiculars from 
А, B, C, D to XY. Prove that AP + CR = ВО + DS. 

Hint: If O is the point of intersection of the diagonals 
draw the perpendicular from O to XY. Then see 
Exercise No. 7 above.) 


pyramid. E, F, G, H are the mid-points 


of AB, BC, CD, DA respectively. Prove Е H 
that EG and FH bisect each other at B 
O. What other straight line joining 5 m 


the mid-points of two edges will also c 
pass through О? 
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For Exercises 25-30 AX, BY, CZ are the medians of 
AABC and they meet at С. The figure is the same as 
that in Theorem 12. BGCD was proved to be a parallelo- 


gram. 
GX — JAX, GY — jBY, GZ — jCZ, GD — AG. 
State the construction in each case. 


25. Construct AABC if AX=6 cm., ^ 


BY —9 cm. CZ — 7:5 cm. Measure Y 
AB, BC, CA. 2, 

[Calculate the sides of AGDC and g 6 
construct this A as the first step.] 5 


26. Construct AABC if BC-9 cm. BY = 8:4 cm, 
CZ — 6:9 cm. Measure AB and AC. 
[Calculate BG and GC and construct AGBC first.] 
27. Construct AABC if АВ--10 cm., BY=9 cm. 
CZ =78 cm. Measure BC and CA. 
[Calculate the sides of AGZB and construct this A first.) 
28. Construct AABC if AB=3 in, ВС = 4:5 in, 
АХ = 3'9 in. Measure CA. 
(Construct first ДАВХ.) 
29. Construct AABC if АВ-25 іп, AC=3'5 in., 
AX — r8 in. Measure BC. 
[Draw a sketch of AABC with AX a median. Produce 
AX its own length to E. Join BE and CE. BACE is а 
parm. Construct first ЛАВЕ.) 


LOCI 


It a point moves so as to satisfy certain conditions, it traces 
out a path called a locus. 

For example, if a point moves in a plane so that it is at a 
constant distance from a fixed point O, it will trace out the 
circumference of a circle. Ifa point moves in space, satisfying 
the same condition, the locus will be the surface of a sphere, 
of which the point O is tbe centre. 

To prove that a locus is correct we must prove 

(1) that any point satisfying the conditions lies on the locus, 

(2) that any point on the locus satisfies the given conditions. 
This involves proving a theorem and its converse. 
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EXERCISES 23 


- What is the locus of the tip of the minute hand of a watch ? 
. What is the locus of a point on the rim of a rotating fly- 


wheel of a stationary engine ? 


. A dog is tied to a rope which is fastened to a peg in the 


ground. If the rope is kept taut what is the locus of any 
point on the rope? 

A dog is tied to a rope which is fastened to a ring, and the 
ring slides freely along a fixed wooden bar. If the rope is 
kept taut what is the locus of any point on the торе ? 


. What is the locus of a point on the handle of a door which 


opens through one right angle? 


What is the locus of a point on the handle оға garage door 
which moves vertically ? 


What is the locus of a point on one of the weights in an 
eight-day clock ? 


. What is the locus of a point on the pendulum of an eight- 
? 


day clock 


. A rectangular box is fitted with a hinged lid. What is the 


locus of any point on the lid as the box is opened ? 
A penny held vertically is rolled along a straight line on 
a table. What is the locus of the centre? 

A penny is laid on a table and kept fixed. А sixpence is 
laid on the table and rolled round the rim of the penny, 
always touching it. What is the locus of the centre of the 
sixpence ? 

The cuboid rests with Ef GHH on a horizontal plane. If it 


is tilted about the edge EH until the face AEHD rests on 
the table what is the locus of B, F, D? 
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THEOREM 13 
The locus of a point which is equidistant from two 
fixed points is the perpendicular bisector of the straight 
line joining the points. 


Ist Part. 
Given: Two fixed points A and B, and C any point equidistant 
from A and B. 
Required: To prove that C lies on the perp. bisector of AB. 
Construction: Join AB and bisect AB at O. 
Join CO, CA, CB. 
Proof: Іп As АОС, BOC 
I. AO - OB (constr.). 
2. CA = CB (given). 
3. CO is common. 
„ ЛАОС = ABOC (three sides) 
` 2. COA = COB 
2. CO is perp. to AB (adj. /5, АОВ a str. line) 
~. C lies on the perp. bisector of AB. 
2nd Part. 
Given: D, any point on the perp. bisector of AB. 
Required: To prove that D is equidistant from A and B. 
Consiruction: Join DA and DB. 
Proof: In As AOD, DOB 
1. АО = OB (given). 
2. OD is common. 
3. AOD = BOD (each a rt. angle, given). 
1. AAOD = ДВОР (two sides and incl. PA] 
г. DA = DB 
2. D is equidistant from A and B. 
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THEOREM 14 
The locus of a point equidistant from two straight lines 
meeting at a point is the bisector of the angle between 
them. 


1st Part 
Given: Two str, lines AB and CB meeting at B and P any point 
equidistant from BA and BC. 

: Required: To prove that P lies on the bisector of ABC. 
Construction: Join PB. Draw PE, PD perp. to BA and BC resp, 
Proof: In As PBE and PBD 

1. PE.— PD (given). 
2. PB is common. 
3» PEB = PDB (rt. angles, given). 
2. QPBE = A PBD (rt. angle, hyp. and one side) 
~. ЕВР = DBP 
*. P is on the bisector of ABC. 

2nd Part > 

Given; Two str. lines AB and CB meeting at B and X any point 
on the bisector ХВ of ABC. 
Required; To prove that X is equidistant from AB and BC. 

Construction: Draw XK, XL perp. to ВА, BC resp. 

Proof: In As KBX and LBX 
1. KBX = LBX (given), 
2. XRB = ХЇВ (rt. angle, constr.). 
3. BX is common. 
g AKBX = ALBX (two Zs and corresp. side) 
"XK = XL 
*. X is equidistant from BA and BC, 
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Intersection of Loct 


The method of Loci is used to find the position of a point 
which is subject to two conditions. Corresponding to each 
of the given conditions there will be one locus on which the 
point must lie. Hence, when two conditions are involved, the 
possible positions of the point will be those points which are 
common to both loci, i.e, the required point is located at the 
intersection or intersections of the two loci, 


Example 1.—Find the point or points which are 2 cm. from 
& fixed line AB and 3 cm. from a fixed point C. All points 


distant 2 cm. from AB lie on one or other of the lines DE and 
FG. АШ points distant 3 cm. from C lie on the circumference 
of the circle with centre C and radius 3 cm. 

These loci intersect at 4 points, P, Q, К, S. Hence these 
4 points satisfy the given conditions, 


(Note: In this problem depending on the relative positions 
of the given fixed line AB and the given fixed point C, and the 
two measurements involved, there will be 1, 2, 3 or 4 points 
satisfying the given two conditions, and in the exceptional case 
the problem will not admit of any solution.) 
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Example 2.—Construct the triangle ABC, given that the 
base BC is fixed, that the vertex A lies on a given straight line 
and that the distance of A from BC is fixed. 


Let BC be the fixed base, and XY the straight line on which A 
must lie. 


Draw the straight lines DE and FG at the fixed distance 
from BC, 


Let DE and XY cut at A, and FG and XY at A’, 
Then either AABC or AA'BC is the required triangle. 
[Note: (т) If the given line XY were parallel to BC and 


coincided with DE or FG then an infinite number of solutions 
would -be found, 


(2) If XY were parallel to BC and at a greater or smaller 
distance from BC than the fixed distance no solution could 
be found.) 
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THEOREM 15 ^ 


Тһе perpendicular bisectors of the three sides of a 
triangle are concurrent. 


B D a c 
Given: ДАВС, 


Required: To prove that the perp. bisectors of the three sides 
are concurrent, 


Construction: Draw FS and ES the perp. bisectors of AB and 
AC respectively. Let FS and ES meet at S. 
Let O be the mid-point of BC. 
Join SA, SB, SC, SD. 


Proof: FS is the perp. bisector of АВ, 
=. It is the locus of points equidistant from A and B 


2. SA = SB. 
Similarly SA — sc 
2 58-5С 


2. біз on the locus of points equidistant from B and С 
and D is equidistant from B and C 

2. SD is perp. to BC 

the perp. bisectors of the three sides are concurrent. 


(Note: Since SA = SB = SC a circle can be drawn with 


centre 5 and radius SA and it will pass through B and С. This 
circle is called the circumcircle of the triangle.] 


— 
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THEOREM 16 


The bisectors of the three angles of a triangle are 
concurrent. 


Given: 


ДАВС, 


Required: To prove that the bisectors of the three angles аге 


concurrent. 


Construction: Draw IB and ІС the bisectors of f and C resp. 


Proof : 


Let them meet at I. 
Join 1А. 
Draw IP, IQ, IR perp. to AB, BC, CA resp. 


IB is the bisector of В. 

It is the locus of points equidistant from AB and BC 
„ IP = IQ. 

Similarly 1Q = IR 
„. IP = R 

2. lis on the locus of points equidistant from AB and AC 

^. IA is the bisector of А 

.. the bisectors of the three angles are concurrent. 


(Note: Since IP = IQ = IR a circle can be described with 
centre І and radius IP and it will pass through Q and R. This 
circle is called the incircle of the triangle.] 


N 


8. 
E 


9 
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EXERCISES 24 


Mark a point A on your paper. Find the locus of the 
centres of circles of radius 3 cm. which pass through A. 
Draw the locus. 


. Draw a straight line BC, 2] in. long. Draw any triangle 


ABC with the median AD 2 in. long. Find the locus of A 
if the median AD is always 2 in. long. 

Draw a circle, radius 1} in, Mark any two points A and В 
within the circle 1 in. apart. Find points on the circum- 
ference of the circle equidistant from A and B. How 
many such points are there ? 


. A and B are two points 6 ст. apart. Find two points each 


of which is 4 cm. from A and 5 cm. from B. 


. A and B are two points 5 cm. apart. А point P moves so 


that it is always 4 cm. from А. Draw the locus, What 
is its maximum distance from B? What is its minimum 
distance from B? 


. Draw any two straight lines AB and CD. Find all the 


points which are 2 cm. from AB and 3 cm. from CD. 
How many such points are there? 


. Draw a straight line BC 4 cm. long. Find the locus of 


a point A if the triangle ABC is always an isosceles triangle, 
with AB = AC, 

Draw a straight line AB 3 in. long. Find the locus of a 
point C if the triangle CAB has angle C always 9o*. 
AB and BC represent two straight rulers placed at right 
angles to each other. XY represents one position of a rod 


^ 
x 


B yu 
of length 4 cm. which slides between the rulers. Find the 
locus of Z, the mid-point of XY. 
(Hint: Join ZB.) 
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то. Draw a triangle ABC with AB = 55 cm., BC — 6 cm., 
C= em. Find a point equidistant from A, В and С. 


ir. Repeat Exercise 10 if AB = 36 em., ВС = 48 cm, 
CA — 6 cm. 


12. Repeat Exercise 10 if АВ--5 cm, BC=4 cm. 
CA — 8 cm. 


13. Draw a triangle ABC with AB = 6 em., BC = em., 
СА = 8 cm. Find а point equidistant from the three 
sides. 

14. Draw a straight line 8C and mark a point A, 1 in. from BC. 
Draw any straight line from A to BC meeting it in X. Pis 
the mid-point of AX. Find the locus of P for different 
positions of AX. і 


15. Construct ДАВС if base BC = 2} in., altitude = 1j in., 
median AD — 2 in. 


16. Draw a straight line BC and mark a point A, 1 in. from BC. 
Find several points which are equidistant from BC and 
from point A. Draw a freehand sketch of the locus. 


17. A and B are two fixed points 2 іп. apart. Find a point P 
such that AP + PB = 3 іп. Find several positions of the 
point P. Draw a sketch of the locus of P. 


18. Draw two parallel straight lines AB and CD г in. apart. 
Mark any point P between AB and CD. Find а point 
lin. from P and equidistant from AB and CD. How mapy 
such points are there? Mark a point X j in. from AB 
and not between the parallels. Find a point 1] in. from 
X and equidistant from AB and CD. How many such 
points are there ? 

How many points are there $ in. from X and equidistant 
from AB and CD? 


How many points are there т in. from X and equidistant 3 


from AB and CD? 
I9. The base BC of AABC is fixed and is 2 in. long. The 


centroid of the triangle is 4 in. from BC, and AB is 2 in 


long. Construct the AABC. How many solutions are 
there ? 


4 


21. 


22. 
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Draw a circle, centre O, radius 3 cm. Mark a point A 
outside the circle, 5 cm. from О. Draw any line from , 
to the circumference meeting it in X. Find P, the mid- 
point of АХ. As X moves round the circumference find 
the locus of P. 


(Hint: See беше.) 


AABC has a fixed base BC 3 in. long, and is of a fixed 
altitude 2 in. BD bisects the angle ABC and D is the foot 
of the perpendicular from A to BD. Find the locus of D. 


What is the locus of a point—not confined to one plane— 
in the following cases: 
(1) a point at a constant distance from a fixed point, 
(2) a point equidistant from two fixed points, 
(3) а point at a constant distance from a fixed straight 


line, 
(4) a point equidistant from two parallel straight lines, 
(5) a point equidistant from two intersecting straight 


lines ? 
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Revision Papers I-X 
I 


I. In the figure, AB and CD are 


parallel. Find x. 
^ 
2. In ДАВС, AB = AC and BR bisects ABC. 
Prove that BR — BC. R 
B c 
3. PQRS is а parallelogram. Х and Y are points on QS such 


that SX — QY. Prove that PX — YR and that PXRY is a 
parallelogram. 

4 ‘In ДАВС: X is the gree of AC, and AD bisects BAC, 

meeting BC in D. XE i is drawn parallel to AB and meets 


AD in E. Prove that AEC = 9o*. 


5. ABCD is a parallelogram with AB = 5 cm. and BC = 6 cm. 
O isa point in AD such that OD = 2 cm. and BO produced 
meets CD produced in E. Prove that As ABO, EOD, EBC 
are similar and calculate ED. 


п 


А 
I. In the figure, 51 = SC. Prove that A 
(x) BCS = BAI, B 3 с 
а) 5= АЁС, p. 
s 


— ee 


2. 


3 


* 


м 
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In the figure, AXB and АҮС 5 
are equilateral As and AB — x e АЈ 
AC. Prove that 

(1) BY = CX. 

(2) XY is parl. to BC. 8 r4 


ABCD is a square with Y any point in DC. BK is drawn 
rpendicular to AY and produced to meet AD in X. 
Prove that AX — DY. 


. C is the mid-point of a straight line AB. CD is perpen- 


dicular to АВ. А straight line drawn from A cuts CD at E, 
and the parallel to CD drawn through B, at Y. Prove that 
EB = EY. 


. PQRS isa quadrilateral in which PQ — RS but they are not 


parallel. Х and Y are the mid-points of PS and QR respec- 
tively. XO. the perpendicular to PS at X, meets the per- 
pendicular to QR at Y, in the point О. Prove that PQ and 
RS subtend equal angles at O. 


ш T 


4 P 
.In the figure, POR = 45°. Prove 
As PQS and PRT congruent. 5 


In the figure (not drawn accurately), 


PR and XZ are parallel and YZ and 
QRare parallel. РО = РА. Prove 
AXYZ isosceles and find XZT. 


Q 
ABC is an isosceles triangle with AB — AC. D is any point 
in BC. Through E and H, the mid-points of BD and DC 
respectively, are drawn perpendiculars ES and HT, cutting 
BA and СА at 5 and T respectively. Prove that 


(1) SDTA is а parallelogram. (2) TC — AS. 
Two angles of a nine-sided polygon are each 70°. Тһе other 
angles are equal, each being x^. Find x, 
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. ABC is a triangle with А a right angle. D isa point in BC 

3 such that BD = АС. DE is drawn outside the triangle per- 

pendicular to BC, and a circle with centre B, and radius BC, 
cuts DE at E. Prove that ABEC is a trapezium, 


IV 
^ D H 


2. In the figure, ABCD and DBCH are 
parallelograms. Prove that AH is 
parallel to XY and that AH — 4XY. 


2. In the figure, ABE and DBC are 
equilateral triangles, ХСЕ = ХЕС 
= 60°. Prove that 

(1) AXAE = ABEC, 
(2) AX = DB. 
(3) ABDX is a parallelogram, E 

3. ABC isan isosceles triangle with АВ = АС. G is any point 
on the bisector of A. BG, CG are produced to meet AC, AB 
respectively at Y, X. Prove that S 

(1) ABY = ACX. (2) BG— сб, (3) GX = GY. 

4. ABCD is a rhombus with X, Y, Z the mid-points of AB, BC, 
CD respectively. Prove that ZX subtends a right angle at Y. 

5. POR is a triangle with X the mid-point of PQ. ХҮ is drawn 
parallel to QR, meeting PR in Y, Through P, PS is drawn 
e to QR and equal to ОВ. XS cuts PR in T. Prove 

at i 


БЕСЕУІ. 
FR 3 
8 У 
I. In the figure, АВ = AC, AD ~ AE. А 
Prove that 

(1) ВЕ = БС. 

(2) DBE = DCE, B c 

(3) OD = ОЕ. 5 
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^ 
2. In the figure, AB — AC. Prove that 
(i) ДВЕР = ABXD. H 
(2) ED + DG = BH. t : 
8 0 C 


А 


. In the figure, СЕ — radius of circle. 


. ABC is a triangle in which АВ > AC. ВА is produced to D 


so that AD = АС. CE is drawn perpendicular to CD to 
meet BA in E. Prove that E 2 

(1) AE = АС. (2) AEC = АВС + ACB). 
PQR is an isosceles triangle on the base QR with each base 
angle double the vertical angle. The bisector of angle Q 
meets PR in T, and the straight line through P parallel to QR 
in S. Prove APST isosceles. 


PQR is a triangle with PS, the bisector of P, meeting QR in S. 
RW is drawn perpendicular to PS, meeting it in T, and PQ 
in W. ТХ is drawn parallel to QP, meeting PR in X. Prove 
that TX = WP. 


VI 


In the figure, PQRS is a parallelo- 

gram. AR = РС and RT = РВ. 8 

Prove that АТ = ВС and that T 
AC bisects BT. x 


Find the size of OAD. A 


Draw a straight line XY. Take A and B any two points on 
the same side of XY. From A draw AC perpendicular to 
XY meeting it at C, and produce AC to D, making AC = CD, 
Join DB cutting XY at E. Prove that AE and BE are equally 
inclined to XY. 

Take H any other point on XY, and prove that 


AH + HB > AE + EB. 
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4. PQRS is a square with its diagonals intersecting at O. RX 
is drawn perpendicular to PR and meets the bisector of 
RPQ in X. PX cuts OQ in T and RQ in W. Prove that 

(1) RW = RX. (2) OT = RW. 

5. ABC is an isosceles triangle with AB = AC, BD is drawn 
perpendicular to AC and BX is drawn perpendicular to AB, 
meeting AC produced in X. Prove that DBC = xc. 


VIL 
I. In the figure, AD — BC. Prove that A 8 
B=€ 1t B = 70° and DA and СВ 
are produced to meet at O calculate 
the size of O. о с 


2. In the figure, OX is parallel to CB, 
OY is parallel to CD. Name two pairs 
of similar triangles, giving reasons for 
your answers, 

Calculate x, y, 2, w. 


Prove that YOA = YAO. 


3. ABCDEF is a regular hexagon with O the centre point, 
OA, OC, OE are produced their own lengths to X, Y, Z 
respectively. Prove that XY passes through B and that 
AXYZ is equilateral, 


4. ABCD is a parallelogram. The bisector of 8 meets AD or 
AD produced in E. ough C a straight line YCX is drawn 
parallel to EB to meet AD and AB produced in Y and X 
respectively. Prove that 

I) BC — BX. 
2) АҮ -- АХ, 
Perimeter of parallelogram = AY + AX. 


5. Draw any triangle АВС, State how you would construct 
a rhombus with one vertex at B, the other three vertices 
being one on each of the three sides of the triangle, Prove 
that your construction is correct. 


м 


REVISIÓN PAPERS 147 


VIII 
А 


D 
. In ye figure, prove that [Xe 
а — = 
» AC NS 
с Е 


. In the figure, prove that the AQ с 


two triangles are similar and 5” 
calculate the lengths of AB 
and BD. 


в D 


. Draw any angle BAC. Let P and M be two points in AB 


and Q and N two points on AC such that AM — AN and 
АР = AQ. Let PN and QM cut at 5. Prove that 


(1) AEN = AGM. (2) SP = SQ. (3) AS bisects ВАС, 


. ABCD is а parallelogram. АХ and CY are drawn perpen- 


dicular to the diagonal BD. Prove that 
(1) AX = CY. (2) AY is parallel to XC. 


. PQR is a triangle with B and C the mid- ints of PQ and 


QR respectively. Through P any straight line is drawn 
outside the triangle. QTZ is a straight line meeting this 
line in Z and cutting PR in T. A is the mid-point of PZ. 
BA cuts PR in S. BC cuts QT in X. Prove that BS = ХТ. 


IX 


In the figure, CA and DE are parallel. 
АВ = AC. Prove that CDE is ап д 
isosceles triangle. 


„ In the figure, AB = AC and ДАСХ із 


equilateral. Calculate ASX and BRC. 
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3. ABCDEH is a regular hexagon. AE and CH intersect in X. 
Prove that AX Ick. 


ABCD is a parallelogram. Any point O is taken and the 
% parallelograms ОАЕВ, ОВЕС, ОССО and ODHA con- 
structed. Prove that the figure EFGH is a parallelogram. 
5. The sides AB and AC of AABC are produced to D and E 
respectively. Тһе bisectors of DBC and ECB meet at K. 


Prove that BKC — 90° — 2. 


X 
о 


B 
о 
r. In the figure, ОАВ and OCD are Ж» 
isosceles mde ab OZ 


Calculate AOE, 


2. In the figure, ABCD is a A Baty, 
parm. АВ = BE; BE bisects 
XBC. AD=DF; DF bisects в 
YDC. Prove that 

AEB = ОРА, а 4 

3. PQRS is а parallelogram. SX, RY, QZ are drawn perpen- 
dicular to any straight line drawn through P, this line being 
outside the parallelogram. Prove that 

(1) XY = PZ. (2) RY = SX + QZ. 

4. Four angles of a hexagon are 126°, 110°, 85°, 61°. The 
Temaining two angles are equal. How many degrees are 
there in each ? 

5. On the same base AB and on opposite sides of it, parallelo- 
grams ABCD and АВЕС are described so that the side AD 
of the first is equal to the diagonal AF of the second and the 
diagonal AC of the first is equal to the side AG of the second. 
Prove that 


(z) C, A, G are collinear, (2) D, A, F are collinear, 


BOOK II 


AREA 
Definitions 
(х) The altitude of a parallelogram is the perpendicular 
E D 
B £5256 


distance of the base from the opposite side, In the figure, the 
altitude of the parallelogram ABCD is the length of EF. 


Any side of a parallelogram can be taken as the base so that 
а parallelogram has two altitudes. 
A 


8 D c 
(2) The altitude of a triangle is the perpendicular distance 
of the vertex from the base, In the figure, the length of AD 


is the altitude of ДАВС. 


Any side of a triangle can be regarded as the base so that 
a triangle has three altitudes. - 
149 
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(3) Parallelograms and triangles are said to be between 

the same parallels if they are situated as shown below, 
^ - B 


с D 
In such cases the parallelograms and the triangles have the 
same altitude, which is the perpendicular distance between 
the two parallel lines AB and CD. 

D E 

(4) The rectangle ABCD is denoted by 
тесі. AB, AD or by АВ x AD or by AB.AD. 


А 


(5) The square ABCD is denoted by sq. on 
АВ or АВ?, 


А B 

(6) The area of a plane figure is the amount of surface 
enclosed by its bounding lines. 

To measure any area a unit is required ; e.g. a square foot, 

а square inch, a square centimetre, Two of these units are 


Shown below, 
Area 
1sq. in, 


A square inch (sq. in.) is the area of a square, each of 
Whose sides is 1 inch long. 


A square centimetre (sq. cm.) is the area of a Square, each 


of whose sides is 1 centimetre long, 
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Area of а Rectangle 


If а rectangle ie 6 жай 
ab square units. 


|b units 


— — 


Consider a rectangle ABCD with AB = a units, and BC = b 
units. Divide AB into a equal parts, each т unit long. Divide 
BC into 5 equal parts, each 1 unit long. Through the points 
of division draw parallel lines as shown, thus dividing the 
rectangle into squares, whose sides are all 1 unit long. 


The area of each square is I sq. unit. 


There are b rows of squares, and in each row there are 
4 squares, 


Total number of squares = a x b. 
2. Area of the rectangle (in sq. units) 
= (number of units of length in the length) 
X (number of units of length in the breadth). 
This result is often stated thus 


„ area of rectangle — length x breadth. 
d 
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THEOREM 17 


A rectangle and а parallelogram оп the same base 
and between the same parallels are equal in area. 


А Е D РА ОЕ F 
B c B c 


Given: Rect. ABCD and parm. EBCF on the same base BC and 
between the parallels BC and AF. 


Required: To prove that rect. ABCD = parm, EBCF in area. 
Proof; In As ABE, DCF 
І. ВЕ = CF (opp. sides of parm.). 
2. Amcor (corresp. Zs, AB, DC, parl). 
3. AEB = DFC (corresp. Zs, BE, CF, parl.) . 
2. ДАВЕ = ADCF (two Zs, and corresp. side) 
2. AABE = ADCF in area. 
Quad. ABCF — ADCF — quad. ABCF — AABE 
4. тесі, ABCD = parm. EBCF, 


Area of a Parallelogram 


Since area of parallelogram EBCF = area of rect. ABCD 
and area of rect. ABCD = BC x CD, 


-. area of parm, EBCF = BC x CD. 
If BC is regarded as the base of the parallelogram then CD is 
the altitude, the altitude of the parallelogram being the рег: 
pendicular distance between any side taken as base and the 
opposite side. 
area of а parallelogram = base x altitude. 
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From this it follows that: 

(а) Parallelograms on the same base and between the same 
parallels are equal in area, or parallelograms on the same base 
and of the same aititude are equal in area. 

(b) Parallelograms on equal bases and between the same 
parallels are equal in area, or parallelograms on equal bases 
and of the same altitude are equal in area. 

Parallelograms I, II, III are equal in area because their 
bases are equal and their altitudes are equal and the area of 
each = base x altitude, 


V, 
Д\ 


EXERCISES 25 
X. ABCD is a parallelogram with AB = 7 em., BC = 5 em., 


OE c 
G 


^ 


А- 50% Construct the figure accurately and find its 
area 


usd dr rem 
by taking BC as the base. " 
F The base 
AB = 6:2 cm. Find the altitude, If A = 62° construct 
he parallelogram. 


3. The area of a parallelogram ABCD. is 234 sq. cm, Тһе 
altitude for the base BC is 3:6 cm. If AB = 7 cm., con- 
struct the parallelogram. 


Ие fase кеми E rs SEEN 
ВС = 3:6 in., EF = 2-1 in., find GH, 
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A \ 
5. D, E, F are the mid-points of the 
sides. Name three equal parallelo- F E 
grams, 
B D c 


6. Draw апу parallelogram ABCD, Construct a rectangle 
equal in area to ABCD and with BC as one of its sides. 
7. Draw any parallelogram ABCD, Construct а rhombus 
equal in area to ABCD. 
8. Draw a parallel АВСО, Divide it into two- equal 
perallelograms. In how many ways can this be done? 
. Draw a parallelogram ABCD, Divide it into four equal 
я parallelograms. Іп how many ways can this be done? 


10. ABCD is а parallelogram; X and Y 2 u 5 
are the mid-points of AB ard DC. 
Prove that XBYD is a parallelogram 
and that it is half the area of ABCD. k у 
А 


Ir, E is any point on the side AD of 
parallelogram ABCD. CH is parallel 
to BE meeting AD produced. HK is 
parallel to EC meeting BC produced. g 
Prove that 


fig. ECKH = parm. ABCD, A B 
12. ABCD and ABMN are parallelo- N M 
grams. Prove that DCMN is а D 
parallelogram and that ға 
parm. ABMN — рапп, АВСО VAS 
= parm. DCMN. A B 


I3. It ABMN and ABCD are drawn on opposite sides of AB 
prove that parm. ABMN + parm. ABCD = parm. DCMN. 
I4. Straight lines through A, B, C are H A K 
parallel to the opposite sides of A ABC, 
D, Е are the mid-points of AB, AC resp. м (8 
DE produced cuts НВ at М and СК B € 
n Prove that fig. HMEA = fig. 
L 


15. 


16. 


17. 


18. 


19. 


20. 
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ABCD and ABPQ are both parallelograms. АВ produced 
bisects CP. Prove that parm. ABCD — parm. ABPQ. 


Construct parallelogram ABCD if AB = 3 in., BC = 2:6 in., 
area — 6 sq. in. State your construction. 


Parallelograms ABPQ and BCRS are described outwards on 
the sides AB, BC of ДАВС. ОР and RS, produced if neces- , 
sary, meet in T. Prove that the parallelogram described 
on AC, with the side adjacent to AC equal and parallel to 
TB, is equal in area to the sum of the two parallelograms 
ABPQ and BCRS. 


ABCD is a parallelogram’ with E any point on AD 
Through C is drawn CG parallel to BE meeting AD pro- 
duced in G, Through G is drawn FGH parallel to CE 
meeting BC produced in F, and BE produced'in H. Prove 
that parallelogram ECGH = parallelogram ABCD. 


In the figure, ABC is a A with Ta rt. angle. BF is perp. to 
BC. ABDE is a square, ED produced meets BF at F. 


F'—K 


ЕК is parl. to BC and AK parl. to ВЕ. Prove that square 
BDEA = rect. BFKG. 


ABC isa triangle. D is any point in ВС. DG and DH 
are drawn parallel to CA and BA to meet AB and AC in 
G and H respectively. Produce DH to K making 
DK = BA. _ Prove that fig. АСЫН is equal in area to the 
parallelogram which has HK and HC as its adjacent sides. 
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The two statements in (а) and (5) on page 153 can be 
combined into one statement : ) 

Parallelograms on the same base, or on equal bases, and 
between the same parallels are equal in area, or parallelograms 


on the same base, or on equal bases, and of the same altitude 
are equal in area, 

The statement has two converses and taking the latter form 
of the statement the two converses аге: 


(1) Parallelograms that are equal in area, and that are оп 
the same base, or on equal bases, have the same altitude. 


(2) Parallelograms that are equal in area, and that have the 
same altitude, have the same base or are on equal bases. 


The truth of the converses can be proved as follows: 


Consider two parallelograms, bases b, and bs, altitudes №, and 
hy, areas A, and A, 


Then since area of parm. — base x alt. 
os А; = bh, 
А, = by. 
If b, = b, and h, = h, then A, = A, [see p. 153 (0). But if 
A, =A, and b, = b, then it follows that ъ=}. 
This is converse r above, 


Also if A, = A, and №, = In then it follows that b, = 5,. 
This is converse 2 above. 


D с н б 
^ X B E YF 


For example, if parm. ABCD = parm. EFGH 
and the base AB = base EF 
then the altitude DX = the altitude HY. 


AREAS 157 
The area of a triangle = }(base x altitude). 


A D 


B E c 


Consider the triangle ABC. Through A draw а straight line 
parl. to BC to meet in D a straight line drawn through C 
parallel to BA. 

BCDA is a parm. by construction. 

„ AABC = }parm. BCDA (diag. bisects parm.). 
But area of parm. = base (BC) X altitude (AE) 
2. area of ДАВС = }BC x AE 
= j(base X altitude). 
Hence 

(1) The area of a triangle is half the area of any parallelo- 

gram on the same base and between the same parallels. 


D H 


А 
' 
1 
н. 
1 
D 
D 
1 
1 
1 


6 E c 
Area of parm, BCHD = base X altitude = BC x AE, 
area of ДАВС = Abase X altitude = {8С x AE. 
(2) Triangles on the same base and between the same 
parallels are equal in area. 
(3) Triangles on equal bases and between the same parallels 
are equal in area. 
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| STA 


Triangles I, II and III are equal in area because their bases 
are equal, and their altitudes are equal, and the area of each 
= j(base x altitude). 

The two statements in (2) and (3) can be combined into one 
Statement : 

Triangles on the same base, or on equal bases, and between 
the same parallels are equai in area, or triangles on the same 
base, ог on equal bases, and of the same altitude are equal in 
area. 


The statement has two converses, and, taking the latter form 
of the statement, the two converses аге: 

(1) Triangles that are equal in area, and that are on the 
same base, or on equal bases, have the same altitude, 

(2) Triangles that are equal in area, and that have the same 
altitude, have the same base or are on equal bases. 

The truth of these converses can be proved as follows : 
Consider two triangles, bases 5, and by, altitudes №, and /, 
areas A, and А,. 

Then since area of triangle — l(base x altitude) 

SA BP, 
Аз = 30, 
If b, = by and л =}, s A, =A, This is the combined 
statement above, 

It A, = A, and b, = b, then it follows that hy = hy. 

This is converse І above. % 

Also if A, = A, and hı = hy then it follows that by = Dp. 

This is converse 2 above, 


м 


8, 


1 A 
9. ABCD is a parm. E is any point 
in AC. Prove that 2 
ЛАВЕ = AADE. 4 


. Construct AABC with sides 7 cm., 
8 ст., and 9 cm. Calculate the area, A 
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EXERCISES 26 


taking as base each of the three sides in 
turn. B 


. The area of ДАВС is 0:8 sq. in. ВС = 3:5 in. Find the 


perpendicular distance of А from BC. 


. If in the figure for Exercise r above, BC —2 in., 


AD = r8 in., BE = 1:5 in., find AC. 


. Show how to divide any AABC into six equal parts. 


А 


. AD is a median. E із any point on і 
AD. Prove that 
(1) ABED = ADEC. 
(2) AAEB — AAEC. х 


. DE is parallel to ВС. Prove that А 


(1) ABDC — ABEC. 

(2) ABDE — ACED. D E 
(3) ABAE = ACAD. 

(4) ABXD — ACXE. 8 с 


- 


А D 


. ABCD is а parm. Prove that As DCN, 
I, 2, 3, 4 are equal in area. ИУ 
E 


Prove that, if the diagonals of a quadrilateral divide it into 
4 equal triangles, the quadrilateral is à parallelogram. 


D 


B c 


* M | 


A 0 ? 
10. ABCD is a parm. E is any point | 
in CD. Prove that E 
At+ A3 = Д2. 


8 с 
bey. о е. 
21. O is any quinte within parm. ABCD, 
Prove that | AOAB + AOCD = / Y— 
фрагтп. ABCD, — 
4 ^ в 
e 
12. Prove that parm. ABCD 
Hint: Join DP.) 
^ B 
I3. ABCD is a parm. P is any point Q 
in DC. Prove that TE D С 
(1) AAQD — AAPB. 
(2 ADPQ = ABPC. — А ^ 


ABCD. 


o 
14. ABCD is a quadrilateral. X isthe mid-pt. 
of AC. Prove that quad. ABXD = jquad. А 
: B с 


I$. R and Q аге mid-points of AB, 
— AC. Prove that ABXC = quad. Ы 9 
ANR. 


8 c 


16. AB is the base of a given parallelogram ABCD. Show how 
to construct a rhombus equal in area to the parallelogram 
and having AB as the diagonal. 
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17. Draw a rectangle ABCD. Show how to construct an 
equivalent rectangle, having AC as one side. 


18. Draw any equilateral triangle АВС. From О апу point 
within it draw perpendiculars to the sides. Prove that the 
sum of these three perpendiculars is the same no matter 
where the point O is situated. 


19. PQRS is a trapezium with PQ parallel to SR, The 
diagonals intersect at X. Prove that APXS = AQXR. 


20. Draw any quadrilateral ABCD. Through A and C draw 
straight lines lel to BD to meet any other straight line 
drawn through B in S and P respectively and meeting any 
other straight line drawn through D in R and Q respec 
tively. Prove that AQBR = quad. ABCD = ASDP: 


21. Draw any quadrilateral ABCD. Through D ‘draw a 
straight line parallel to AC to meet BC produced in E. 
Prove that AABE — quad. ABCD. 


22, Ifthe mid-points of the sides of a quadrilateral are joined in 
order, prove that the resulting figure is a parallelogram 
whose area is half that of the quadrilateral. ` 


23. ABCD is a parallelogram, and a straight line drawn 
parallel to AB meets AD in P, AC in Q, BC in R. Prove 
that AAPR = AAQD. 

24. Prove that the straight line joining the mid-points of the 
oblique sides of a trapezium is parallel to the parallel sides. 

25. ABCD and APQR are two parallelograms with a common 
angle at A, P lying оп AB. If the parallelograms are equal 
in area prove that DP is parallel to QC. 

26. ABC is a triangle with AB = AC. BD and CE are drawn 
perpendicular to the opposite sides. Prove that ED is 
parallel to BC. 


N.C.G.— 6 


162 AREAS 


CONSTRUCTION I2 


To construct a triangle equal in area to a given | 
6 quadrilateral 


А 


с о Е 
Given: Quad. ABCD. х Я 
Required: To construct a triangle equal in area to ABCD. 


Construction: Join BD. 
Through A draw AE parl. to BD to meet CD produced 
in E. 
Join BE. 
Then area of ABCE = area of quad. ABCD, 


Proof: AEBD = AABD (As on same base BD, and bet. same 
А рагіз. ВО, АЕ). 
Ада ABCD to each. 
1. ABCD + AABD = ABCD + ЛЕВО 
1. quad. ABCD = ABCE, 

Note: A triangle can be constructed equal in area to any 
given polygon by the successive application of the above con- 
struction. Each application reduces the number of sides by 
one. 

The figure shows the construction in the case of a pentagon : 


ЛАРС = pentagon ABCDE. 


1. 


3 
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EXERCISES 27 


Draw a parallelogram ABCD with AB — 7 cm., BC — 4 cm., 
А--55% Construct an equivalent parallelogram ABPQ, 
having AQ = 4:5 ст. How many such parallelograms can 
you construct ? 


. Draw a parallelogram ABCD with AB = 2 in., BC = 1:5 in., 


А = 60? Construct an equivalent parallelogram on a 
base of 1:2 in. having one angle dom to angle A. 
From AB cut off AX = 1-2 in. rough X draw XY 
parallel to AD meeting DC in Y, and produce AY to meet 
BC produced in E. Complete parallelogram ABEK. Pro- 
duce XY to meet KE in Z. Then AXZK is the required 
parallelogram.) 
Draw ДАВС witha = 2 in., b = rin,c— r4in. Draw 
an equivalent AXBC with XB = 1-2 in. How many such 
triangles can you construct ? 


. Draw AABC with a=7 cm., 6=6 cm, ¢=5 cm. 


Construct an equivalent rectangle with BC as one of its 
sides, Measure the other side. 


. Repeat Exercise 4, the rectangle to have BD as one of its 


sides, D being the mid-point of BC. Measure the sides. 


. Construct the quadrilateral ABCD if AB, BC, CD are equal 


to 1'2, 1:6 and 2 in. respectively, and with angles ABC, 
BCD equal to go* and 108? respectively. Construct an 
equivalent triangle and find its area. 


. Construct a regular hexagon ABCDEF, the length of the side 


being тіп. Find its area (1) by constructing an equivalent 
triangle, (2) by finding the area of AOAB, where O is the 
central point of the figure. 

Construct a quadrilateral ABCD with AB=2 in., 
BC = 3 in., and the angles at A, B, and D equal respec- 
tively to 125°, 70°, 95°. Construct an equivalent parallelo- 


gram with one side along AB and with A = 50°. 


. ABC is a triangle with BC produced to any point D. 


Show how to construct on BD a triangle equal in area to 
ДАВС, with one side lying along BA. 

[Hint: Join AD. Draw CX parl. to DA to meet BA in 
X. Join Ох.) 
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10. D is any point in the side BC of AABC. Show how to 
construct on BD a triangle equal in area to AABC, with 
one side lying along BA. 

11. ABCisany triangle, Show how to construct on BC as base 
a triangle equal in area to 

(а) one-fifth of AABC, 
(b) one-half of AABC. 

12. Draw any triangle ABC, and take X any point in BC. 
Show how to draw through X a straight line which will 
divide AABC into two equal parts. 

[Bisect BC at D. Join AX. Draw DE parl. to XA, 
meeting AC in E. Join XE.) 

13. P is any point in any side of ДАВС, Show how to draw 
two straight lines through P to divide the triangle into 
three equal parts. 

14. ABC is a triangle and P is any given point. Show how to 
construct a triangle equal in area to AABC, having its 
vertex at P and its base in the same straight line as BC. 

(Hint: Draw through P a straight line parallel to BC 
to meet BA or BA produced in Q. Now draw A with 
vertex Q and with its base lying along BC and having an 
area — AABC.] 

15. Construct a quadrilateral ABCD. Construct an equivalent 
triangle having its vertex at a point P in DC and its base 
in the same straight line as AB. 

16. Draw any quadrilateral ABCD. Show how to bisect it by 
a straight line drawn through the vertex D. 

(Hint: Join AC and bisect it at E. Through E draw 
str. line EX parallel to DB, cutting AB at X. Join DX.) 

17. Draw any quadrilateral ABCD. Show how to cut off from 
ABCD, a third part, by a straight line drawn through 
vertex D. 

18. Construct two triangles each having two sides 2 in. long 
and having an area of 1 sq. in. Measure the angles of the 
triangles, 

19. Construct AABC with а = 2} in, b = 2 in., c = 1j in. 
On BC construct a rhombus whose area is twice that of the 
triangle. $ 

20. Draw any ДАВС. Show how to construct an isosceles 
triangle which shall be equal in area to AABC. 
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Area of a Quadrilateral 


The area of a quadrilateral can be found either (1) by reduc- 
ing it to an equivalent triangle and finding the area of this 
triangle, or (2) by drawing a diagonal and finding the areas of 
the two Nux so formed. 


p - 


B c E 
Area of quad. ABCD -- area of AABE 
2 == ВЕ x АН, 


2nd Method. Am 


(АЕ dud CF are called 3 5 
Area of quad. ABCD = area of AABD + area of ABCD 
= 180 x AE + jBD x CF 
= 1BD(AE + CF) 
= { diag. x sum of offsets. 


Area of trapezium 
att бив о 


Jess. 


FOLE аа 
Area of trapezium ABCD = area of AABC + area of AACD 
= jah + 10% 
* = 40а + b) 
= altitude x sum of parl. sides. 
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Area of Rectilineal Figure 


This can be found either (1) by reducing the figure to an 
equivalent triangle and finding the area of this triangle, or 
(2) by taking a base line and offsets, as shown below, and thus 
dividing the figure into triangles and trapeziums. This 


second method is called the Field Book Method and is used - 


by surveyors. 
Notebook entries 
chains 
D 
45 
сі; 40 
25 35 10E 
2 
5 T 20H 
From A 
44. chains 
Area of rt.-angled AAXH =$ x 15 X 20 = 150 
„ » trap. EZXH = } X 20(10 + 20) = 300 
„ » Ft-angled ADZE = j x 10 x 10 = 50 
„ n Tteangled ADWC = } x 5 x 15 = 37} 
„ ^» trap. CWYB = x 15(15 + 25) = 300 
„ n» Tt-angled ДАҮВ =}x25x25 = 312} 


Area of fig. ABCDEH = 1150 
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Area of Circle 


The figure shows a circle divided into 12-equal parts and the 
parts placed together. Area of circle — area of figure ABCD, 
and this is true no matter how many parts there аге. Ав the 
number of parts is increased the figure becomes more nearly 


a parallelogram. 


2. Area of circle = area of parm. 
= base x alt. 
= j(circumference) x radius 
= 2л) x r units of area 
= ar! units of area. 
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EXERCISES 28 
(Mensuration) | 
Find the areas of the following figures (not drawn accurately) | 
1. 2. 3. 
— 1 ft. біп, 
or Н ШЕ 
Rectangle. 5 Square. 
6. 
Bs x Же PS 
Triangle. Rt.-angled Triangle, Quadrilateral. 
8. 9. Find area of 
shaded part. 
Trapezium. Rhombus. 
10. Find area of 21. 12. 
shaded part, 
r 0 
17 6 6 
el 
1 
13. Find area of 14. Find total 15. Find total 
shaded "E surface area. surface area. 
3 pate 
a 
Сабоа Right Prism on 


Rt.-angled Ar Base. 


16. 


x. 


18. 
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Find the areas of the following figures : 

(1) Rectangle — length — 12 ft. 8 in., 

breadth — 3 ft. 9 in. 

(2) Square — side — 3 yd. 2 ft. 
3) Parallelogram — base = 30 ft., altitude = 18 ft. 
4) Triangle — base — 3 ft. 6 in., altitude — 2 ft. 3 in. 
5) Quadrilateral — diagonal 32 yd. 9 in., offsets, 

22 yd. and 1o yd. 2 ft. 

(6) Trapezium — parallel sides 28 ft. 4 in. and 32-ft. 

8 in., height 1o ft. 9 in. 

7) Circle — radius - 3:5 іп. 

9 Circle — diameter = 4:9 cm. 

(9) Rhombus — diagonals 8 cm. and 6 cm. 
The area of a rectangular field is 142,500 sq. ft. On a map 
where I in. represents 100 ft. the of the field is 
4:5 in. Find the actual breadth of field. 


The area of a square is 6-76 sq. cm. Find the length of 
each side. . 


19. On a map, where 6 in. represent т mile, a rectangular 


20. 


21. 


22. 


23. 


25. 


26. 


reservoir measures 1} in. by jin. Find its area in acres. 


Construct a parallelogram with an area of 14 sq. cm., its 
two adjacent sides being 5 cm. and 6 cm. 

Construct a rhombus with an area of 4 sq. in., the length 
of a side being 2:5 in. 

Construct а triangle ABC with base BC=3 іп, 
area = 3°75 sq. in., В = 56% Measure AB. 

Construct AABC with АВ = 2 in, 8C=3 in., 
area — 2:4 sq. in. Produce BC to D so that the area of 
AABD may be 4 sq. in. Explain your method. 


. Area of ДАВС = 28 sq. cm., b. = 8 cm., a = 10 cm. 


Calculate the lengths of the diculars drawn from 
X the mid-point of AB, to AC and BC respectively. 
Draw a regular pentagon on a side of x in. Reduce it to 
an equivalent triangle and hence find its area. 

Draw a quadrilateral ABCD with AB = 3 in., A= 70°, 
В = 60°, BC = 2:5 in., AD = in. Reduce the quadri- 
lateral to an equivalent triangle and hence find its area. 
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27. Draw a plan of a field ABCD in which AB — 250 yd., 

BC = 170 yd., CD = 140 yd., DA = 220 yd., AC = 210 yd. 

On your let 1 in. represent 100 yd. Reduce the plan 

а an equivalent triangle and calculate the area of the field 
acres, 


28. Draw a plan of a field which is in the form of a trapezium, 
l and 230 yd., 
and the lengths of the oblique sides 180 yd. and 120 yd. 
Find the area of the field in acres. 


29. Find the radius of a circle whose area is 25:3 sq. cm. 
(answer correct to nearest mm.). 


30. Find the side of a square equal in area to a circle, radius | 
14 in. (answer correct to one decimal place). | 


31. Three circles аге drawn with the same centre, the radii of 
the two larger circles being 2-5 in. and 2 in. Find the 
radius of the smallest circle if the two outer rings are equal | 
in area, 

32. The following are entries in a field book. Draw a plan 
in each case and find the area of the field, 


(1) Metres (2) Yards (3) Chains 
D c E 
180 210 935 
115 900 Гб! 130 8:20 | r:34D 
Ебо| 85 9 | 80B 7:90 |o:55C 
бо | 75B E45| 70 Hr-26 | 5:84 
Fes 4o 431 |1:84В 
А А Ko-45 | 2:64 


Li:20 | 0:82 
А 
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Geometrical Illustration of Algebraic Identities 
z(a 4- b +0) = xa--xb4 xc. 


AC Ла EE PEG CC D 
x xb 


B F H c 


Let ABCD be a rectangle with length (a 4-5 + c) units, 
breadth x units. 
Area of ABCD — AB x AD 
Ў = x(a + b + c) sq. units. 
If AD is divided at E and G so that AE — a units, EG — b units, 
GD =c units, and the lines EF and GH drawn parallel to AB, 
then ABCD is divided into 3 rectangles, ABFE, EFHG, GHCD. 
Area of ABCD = area of ABFE + area of FHGE + area of 
GHCD 
= AB x AE + EF x EG + GH x GD 
= (xa + xb + xc) 54. units. 
2. x(a+b+c) = xa + xb + xc. 
The following figures can be used to illustrate certain other 
identities : 


I. (x+ a(x +6) & x! + ax + bx + ab. 
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II. (a + 5)? = a(a + 204 b(a + 5). 


a b 


ШЕТТЕН 


III. (a + 6)? = 42 + 2ab + 57. 


V. 


VI. 


Áreas 


a? — b? = (a + b)(a — 5). - 
re 


(a + 5)* — (a — b)? = 4ab. 
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EXERCISES 29 


State the algebraic identities which are illustrated by the 
following figures : 


3. 

x 

' 

6. 

a. b, 
a 

b e-d 
d 


Draw figures to illustrate the following algebraic identities. 


; 7. (3х)? = gx’. 


8. (x + 2)(x + 3) 2 x3 + 5x 4- 6. 

9. (x 4- 1)! & x* ＋ 2x 4- 1. 

10. (x + 3)(x — 2) =a? - x — 6. 

п. (x + y)(2x + y) = 2x2 + 32) + 55. 

12. (a — b)(2a — b) = га? — 3ab + b?, 

13. (a +b + c)? = а? + 2 + ct? + zab + 2bc + zca. 
14. (a+ M +y 2) = ax + ay + аг + bx + by + bz. 


15. Draw a figure to show that the square on any straight line 


is equal to sixteen times the square on one quarter of the 
line. State the corresponding algebraic identity. 

16. AB is a straight line bisected at C and produced to D. If 
AD = 2AB, prove that AD. OB = 8AC?, (Let AC — x 
units of length.) State the corresponding algebraic 
identity, : 

17. A, B, C, D are four points in order on a straight line. 
Draw a diagram to show that AC. BD = AB. CO + AD.BC. 
Let x, y, z be the number of units of length in AB, BC, CD 
respectively. State the corresponding algebraic identity. 

18. The straight line AB is bisected at C and produced to any 
point D. Draw a diagram to show that 

AC. A = Cg. BD + 2AC?. 
State the corresponding algebraic identity. 


m RN 


TA —"——— т 
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The Theorem of Pythagoras 
Construct in thin cardboard the following figure which shows 


а right-angled triangle ABC, right-angled at A, with squares 
described on its sides, О is the centre of the square on AC, 
the point of intersection of the diagonals. . The lines drawn 
through O are parallel to and perpendicular to the hypotenuse 
BC. The square AC can then be cut into four pieces, num- 
Бегей 1, 2, 3, 4. If these; together with the square on AB, 
numbered 5, be placed as shown on the square on BC, they will 
be found to fit this square exactly. Hence 
the sq. on AB 4- the sq. on AC — the sq. on BC. 
This is usually written 
АВ? + AC? = ВС?, 


This theorem, which states that in a right-angled triangle 
the square on the hypotenuse is equal to the sum of the 
Squares on the other two sides, is usually attributed to the 
Greek philosopher Pythagoras. Pythagoras lived in the 
sixth century B.c., but the truth of the theorem in certain 
simple cases at least was known much earlier, 
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THEOREM 18 


In a right-angled triangle the square on the hypo- 
tenuse is equal to the sum of the squares on the other 
two sides. 


— —— 


Given: ДАВС with ВАС a rt. angle. 
Required: To prove that BC? = AB? + AC, 


Construction: Оп AB, BC, CA draw squares BADE, BCFG, 
САНК. Through A draw AL parl. to BG, meeting GF 
in L and BC in M. | 
Join EC and AG. 

` Proof: Because BAD is a rt. angle (Z in a sq.) and BAC is 

à rt. angle (given) 
г, DA and AC are in one str. line (adj. angles supp.). 
In As EBC and ABG 

I. ЕВ = AB (sides of a sq.). 

2. Bc = BG (same reason). 

3. EBC = ABG (each a rt. angle + ABC), 

7. AEBC = ДАВС (2 sides and incl. Z). 
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The square BADE and AEBC are on the same base ЕВ 
and between the same parls. EB and DC 
2. Sq. BADE = 2 AEBC. 
Also the rect. BGLM and AABG are on the same base 
BG and between the same parls. BG and AL 
2. rect. ВСІМ = 2 ДАВС. 
But ДЕВС = ДАВС (proved) 
2, sq. BADE = rect. ВСІМ. 
Similarly by joining BK and AF it can be proved that 
sq. ACKH = rect. FCML 
7, sq. BADE + sq. ACKH = rect. BGLM + rect. FCML 
= sq. BGFC 
2. AB! + AC! = BC? 


ExERCISES ON THE THEOREM OF PYTHAGORAS 


1. ABC is a rt.-angled triangle with А a rt, angle. 
If BA — 3 cm., CA = 4 cm., find 


BC. 
3 .— АВ? 3 , 
вст = ABS + AC Cythagras , x 


2. PQR is a triangle with P a rt. angle. 
If РО = 9 cm., QR = 17 em., find PR. 
P 


dem, 


Q 17 em. к 
PR? + РО? = QR? (Pythagoras’ Theorem) 
Г. PR? + 9? = 178 
2. РК? = 280 sq. cm. — 81 sq. cm. 
= 208 sq. cm. 
2. PR = V208 cm. 
= 144 cm. (correct to І dec. pl). 
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3. To find the value of V2, V3, V5, etc. 
rie 


Draw AB = unit, BC = І unit and perp. to АВ, 
Then by Pythagoras’ Theorem АС? = AB? + ВС? 
= (I + 1) sq. units 
= 2 sq. units 
2, AC = V2 units, 
Now draw CD perp. to AC and make DC = f unit, i 
Then by Pythagoras’ Theorem АЮ? = АС? + CD? 


; 5 AD = V3 units, 
Similarly as shown in the figure we can find the value of 
V5, V6, etc. 


EXERCISES 30 


* In Examples 1-11, the figure referred to is shown below. 
А is a right angle. А 


I, b g in., ¢ = 12 in., find а. € b 
2, b = 48 em., c = 64 cm., find а. 
3. 5 =6 in, € = 144 in., find а. B 


a 
4. b — 8 cm., c = 9 em., find a (correct to x dec. pl.). 
5. а = 13 in., b = 5 in., find c. 
6. а = 25 em., с = 24 cm., find b, 
7. а = 34 in., c = 3 in., find b. 
8. a = 15 in, b = 7 in., find c (correct to x dec. pl.). 
9. b = 2n, c= n! — І, find a, 5 
10. b = 2n! + 2n, c — 2n +1, find a. 
TL. a = x? + y*, b = x? — у? find c. 


c 


Find x. Find x. Find x. 


15. А and ADB are both rt. angles. 4 РА 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


Find BC, AD, CD. 


ABCD is a rectangle. Find AC and ,„ 
AE (correct to 1 dec. pl). 

Bl —— eg — 4C 

A. 16* 0 
ABCD ıs а trapezium. Find ВО, 
and CD. 

c 

B as" 


The difference in level of the banks of a stream 15 ft. wide 
is 8 ft. Find the length of the shortest plank which can 
bridge the stream. 


Find the length of the side of a rhombus whose diagonals 
are g cm. and 12 cm. long. 


One side of a rhombus is 17 in. and one diagonal is 30 in, 
long. Find the length of the other diagonal. 


A ladder 30 ft. long has one end on the ground and leans 
against the wall of a house with 5 ft. of the ladder project- 
ing over the roof. If the wall of the house is 24 ft. high, 
how far is the foot of the ladder from the wall? 


Two walls аге 25 ft. apart. А 20 ft. ladder when placed 
against one wall reaches to a height of 12 ft. The lower 
end being kept fixed, it is swung over to touch the other 
wall. To what height will it reach? (Answer to the 
nearest foot.) 
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23. 
25. 


26. 
27. 


28. 


29. 


30. 


3I. 


32. 
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Find the altitude of an isosceles triangie whose base is 
72 in. and whose equal sides are 6 in. long. 


In the trapezium ABCD one of the oblique sides, AD, 
is at right angles to the parallel sides, If AB — 6 in., 
CD — 9 in., and the area of the trapezium is 30 sq. in., 
find the length of BC. 


с? — BD? = 53 — pcs Hence find BD. Use this result 


By using the altitude from the vertex A, calculate the area 
of AABC if a — 14 cm., b = I5 cm, c = 13 cm. 


Find, as accurately as possible from a figure, the value of 
Убі. (Use the fact that 61 = 36 + 25.) 


Find the values of V77, V13, V41 from the construction 
of right-angled triangles, 2 


Тһе бриге гергеѕепіѕ а cube, each А 
edge being 2 in. Find EG and AG 
(correct to 1 dec. Pl.). 


The figure represents a cuboid. X 
is the mid-point of HG, Find EG, 
AG, AX (correct to 2 dec. pl). 


In the figure for Exercise 30, if the cuboid is a in. long, 
b in. broad, c in, high, prove that AG? = а + 52 ＋ cà, 


A rectangular box has inside measurements, length 6 ft., 
breadth ott height 2ft. What is the length of the longest 
Straight stick which may be placed in the box ? 


EXERCISES 31 


x81 
A 
1. Prove that АВ? — AC! = BD! — DC?. АҒЫ 


в о с 
А 
2. Prove that AB? + CD! = BC? + AD’, T 
c 
А D 
3. ABCD is a rhombus. 
Prove that АС? + BD? = 4АВ?, 
B с 
в 
4. Prove that SAC! = 4(CD? + AE?). ды, 
А с 
А 
6. А is equilateral. i 
Prove that 3BC? = ДАП", 
B 0 C 


: 3 we 
6. Prove that AC? + BD? = BC? + AD.. о 
D 


7. Prove that BP? + CQ? + AR 
= PC? + QA! + RB? 
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8. ABCD is a rectangle and P is any point. Prove that 
PA? + PC? = PB? + РО?. 
9. ABC is an equilateral triangle. D; E are the mid-points 
of BC and DC respectively. Prove that АЕ? = 13EC?. 
10. AABC is right-angled at A and squares ABGH, ACKL, 
BCDE are drawn outwards on its sides, Prove that 
(x) САК is a straight line. 
(2) BH is parallel to CL, and each is perpendicular to 
GK. 


(3) AE ‘cuts GC at right angles. 
. In the figure for Exercise ro prove that the four triangles 
HAL, GBE, DCK, ABC are all equal in area. 

12. Construct a square equal in area to the sum of (1) two 
given squares, (2) three given squares. 

13. Construct a square equal to the difference between two 

. given squares. 

14. ABCD isa square, Prove that the square on AC is double 
the given square ABCD. 

15. Construct a square equal in area to half of a given square 
ABCD. 

16. Prove that the square on the hypotenuse of a right- 
angled isosceles triangle is four times the area of the 
triangle. 

17. In an obtuse-angled triangle, prove that the square on the 
side opposite the obtuse angle is greater than the sum of 
the squares on the sides containing the obtuse angle. 

18. In any triangle, prove that the square on a side opposite 
an acute angle is less than the sum of the squares on the 
sides containing the acute angle. : 

19. PQRS is a square. Points T, W, Y, Z are taken in RS, 
SP, PQ, QR respectively such that RT — SW — PY — QZ. 
Prove that ТҮЗ = 2(QZ* + ZR?). 

(Hint: Join TZ, ZY.) 

20. РОК is a triangle with б a right angle. PS is a median. 

ST is perpendicular to PR. Prove that 


РТ? + QS? = TR? + PS?, 


21. АВС is a triangle with 8 = 45° and CD perpendicular to 
AB, meeting AB in О. Prove that АС? = АЮ? + ОВ?, 


iz] 
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22. Draw a straight line AB, 3 in. long. Show how to divide 


it at a point D so that AD? + ОВ? = square on a line 
2:5 in. long. 


23. ABC is a right-angled isosceles triangle with Sa rt. 


angle. AB is produced to E so that BCE = 22]*. Prove 
that АВ? = 2ВЕ, s 
[Draw CD perp. to AB.] 


24. Draw a straight line AB, 3 in. long. Show how to divide 


it at a point C so that AC? = 2CB*, Measure AC and CB, 


25. ABCD is a rectangle in which BC > AB but 2AB > BC. 


Points X and Y are taken in BC and CD respectively so that 
CX = АВ and CY = BX. XZ is drawn „ to 
Ax. Prove that ZY? — СҮ? = AB? — 


26. ABC is a triangle with Aa tight i ^o is drawn 


perpendicular to BC. Prove that ——; AD in AB 


27. POS is a square. Through S. outside thesquare, astraight 


line WST is drawn and PW and RT are perpendiculars 
drawn from P and R to this line. Prove that 


ST? ＋ SW? + SP? = SQ*, 


28. ABC is a triangle with Ca right angle. Show that if E 


and H are the points of trisection of BC, E being between 
B and Н, ЗАВ? + 5AH? = 8AE?, 


29. ABCD is a square and the bisector of angle ВАС meet 


BC at E, and DC produced at F, Prove that EF? = DE 
4- CD*, 


30. ABC is a triangle with AD, BE two altitudes meeting at H. 


Prove that 
ВС? + AH? = АВ? + CH? = АС? + BH, 
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<, THEOREM 19 
И the square on one side of a triangle is equal to the 


aum of the squares on the other two sides, the angle 
contained by these two sides is a right angle. 


г 
А D 
oan 
х *. 
et * 
САР 2 % 
4 Y cope 7 


Given: ДАВС with BC? = АВ? ЖАСЫ. 
Required: To prove that А is a rt, angle, 


Construction: Draw DE = АВ, 
Draw DF perp, to DE and equal to AC, ^ 
Join EF, 


Proof: By construction AB = DE and AC = DF 
2. АВ? + AC! = DE? 4 prs, 
But AB? + AC? = gc (given) 
and DE? + DF! = ЕРа (Pythagoras Th.) 
2. ВС? = EF? Д 
і 2. BC = EF, 
Іп As ABC, DEF 
1. AB = DE (constr,), 
2. АС = DF (constr.). 
3. BC = EF (proved). 
4. ДАВС = ADEF (three sides) 
2 Б.д. 
But D-= а rt. angle (constr.) 
„ A =a rt. angle. 


- 
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EXERCISES 32 
In Exercises 17 prove that ДАВС is right-angled. 
4 8 in., ö 3 in., e 4 in. х 
а = 36 cm., b = 4:8 cm., c — 6 cm, 
а = 5 in., b = 12 in, c— 13 in. 
а = 8 cm, b = 17 em., С = 15 СІП, 
а= 1 in., б = 2-4 in., с = 2:6 in. 
. 4 = m+ n*, b= та — nt, с = 2mn, 
а = 4m, b = Am —1, с = 4т x. 
In Exercises 8, 9, 10 prove that BAC is a right angle. 


8. 9. 

A А 
AN 
9. 8" OxC В tag e; c 


di 

10. О is the fifid-pt. of BC. OB = 5 in. 
B жм C 
11, A right-angled triangle has squares drawn on its sides. 
Prove that the triangle whose sides are respectively the 
сае of these squares is also a right-angied 

е, 

12. Іп ДАВС, AD is the altitude drawn from A to BC. If 
BC! — 2AD* = BD! + ОС?, prove that ВАС = a rt. angle. 
13. Іп ДАВС, AD is the altitude drawn from A to BC. If 
AD! = rectangle contained by BD and DC, prove that 


BAC is a right angle. [Let lengths of AD, BD, DC be 
k, x, y units respectively]. 
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TRIGONOMETRICAL RATIOS OF AN ANGLE 


Ratio.—If two articles cost respectively 10s. and 155 there 
is a relation between their costs. The cost of the first is 
1$ or { of the cost of the second. We say that the ratio 
of the first cost to the second cost is 2 to 3, written ф or 
2:3. Similarly, the ratio of the length of a line which 
measures 1 foot to that of a line which measures 9 inches is 
АА ог 3. A ratio can exist only between quantities of the 
same kind. 

Consider the following two As ABC and DEF. 


0, 
А 
opposite 
side 
(opp) 
в adjoceut side c 
(adi. - 5 


8 and f are each 35°. ‘$ » 
C and f are each 90° and therefore А and б are each 55* 
7. As ABC and DEF are equiangular and are therefore similar 
AC.. 


7. fe ratio ge is equal to the fatio 2F arid its value does 
not depend on the size of. the right- angled triangle we construct. 

If we give the sides of the triangle the names shown above : 

AC, the side opposite 8, is named the opposite side (opp)) ; 

BC, the side adjacent to 8, is named the adjacent side (adji) ; 

AF ei i the hypotenuse (uyp.) ; 

the ratio Bc * ‘aaj, 5nd is a constant so long as the angle 
B remains constant. This ratio is given a special name, It 
is called the tangent of the angle B, usually written tan B. 
If therefore we construct a right-angled triangle with an angle 
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of x* as one of its angles and name the sides as explained with 
reference to this angle, ToU! 

An approximate value for tan 35* can be obtained from the 
figure above by measuring BC and AC. ^ 4 
AC = 2-60 cm., 85-237 em., 
2:60 cm. à 5 

. tan 35° = 370 cm. ^ 07. 

The value of tan 35% could be obtained by proceeding 
similarly with the sides DF and EF of the ADEF above. 

More accurate values for the tangents of angles than can 
be obtained by drawing and measuring are given in tables 
which have been compiled. These tables may give the values 
of the tangents of angles to 4 or more places of decimals, 
e.g. tan 35° = о-7002 to 4 places of decimals. The following 
table gives the values of the tangents of angles from 65* to 
73^, the tangents being given correct to 3 decimal places. 
Use is made of this table in the worked example below : 


angle || 65* | 66* | 67* 69* 
tan | 2-145 | 2:246 | 2:356 | 2:475 | 2:605 | 2:748 | 2:904 | 3:078 | 3271 


Example 1.—A ladder placed against a wall makes an angle 
of 70° with the ground. If the foot of the ladder is 6 feet 
from the wall, to what height on the wall does the top of the 
ladder reach ? A 


Let x ft. — reqd. height. 


we 16488 B en C 
*. height = 16-5 ft. (to x dec. place). 
{In such problems a scale drawing may be made and the 
result checked approximately.) 
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Example 2.—The given figure represents a cuboid. If 
AB — 8 in., BC — 6 in. and the diagonal AG makes an angle 
of 30% with AC, find the height of the cuboid GC. 


ABC is a rt. angle 
„ by Pythagoras’ Theorem 
AC? = AB? + BC? 
= (8? + 6?) sq. in. 
= 100 sq. in. 
„ AC = 10 in. 
Since GC is perp. to both CD and CB it is perpendicular to 
every line which meets it in the plane ABCD 
7. GCA is a rt. angle 
from the rt.-angled AGCA 


EXERCISES 33 
2. Find, by measurement and calculation, tan 20°, tan 30°, 
tan 45°, tan .70°, 
[Make the adjacent side in each case ro units long.) 
2. Find, from a figure, the angle whose tangent is (1) 1:2, 
(2) 0:6, (3) 2-0. 
3. есіні from the tables: tan 15°, tan 317, tan 42°, tan 57", 
tan 84°. 
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In Exercises 4-9 find x in each case. 


4 5. 
4 x em 
xem — X^ — 
53 1 
sem, b TN 
2" 
8. 


. 9. 
6 4 cm. ; 
[s | x" 
x em. 


In Exercises 10-12 find from the tables, A, in each case 
10. 11. > 12. 


с 
с А 


$t gem. [sin 
Ф 274 в nem * іп, 

13. D is the foot of the perpendicular from A to BC in ДАВС, 
If BC = 5 in., BD = 3 in, AD = 2 in, find the angles at 
B and C. 

14. The diagonals of a rhombus аге 8 cin. and 12 ст. long. 
Find the angles of the rhombus. 

15. A ladder resting on level ground reaches to a point in 
a vertical wall, 20 ft. from the ground, If the ladder 
makes an angle of 72° with the ground, how far is the foot 
of the ladder from the wall? 

16. The foot of a ladder is 7 ft. from a vertical wall. If the 
ladder is 25 ft. long and the upper end rests against the 
wall, what is the inclination «f the ladder to the wall? 

17. А guy rope on an aerial mast is fixed to a point 8o ft. 
high on the mast and is inclined at 60% to the ground 
which is level. At what distance from the base of the mast 
is the rope fixed to the ground? 


7. 
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ical angle of an isosceles triangle is 64°. If the 
us ME. 1 6 . long, find the length Of TRA 
19. ABCD is a trapezium in which DC and AB are parallel- 
A = 90°, AB = 10 cm., DC = 4 cm., Ê = 34°. Find AD. 
20. ABCD is a kite in which AB = AD, ВС = CD. Тһе 
diagonals meet at О. BD = 5 cm., AC = 12 cm., 


ABD = 40°. Find AO, OC, BCD. 


21. The figure represents a cuboid. 
Find the tangent_ of GEF and 
the tangent of CEG, 


22. If there was a cube, each edge 2 in., instead of a cuboid 
in ex, 21 above, what then would be the value of tan CEG ? 
What would be the size of CEG? 


In the figure on page 186 there are two further ratios that are 
equal. 


CA FD BC EF 
I. BA = ED and II. BA ^ ED' 


The first of these is the ratio "m and is called the sine of 
the angle (written sin 35°). 


E : and is called the 


cosine of the angle (written cos 35°). j 

As in the case of the tangent, approximate values for the 
sines and cosines of angles can be found by the construction 
of right-angled triangles, the measurement of the sides and the 
calculation of the ratios, More accurate values are obtainable 
from tables. 3 

Experience will show that in the calculation of lengths of 
straight lines from diagrams, it is sometimes advisable to use 
the sine or cosine of an angle rather than the tangent, as in 
the following worked examples: 


The second of these is the ratio 
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Example 1.—ABCD is a parallelogram with AB = 5 cm., 


BC = 6 cm., 8 = 42°. 
Calculate the area of the parallelogram, 


Д ? 


scm. 


ou (— S 


Draw AE the altitude of the parm. 
Ang 
BA 42 
M = = -6691 (value obtained from tables) 
Л AE = 5 X 6691 cm. ) 
= 3˙3455 em. 
2, area of ABCD = base x alt. 
= 6 X 3:3455 54. cm. 
= 20:07 sq. cm. (correct to 2 dec. pl) 
Example 2.—A ladder 25 ft. long leans against a vertical 
wall, the ladder making an angle of 74% with the ground. 
How far from the wall is the foot of the ladder ? 


Let distance be x ft. A 
* BC 4 
BA = С05 74 
ox ft 5 > 
бат” 9574 7 


R 
S = = 2756 (obtained from tables) 


.. 


, %:-25 X 2756 Bx Cc 
= 6:89 
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[Note The samé ratio ВС = sin A 
= sin 16° 
so that the problem could have been solved using the table 
of sines. 
In the above figure À and ё are complementary so that the 
sine of an angle is equal to the cosine of its complement. 
Similarly, the cosine of an angle is equal to the sine of its 
complement.] 
EXERCISES 34 
1. Find, by measurement and calculation, sin 25*, sin 47*, 
sin 63*. [Make the hypotenuse ro units long. 
2. Find from a figure the angle whose sine is 00 4, (2) 7. (3) 89. 
3. eee sin 14°, sin 35°, sin 54°, sin 63°, 


In PV а find x in each A 


ath 22. 


Tem, 


9. Find AD. 


23 À 


In Exercises 10-12 find A in each case from the tables, 


е с в 
5” B in. 
Fu 5 cm. gem. 
| AN. / ) с 807 
А 121 
Sg k в 


13. 


14. 


15. 


16. 


17. 


18, 


19. 


20. 


ә 
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ABC is an isosceles triangle with AB = AC = 8 in. If 
А = 56°, find ВС, 

ABC is an isosceles triangle with АВ = AC = ro cm. 
If BC = 12 cm., find А. ps 
PQR is a triangle with Q = 90°, КО = 34°, X is the 
mid-point of RQ and PR = 100 yds, Find RX, QP, and 
x. А 

ABC is a triangle with AD drawn perpendicular to BC. 
If AB = зо cm., Ê = 45°, C = 55°, find AD, BD, DC. 
ABC is a triangle in which AB = 24 іп, BC = 25 in., 
СА x7 іп, Prove that it is right-angled. If AD is the 
perpendicular drawn from A to BC, find 8 and ÀD, К 
A path makes an angle of 10° with the horizontal. а. 
man walks } mile along this path, how many feet does he 
rise vertically ? 

A ladder 25 ft. long leans against a wall and is inclined to 
the ground at an angle of 70°, How far up the wall will 
it reach ? D 
ABCD is a rhombus each side being 5 in, long. If 
ACD = 20°, find the lengths of AC and B 


ExERCISES 35 


Find by measurement and calculation cos 34°, cos 52°, 
cos 70°, [Make the hypotenuse 10 units long.] 


Find, from a figure, the angle whose cosine is (г) 1, (2) 32, ; 


(3) +65. 


. Read ой from the tables ; cos 20°, соз 37°, cos 62°, cos 78°. ty 


In Exercises 4-8 find x in each case, 


+ 5. 6. 
5 ет. зіп, «Cor 
— 
xm xin. 
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7. 8. 
8 cm. У 2 х” 
X cin. 2" 


In Exercises 9-11 find А in each case from the tables, 


12. ABC is an isosceles triangle with AB — AC — 12 cm. 


13. 


Calculate the length of BC, if 8 = 35°. 
. ABC is an isosceles triangle with AB — AC — 8 in. If 
BC — 10 in., find the size of the base angles. 


14. InAABC, AB = 12 cm., BC = 16 cm., B = 52° and AD 


is perpendicular to BC. Find DC, AD, CAD. 


15. A ladder 20 ft. long is placed against a wall and makes an 


angle of 72° with the ground. How far is the foot of the 
ladder from the wall? 


16. ABCD is a rectangle with AB — 12 іп. and AD — 5 in. 


17. 


18. 


AN is drawn perpendicular to ОВ. Find ADB and DN. , 
Draw ABC an acute-angled triangle. Draw AD perpen- 
dicular to 8C and prove with the usual notation that ' 
a = b cos C + c cos B. 
A ladder 30 ft. long leaning against a wall makes an angle 
of 70° with the ierra je foot is pulled out until the 
ladder makes an angle of 65° with the ground. How much 
farther is the foot of the ladder from the wall ? 


19. ABC is a triangle with € = 90. BC = 5 ft., AB = ro ft. 


BD bisects ABC and meets AC in О. Find ABC and DC, 
BD, DA. 


ABCD is a quadrilateral with ACB = CAD = 90°, 


ив = 50°, ВА = 5 em., СО = 8 cm., calculate BC, CA 
and D. 


Y 
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SCALE DRAWING 


In scale-drawing exercises the following should be noted : 
(1) A freehand sketch of the figure should be drawn and in 
this figure the given facts should be marked. 
(2) The scale in use should be clearly stated; e.g. x inch 
represents 1 mile, generally expressed as 1 inch to 1 mile. 
(3) Where necessary, direction should be indicated. N 
This is often done by inserting a north-south line 
on the diagram thus 1 


Angles of Elevation and Depression 


The terms “ Angle of Elevation” and “ Angle of Depres- 
sion are explained in the following diagram. 


Bearing : Ў : 
If A and B are two places and the north-south line is drawn 
through B as shown, then the bearing of A from 
B can be expressed in any one of the following N 
3 ways that are in current use: А 
(1) 50° E. ot N. uu 
(2) N. 50° E. - А 8 
(3) 050° (the three figures are used to avoid 
mistakes). a ОД 
Similarly»the bearing of В from A сап be expressed as 
(1) 50° W. of S., or (2) S. 50% W., or (3) 23 .* 
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The 3rd method is the one most com- 
monly used. In this method, the i 
of a place A from a place B is the angle, 
measured clockwise, between the north 
line through 8 and the line 8A. 

Bearings of A, C, and D from В are 040°, p 
140°, 235°, respectively. 

, Sublend.—The straight line AB is said IE 
to subtend the angle АОВ at the point O. ^ 


Example 1.—The angle of elevation of a tower, 450 feet 
way, is 32°, Find the height of the tower. 
(a) By scale drawing: 
Draw BC = 4:5 cm. 
Draw.BA making angle 8 — 32*. 


At C draw CA perp. to BC meeting BA in A, 
Measure АС. : 


By measurement AC = 2:8 cm. 


6 
Scale 1 cm, to too ft. 


i “Height of tower = 280 ft. 
(b) By calculation: 
= tan B = tan 32° 
5% aed 454 e 
. АС = 6249 X 450 ft, 


= 281 ft. (to nearest foot). 
* ^. Height of tower = 281 ft. 
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Example 2.—Two roads bear 52° E. of М. and 79% E. of S. 
from the same point O. А man walks 430 yards along the 
first road from O and then observes another man on the 
Second road 20* W. of S. of himself. Find the distance 
between the two men. 


M 


fta 
Scale 1 in. to 200 yd. 
By measurement AB = 1:83 in, 
2. Distance between the two men = 366 yd. 
In this case we can readily check the result by calculation 
ABO = 90° (proof of this is left as an exercise), 
AGB = 58° 


From thert.-angled AAOB, 5 = sin 58° 


3 
оуб $e ; 
1. AB = 8480 х 430 yd. 

= 365 yd. (to nearest yard), 
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ExrRcisES 36 


[Where possible check answers by calculation.] 
. In the figure what are the sizes of the angles subtended by 


м 


(1) AB at O, D, С” D 


(2) OA at D, B У 

(3) CB at O, A, D 

(4) OD at C, А? beg ON: 
2. In the figure what is the bearing of 


(1) A, B, C, D from O, 
(2) O from A, B, C, D? 


In each case state the bearing in two 
ways. 


е 


From a certain point of observation the angle of elevation 
of the top of a tower 500 ft. away is 35% Find the height 
of the tower. 

4. From a point at the edge of a cliff, 150 ft. above sea-level, 
the angle of depression of a ship at sea is 30°, Find the 
distance of the ship from the cliff, 

5. AshipA is observed from two points B and C, 1000 yards 
apart. ABC is observed to be 40% and ACB is observed 
to be 60°, Find the distance of the ship from the line 
joining B and C. 

6. When the sun is 60° above the horizon, what is the length 
of the shadow cast by a vertical pole 25 feet long ? 

7. А man observes the angle of elevation of the top of a 
flagstaff to be 25%, Не walks 25 yards іп a straight line 
towards it and now finds the angle of elevation to be 
40*. Assuming the ground to be level, find the height of 
the flagstaff. 

8. From the top of a tower the angle of depression of the 
top of another tower is 20°. How much higher is the 
oy aiti the second tower, if the towers аге 50 yards 
apart 


4 9 


10. 


11. 


13. 


14. 


15. 


16. 


17. 


SCALE DRAWING 199 


elevation of a hill is found to be 30° and from the top of 
the tower the angle of elevation is found (9 Бе 20°, Find 
the height of the hill. 

To find the position of a i point С, а base line AB, тоо yd. 
long, is laid down and 5 


of B is М. 65° E. 
From A. рем „С, N. 28° E. 
From B. Bearing of С is N. 55% W. 


Find АС and CB, 
Three places P, О, К m on a road running due north. 
P. 


А place 5 is due east о / ҚА опао Ы 
40” E. and of S from R із S. 30 E. If S is 5 miles from 
P find РО and RS. 


From a point 350 ft. above sea-level the angles of depres- 
sion of two boats in line with the observer are 25° and 37° 
respectively. Find the distance between the boats. 
From A a road runs north-east to B, which is 3 miles from 
A. From A and B the bearings of C are E. 20% М. and 
E. 20* S. respectively, D is due north of C and north-east 
ofB. Find BC and CD. 

A man walks 2 miles due north, then 2 miles due east, 
then 3 miles due north. Find the distance and his bearing 
from his starting point. 

A ship is sailing due north and at 1 pu the bearing of a 
lighthouse is N. 50° E. At 1.20 p.m. the bearing is N. 70° KE. 
If the ship is travelling at 18 knots, find at what distance 
it will pass the lighthouse. 

An observer 600 feet above sea-level noticed that the 
angle of depression of a boat approaching him direct} 
was 20. Two minutes later, the angle of depression was 35°, 
the course of the boat кейеп unchanged. What 
was the speed of the boat in feet per second ? 

A road runs due east and west. В and C are points on the 
road 100 yards apart. The bearings from B and C of a 
point A are 40* and 25° south of west respectively. Find 
the distance AB and the position of the point of the road 
which is due north of A. 

A line OCD runs due east from O ; A is due north from 
С, B due north from D, and AB runs due east. OA is 235 
yards and its direction is 63° N. of E: the direction of 
OB is 38* N. of E. Find the distances AC, OB, CD. 


200 
19. 


20. 


21. 


23. 


24. 


25. 
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А ship sails from a port A to a port B which is 35 miles 
W. of A. From’ it sails to a port C which is 38 miles in а 
direction N. 187 E. from B. In What direction and how 
far must it now sail in a straight line to reach a port D, 
which is 17 miles N. W. of A7 
А field is in the shape of a quadrilateral ABCD, in which 
АВ = 3 chains, BC = 10 chains, CD = 5 chains, 8 = 110°, 
€ = 80°, Draw the figure on the scale of 2 chains to the 
inch, Measure AC and the diculars to AC from 8 
and D, giving their lengths in chains. 
From two stations A and B, 350 yd. apart, two towers 
C and D on the same plane with A and B can be seen: to 
find the distance between the towers the following angles 
are measured: s 5 
BAC — 108°, BAD = 56?, ABC = 37°, ABD = 78°, 
Draw to scale a figure showing the positions of A, B, C 
and D, and from your drawing find the distance between 
the towers. 
Draw a horizontal line AB 2:5 in. long to represent one side 
ofa field ABCD, and complete the plan of the field from the 
following data : 
АВ = 75 chains; bearing of B from А is 9o*, 
BC = 63 chains; bearing of C from B is 45°. 
CD = 84 chains and D is on the northern side of line AB, 
DA = 90 chains. ; - 
Measure AC and the distance of D from AC. (Give 
answers to the nearest chain, s 
From a point A, 3 posts B, C, and D can be seen. Bis 75 
chains east of A, С is go chains north-east of A, and D is 
north of A, but its distance from А is not known, ИО lies 
north-west of C, find the distances AD, BD and BC. 
АВ is 15 miles. The bearing of B from A is 090*, The 
bearing of C from B is o15*, of D from A is 025°, and of 
D from С is 252. If BC = xr miles, find the distance 
and bearing of D from B. zi. 
From a point A the bearing of a lighthouse is 055% Aship 
sailing at 12 miles per hour starts from A, and after sailing 
Last for two hours finds that the bearing of the lighthouse 
ìs now 318°. Find (1) how near the ship passes the light- 
Шын! (2) the time when she was nearest to the ligbt- 
use, ` 


м 


- 


> 
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Revision Papers ХІ-ХХ 


XI 
. In the figure, prove that parm, PQRS = parm. ТОРХ. 
Prove also that QP produced bisects XS. 
X, 


ä $ 


P 


that ОСЕР is a parallelogram, and that parm, ABCD + 
parm. DCEF == parm. ABEF. 

ABCD is a square with X the mid-point of AD. XY, drawn 
parallel to AB, meets AC in P and CB in Y. Prove that 
ХР? + DC? = ХС?, 


The area between the circumferences of two concentric 


circles is 192 ft. The circumference of the outer 
circle is 66 ft. Find the radius of the inner circle. 


- Draw a rough plan and find the area of the field from the 


following entries іп a field-book. Answer in acres. 
Links 


F200 500 
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XII | 


1. ABCD is а parallelogram. 
Calculate HE, XY and the 
area of ABCD. 


D z 


c 
2. In the figure, ABCD and AXYZ SY 
are parallelograms. Prove that 
they are equal in area. A 8 
i x 


3. ABCD is a parallelogram with P any point in CD, and PX, | 
parallel to Es. meeting AD in X. Prove AAPC = AXAB. 
4. From a town A, the bearings of three towns B, C and D 
are respectively E. 10° N., S. 35% W., E. 15^ S. If AB = 40 
miles, AC — 35 miles, CD — 130 miles, find by a diagram 
the bearing of B from C and the distance AD. 
` 5. Construct a trapezium ABCD in which AB is parallel to DC. 
АВ = r8 in, ВС = r7 in, CD = 3:4 іп, AD = r2 in. 
Find its area. 


XIII 
Y 
I. In the figure, PQRS is a parallelo- ў 
gram. Prove that P 5 
(1) ЛОТА = ДОРҮ. 
(2) APXQ — ATXR. . 
(3) APTY = ATRS, 
: & у 
А 


2. PQRST is a regular pentagon. Cal. 
culate CAD. Prove that ABCDE is а 
regular pentagon, and find its area by B 
calculation of the areas of As ACD and 
ABC, using trigonometrical tables, 
given that CD = І in, à 


t^ 


- 


> 
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. ABCD is a parallelogram with diagonals AC and BD inter- 


secting in О. P, Q, R, S are themid-points of AD, AO, BO, 
OD respectively. Express the area of the pentagon 
PQRCS as a fraction of the area of ABCD. 


. By drawing a figure on the scale one inch to 100 yards, 


calculate in acres the area of the field ABCD which has the 
shape of a quadrilateral. АВ = 210 yd., BC = 290 yd. 
The bearings of B from A, Chom B, D Eom C and D from A 
are respectively. 065°, 145°, 250°, 148°. 


PQR is a right-angled isosceles triangle with P a right angle. 
QS bisects Q, meeting FR in 5. ST is drawn perpendicular to 
QR. Name 2 similar tricngles, giving reasons for your 
answer. Prove that PS? = 3581, 
XIV 
^ 
. In the figure, D, E, H are the mid- 
points of the sides. Express the H, E 
area of the quadrilateral AHOE as 
a fraction of the area of AABC. 
B D 


. In the figure, calculate RQ, SQ, TQ 


and area of quadrilateral TORS. 


TE gem. RS 


. ABC is a triangle. What is the position of point P in BC, 


if AABP = AACP? Where inside the A must the point Q 
lie if AABQ = AAQC? Hence find point R inside the 
А such that AABR = ABCR = ACAR. 


. The bearings of a ship at noon from two stations А and В 


are S. 27° E. and W. 46° 5. respectively. At 12.45 p.m. 
its bearings from A and В are E. 13° N. and N. 39° W. 
respectively. Assuming that the ship is steaming on a 
straight course, find its speed in miles per hour, and the 
direction in which it is sailing, The station B is 15 miles 
east of A, 
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5. 


м 


E: 


w 


An 


- 


Іп the figure, calculate AD, BD, 


. Prove that BAC = 90°, 


PQR is a triangle right-angled at P. PSTQ and PRXY.are 
the squares described externally on РО and PR. Prove that 
TY = TR and that A TPY = APQR. 


XV 
о" 


DC and ОСА; Find the area of 
ЛАОС, 


o 
о 
Y oy 


In the figure, ABCD is a square. Р, О, Rare 
the mid-points of the sides. What fraction 


of the area of the square is the arca of the 9 
figure АРОК ? vA 


B P Є 


- ABC is a right-angled isosceles triangle with C a right angle. 
ІЗ E [4 


Through Ca straight line CD is drawn parallel to the bisec- 
tor of BAC and meeting BA produced in O. DE, parallel to 
АС. meets BC produced in E. Prove that BD? = 2ВЕ? and 
that BA? = 2AD?, 

ABC is a triangle. Through D, any point in AB, is drawn 
a straight line parallel to BC meeting AC in Е. Through E 
із drawn a straight line EF, parallel to AB, meeting BC in F. 
AF cuts DE in G. Prove that parm. BFED — 2AAGC. 
The bearing of a place Q from a place Pis E. 20° N. Ris 
2,000 yards from Q, its bearing from Q being N. 35? W. 
The bearing of R from P is N. 30° Е. If 5 is due north of 


P and north-west of Q, find РО, SR and the bearing of 
5 from R. 


XVI 


Calculate BAD. 


Y 


м 


3. 


Calculate the area of the quad- в" 
rilateral АВСО, 


ABCD is а trapezium (AD parallel to ВС). АС and BD 
intersect at O. Through O a straight line XOY is drawn 
parallel to AD, meeting AB and CD in X, Y respectively. 
Prove that ABXD = ДАҮС, 

Draw a straight line BC = 2-5 in. long. What is the 
locus of point A if the area of AABC = 2:5sq.in.? Draw 
the locus and construct an isosceles triangle on BC as base, 
having an area of 1-25 sq. in. State your construction. 


„A ship sails 12 miles E. 28? N., then 16 miles N. 24% Е., 


and then 6 miles N. 20° W. Find the distance and bearing 
of the ship from its starting point. 


XVII 


.In the figure, ABCD and BXYZ are ЖЫ. 


equal parallelograms. 
Prove that AS — SX. 5 N 
(Hint: Join AR, RX.} 


8 
5 3 
48 
М Se 0 


In the figure, ABCD isa f T 
- rectangle (not drawn to 3 2.7 
Scale); Calculate the area NE zi 
of quadrilateral PQRS, 3l 


84, 


PQRS is a parallelogram with T any point in QR. ST and 
PQ are produced to meet at W. ve that : 
ARTW = APQT. 
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4. ABCisa triangle with AD and CF medians, intersecting at H, 
BC is produced to G so that CG — DC. Prove that 


BCF = AFCA = AACG, 
AAP — Praca. ^ 


- From the top of a cliff 500 ft, high, the angles of depression 

i of two ea south of the cliff are 40° and 54° respec- 

tively. Find, by a drawing to scale, the distance between 
the boats, and check the result by calculation, 


XVIII 


1. In he figure, AEGH and ABCD are H G 
parallelograms and GC is parallel 
to DE, Prove that 
(1) parm. AEGH = parm. ABCD, p c 
(2) parm, DFGH = parm. EBCF, 
B HB parallel to DE. 


4) GX = CB and HX = YB, ^ 8 
ò 
T2» 
2. In the раке, Which із not drawn to " 
Scale, culate the length of PS and 5 jo 
the size of SRQ, j Ed 
Р бет. Q 


3. ABCD is a parallelogram with X any point in diagonal AC, 
Prove that ABXC = ADXC, If AX = pee, the 


m a quadrilateral DXBC as a fraction of parallelogram 


P, Q, R are 3 fixed points, $ is a variable point, What is 
Sub RR s 


(1) ASQR = APQR, 


2 
B ASQR = ASPQ, 
4) quad. PQRS is a constant area? 
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6. PQRS із а parallelogram with a straight line PX cutting 
QR in X, ХҮ is parallel to QS and cuts RS in Y. Prove 
that APQX = APYS. 


XIX 


1. The figure shows а rectangular A 80 
prism in which FG = 5 in., 
СН = A in., GC = зіп. Find the 
lengths of EG and EC. Name any ~ 
other lines equal in length to 
(1) EG, (2) EC. У 
Calculate the size of СЕС and the f < 
area of ACEG. 


2. The figure represents an 8-іп; square 
ABCD. A’ is the mid-point of BC and ^ 
the figure is folded about a straight line 
so that A falls on А. What point on 
AA’ must be on this straight line? Draw 
this straight line and let it cut AB іп р 
X, and DC іп і. Calculate 


(1) BAA’, 
(2) length of XL. 


3. The angle of elevation of the sun is 50°. Find the length 
of the shadow cast by an upright post 15 ft. long. 1f the 
length of the shadow increases by r:5 feet, by how much 
has the angle of elevation of the sun decreased ? 


4. Construct a triangle ABC with а = 25 in., b = 3:4 in., 
¢=4 in. Construct an equivalent isosceles triangle on а 
base of 4:5 in, State your construction and prove that it 
is correct. ; 


5. ABCD is a rhombus with АВ = 8:5 cm., BD = 15 cm. 
Calculate AC and the angles BAD and ADC. 
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XX 
I. The figure shows a rectangular prism in which AD — 41 in., 


PAR Г 
АЕ = 3} in, AB = 3 in. M and М are the mid-points of 
АО and EH. Calculate FN and FM. Calculate FG and 
FMG and the area of AFMG, 
. Write down the formula jor the area of a triangle whose 


ы 


base is b units of length and whose altitude is a units of 

length. Find the ratio of the areas of the following 

triangles. : 

AXYZ AXBY AABX 

0 Dar O Ав (3) A6 
Hence find the ratio of AXYZ to AABC, 
[The figure is nof drawn to scale.] 

- ABCD isa parallelogram with AB = 51cm. ШАС = дст. 
and BD = 48 cm. prove that ABCD is a rhombus, 

A is a trapezium with AD parallel to ВС. X is the mid- 
point of AB, and the straight line drawn through X, parallel 
to AD, meets CD in Y. Prove that 

AAYD + ABYC — AABY. 

„At noon a destroyer Steaming due east at 36 miles per 
hour sees a ship, 10 miles distant, bearing 030°.. "At 
12.30 p.m. the ship is 7 miles distant, bearing 340% Find 
the speed and course of the ship. If the destroyer now 
steams N.E, when will she cross the ship's course? 


> C 


өл 


BOOK III 


THE CIRCLE 


Definitions (additional to those on page 47). 

(1) Equal circles are circles whose radii are equal. 

(2) Concentric circles are circles which have the same 
centre, 

(3) A chord of a circle is a straight line joining any two 
points on the circumference. 


(4) A diameter of a circle is a chord which passes through 
the centre of the circle. 


(5) An arc of a circle is any part of the circumference. 


(6) A segment of a circle is a plane figure bounded bya 
chord and one of the arcs into which the chord divides the 
circumference, 

Thus a chord divides a circle into two segments. If these 
segments are equal, each is called a semicircle. The seg- 
ments are equal when the chord passes through the centre 
of the circle, ie. is a diameter. Hence, а semicircle is a 
plane figure bounded by a diameter and one of the arcs into 
which the diameter divides the circumference. 

If the segments are unequal, the greater is called the 
major segment, and the less, the minor segment. 

The arc of a major segment is a major arc: the arc ofa. 
minór segment is a minor arc. ^ 
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(7) An angle in a segment is the angle subtended by the 
chord of the segment at any point on the arc of the segment. 

ACB is an angle іп the segment АСВ, 

(8) An angle is said to be at the centre or at the circum- 
ference of a circle when its vertex is at the centre or at the 


circumference of the circle. Such an angle is said to stand 
on the arc intercepted between its arms. 


E.g. in the above figure, ACB isan angleat the circumference, 
standing on the arc ADB. 


Also, АВ is the angle at the centre of the circle, standing 
on the arc ADB, 


(9) Four or more points through which a circle may be 
drawn are said to be concyclic. 


(10) A cyclic quadrilateral is a 97 7 85 92 through 
whose vertices a circle may be drawn. 


(11) A circle is said to be circumscribed about a recti- 
lineal figure when the vertices of the figure are on the circum- 
ference of the circle. 


The circle is called the circumcircle and its centre is 
called the circumcentre. 


Note: The rectilineal figure may then be said to be 
inscribed in the circle. 
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THEOREM 20 


The straight line from the centre of a circle to the 
mid-point of a chord which does not pass through the 
centre, is perpendicular to the chord. 


Conversely: The straight line from the centre of a circle 
dicular to а chord which does not pass through the 
centre, bisects the chord. - 


KEZ 
Given: Circle with centre O and chord AB, with OC the 
straight line joining O, the centre of the circle, to C, 
the mid-point of the chord. 
Required: To prove that OC is perp. to AB. 
Construction: Join OA, OB. 
Proof: In As OAC and OBC 
1. OA = OB (radii). 
2. OC is common. 
3. AC = BC (given). 
2. AOAC а ДОВС (three sides) 
2. OCA = OCB е 
2. OC is perp. to AB (adj. Is equal, ACB a str. line). 
Converse : 


Given: Circle with centre O and chord AB, with OC the 
straight line from O, the centre of the circle, perp. to 
chord AB. 


Required: To prove that AC — CB. 
Construction: Join OA, OB. 
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In As OAC and OBC 
1. ОА = ОВ (radii). 
2. ОС із common, 


д A B 
з. OCA = OCB (rt. angles). ic Sy 
. AOAC = AOBC (rt./ hyp. and side) 
2. АС = ВС, 
ie. OC bisects AB. 


Cor.—The perpendicular bisector of a chord passes thtough 
the centre of the circle, 


CD is the | bisector of a chord AB of a circle with centre О. 
Since CD bisects AB perpendicularly 
7. CD is the locus of points equidistant from A and B. 
But O, the centre of the circle, is equidistant from A and B 
2. О lies on CD, 
ie. CD passes through O. 
Cor.—A straight line cannot have more than two points in 
common with the circumference of a circle. 
Suppose the straight line AB, which has points A and B in 
common with the circumference, has a third point C in common 
with the. circumference. 
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From О, the centre of the circle, draw OD perp. to AB. 
Then, since AB and AC are chords of the circle 3 
2. AD = DB 
and AD = DC 
2. 08 = DC which is impossible. 
2. Str. line AB cannot cut the circumference in a third point C, 
. A str. line cannot have more than two points in common 
with a circle, 


A 
CONSTRUCTION 12 


To find the centre of a given circle 
c 


N 
NC 
Given: Circle ABC, 


Required: To find the centre. 


Construction: Take any two chords AB and BC. 
Draw DX and EY, the perpendicular bisectors of AB 
and BC resp. These bisectors must intersect, since 
` BA and BC are not in the same straight line. 
Let them intersect at O. 
Then O is the centre of the circle АВС, 


Proof: DX is the perp. bisector of AB 
.. DX passes through the centre of the circle. 
Similarly EY passes through the centre of the circle. 
But DX and EY intersect in O Ў 
„ О is the centre of the circle. 
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. CONSTRUCTION 14 


To construct а circle to pass through any three 
points not in the same straight line 


А 


Given: Three points А, B, C not іп the same straight line. 
Required: То construct the circle passing through A, B, C. 


Construction: Draw DX and EY the perp. bisectors of AB and 
BC resp. These bisectors must intersect since AB and 
BC аге not in the same straight line. 
Let them intersect in O. 

With centre О and radius OA draw a circle. 

2222 V This circle passes through A, B, С, 


Proof: Ox is the perp. bisector of AB 

: 2. DX is the locus of points equidistant from A and B. 
But O is a point on DX 
2. OA = ОВ, 
Similarly OB = ОС 
2. O is equidistant from А, B, C. 
-. The circle with centre О and radius OA passes 
through A, B, C, 
ie. it is the required circle, 


Cor.—There is only one such circle, since there is only one 
point.in which the perp. bisectors DX and EY can meet. 
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CONSTRUCTION 15 


To circumscribe a circle about a £iven triangle 


AAA 


Given: ДАВС. 


Required: To draw the circumscribing circle of AABC. 


Construction: Bisect AB and AC perpendicularly by LS and 

` KS and let the perp. bisectors meet at 5. Join SA. 
With centre 5 and radius SA draw a circle. 

Then this circle is the circumscribing circle of AABC 


Proof: LS is the perp. bisector of AB (constr.) j 
7. LS is the locus of pts. equidistant from A and B 
2. SA = SB. k 
Similarly SA = SC 
2. SA = SB = SC, 


2. Circle with centre S and radius SA passes through 
B and C. 


. Circle ABC is the circumscribing circle of A ABC, 


...[Note: The figures illustrate the three cases in which AABC 
is acute-angled, right-angled, obtuse-angled.] | 
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Symmetry 
Symmetry about an axis 
Since the perpendicular drawn from the centre of a circle to 
a chord bisects the chord, it follows that a diameter of a circle 
bisects all chords which are perpendicular to the diameter. 


^i Y 
8, А 
С, в, 
D, 2 
2 
0, 
x ? 


The diameter XY is perp. to cach of the chords A, Ag, etc. 

2. The diameter XY bisects each of the chords. 

2. A, A, are corresponding points; so also are Bl, By; 
En C2 D D 

Hence the circle is symmetrical about the diameter XY. 

Any diameter is therefore an axis of symmetry of a circle. 

When two circles with centres P and Q intersect in two 
points A and B, the straight line AB is a chord of both circles 
and is called the common chord of the circles, 


Since any circle is symmetrical about any diameter, the 
figure must be symmetrical about PQ, the line of centres of 
the two circles, 

2. ^ and B are corresponding points 

2. AD = DB. 
Also ADP = ВӦР 
2, AB is perp. to PQ. 
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: “Relation between the length of a chord and its distance 
from the centre of a circle. 


AB is any chord in a circle with centre O, and OD is the 
perpendicular from the centre to the chord, 


„ AD = DB. 
AOAD is right-angled at D 
Л AD? + OD? = OA? (Pythagoras Theorem) 

=r? where r is the radius of the circle. 
2. The value of АО? + OD? is fixed for all positions of AB. 
If AD* increases in value, OD* must decrease in value. 
If AD? decreases in value, OD? must increase in value. 


_ Hence if AD and therefore AB increases, OD decreases, and 
if AD and therefore AB decreases, OD increases. 

In any circle, the greater a chord is, the nearer it must 
be to the centre of the circle. 

The converse is also true: The nearer a chord is to the centre 
of the circle, the greater it is. 

It therefore follows that the diameter is the greatest chord 
in a circle. 

These facts may be stated as follows: 

The diameter is the greatest chord in a circle; and 
of all other chords, that which is nearer the centre is 
greater than that which is more remote, and conversely, 
the greater chord is nearer to the centre than the smaller. 
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Equal Chords 


AB and CD are two equal chords in a circle with centre О 
and OG and OH are their distances from the centre O, 


Л AG = }АВ 
and CH = Ср 
Ў „ AG = СН (AB = Ср). 
But AG? + GO? = CH? + Ho! (each is equal to r?) 
л GO? = Hos : 
2 GO = HO, 
4. The chords are equidistant from the centre. 


It is obvious that if the two chords AB and CD are equidistant 
from O, ie. if OG = OH, then 
N 
AG — CH 
and hence AB — CD, і 
-. Equal chords in a circle are equidistant from the | 


centre of the circle, and conversely, chords which are 
equidistant from the centre of a circle are equal. 
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EXERCISES 37 
1. 2. 


Find OC. . Find АВ, 
3. 4. B 
^, 
SZ D 
^ 2 

Find the distance between The parallel chords AB 
the parallel chords AB and and CD аге 14 in. 
CD. apart. Find CD. 


Circles are concentric, Chord CD is 8 in. long 
uh centre O, Find Find AB. 


7. A chord 6 cm. long is drawn in a circle of diameter 10 cm. 
Calculate its distance from the centre. 


А chord is drawn in a circle of radius 5:2 in. at a distance $ 
of 2 in. from the centre. Find the length of the chord. 
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9. А chord 3 in. long is at a distance of $ in. from the centre 
of a circle, Calculate the diameter of the circle. 

10. Two parallel chords of a circle of radius 10 cm. аге 12 cm. 
and 16 cm. long. How far are they apart ? 

11. In a circle of radius 2:5 in. two parallel chords are placed 
3˙1 in. apart. If the length of one chord is 4:8 in. find the 
length of the other. j 

12. Two parallel chords of lengths 4 in. and 8 in. are placed 

2in.apartinacircle. Find the radius of the circle, correct 

to 2 dec. pl. 

AB is a chord of a circle with centre O. The perp. from 

O to the chord cuts the chord at C and meets the circle 

at D. If AB = 8 in. and CD = 2in. find the radius of the 

circle. i 

14. If two parallel chords are drawn in a circle, prove that the 

perp. bisector of either chord, produced if necessary, 

bisects the other chord perpendicularly. 

If two parallel chords are drawn in a circle, prove that their 

mid-points and the centre of the circle are collinear. 

Tf a series of parallel chords is drawn in a circle, prove that 

their mid-points all lie on а diameter. 

17. P is a point in a circle of radius 6 cm. whose distance from 
the centre is 3:6 cm. Find the lengths of (1) the longest, 
(2) the shortest chord, of the circle which can be drawn 
through P. 

18. The greatest chord that can be drawn through a given 
point within a circle is 10 cm. long and the shortest chord 
15 6 ст. long. What is the radius of the circle and how fat 
is the given point from the centre ? 

19. Two equal and parallel chords in a circle of radius 6-5 cm 
are 7:8 cm. apart. Find the length of each chord. 

20. Two perpendicular chords AB and AC of a circle with 
3. O are 6 cm. and 8 cm. long respectively. Calculate | 


13 


15 
16 


21. Two chords AB and CD of a circle intersect at O and make) 
equal angles with the diameter drawn through О. Prové 
that AB = CD. 
22. Prove that the parts of a straight line intercepted between 
the circumferences of two concentric circles are equal. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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Two circles, with centres А and В, intersect at P and Q. 
AB and PQ cut in O. Prove that 


(1) О is the mid-point of PQ. 
(2) AB is perp. to PQ. 


Two circles, with centres A and B, intersect at C. Through 
C a line DCE is drawn parallel to AB, meeting the circles іп 
D and E. Prove that AB = БЕ. 


Two circles intersect at А and В. Through A, any straight 
line CAD is drawn, meeting the circles in C and D, and 
through B a straight line GBH is drawn parallel to CAD, 
meeting the circles іп G and Н. ` Prove that 


(1) CD = СН. 
(2) CG = DH. 


Two circles, with centres P and Q, intersect in C and D. 
QP produced cuts the circle with centre p. at A. AC and 
AD produced cut the second circle in F and G resp. 
Prove that CF = DG. 


РО and XY are equal chords in a circle. They meet when 
produced outside the circle, at O. Prove that 


(1) QO = YO. 
(2) OP = ОХ. 

АВ and CD аге two equal chords іп a circle with centre O, 

intersecting at a point X within the circle, Prove that 


OX, or OX produced, bisects AXD and CXB. 


Two circles, with centres A and B,intersectatC. X is the 
mid-point of AB, and a straight line through C, perp. to CX, 
meets the circles in Y and Z. Prove that YC — CZ. 


Two circles intersect in X and Y. АХВ is any line through 
X, meeting the circles іп A and В. Prove that AB has its 
‘maximum length when it is parallel to the line of centres 
of the circles. 


Proof: OA = OC (radii of same circle) 
7. OCA — OAC (base /s of isos. A). 
But AOD = OĈA ofc (ext. 7 “of 
A = sum of int. Opp. Zs) 
. AOD = 2ОСА, 
Similarly 880 = 20CB. 
Figs. r and 2: A 
By addition AÔD 4 88 _ 20CA + 2068 
.. AOB = 2ACB, 
Fig. 3: қ 
By subtraction обв — DOA = гоёв — 2ОСА 
2775 77) АОВ = BACB, 
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THEOREM 22 


Angles at the circumference of a circle standing on 
the same arc are equal. 


SN 


Ес. 2. 

Given: Circle with centre О, and АРВ and AQB angles at the 
circumference, standing on the arc AEB. 

Required: To prove that 8-6. 

Construction: Join AO and OB. 


-~ Proof: 
Fig 1: 
AOB = 2P (Z at centre is twice / at circumference 
standing on same arc). 
AGB = 20 (same reason). 
28-6. 
Fig 2: 


Reflex AOB = 25 (Z at centre is twice / at circumference 
E standing on same arc). 
Reflex AÓB — 2Q (same reason). 
16-6. 
.[Note г The theorem is often stated thus: Angles in the 
same segment of a circle are equal.) 


224 THE CIRCLE 


THEOREM 23 
The angle in a semicircle is a right angle 


(4 


N 


Given: Circle with centre O, and ACB an angle in the semi- 
circle ACB. 


Required: To prove that ACB = 1 rt. angle. 


Proof: ACB is a semicircle 
2. AB passes through O. 


АОВ — 2ACB (Zs at centre and circumference 
2 standing on same arc). 
But AOB — 2 rt. angles (АОВ is а str. line) 


5 ACB = I rt. angle. 
From the two previous theorems it follows that 


(1) the angle in a major segment of a circle is an acute angle, 
er, an angle at the circumference of a circle, standing on a 
minor arc, is an acute angle. 


(2) the angle in a semicircle is a right angle. 


(3) the angle in a minor segment of a circle is an obtuse 
angle, or, an angle at the circumference of a circle, standing 
on a major arc, is an obtuse angle. y 
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. ed 
зь. S 
ep Сы 


XA and XB are diameters. 


Find DSF and BFD. 
Prove A, Y, B collinear. 
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8 
8. OA is a radius of the larger, and a SQ 


diameter of the smaller, circle. Prove n 
that Cis the mid-point of the chord AB. SENE, 


9. AB and CD are two chords of a circle, intersecting at O, 
Prove that triangles AOC and BOD are equiangular. 
10. AB and CD are two chords of a circle which, when produced, 
meet outside the circle at a point O. Prove that triangles 
AOD and BOC are equiangular, 
тї. AB and CD are two parallel chords of a circle. AD and BC 
intersect at O. Prove that 
(1) OA = OB. 
(2) OC = Ор. 
12, PQ and RS are two chords of a circle intersecting at X, 
If PX = PR, prove that SX = 50. 


13. OA and ОВ are two radii of a circle such that AOB = 1 rt. 
angle. AC and BD are parallel chords through A and B. 
Prove that AD and BC cut at right angles. 


14. Two circles intersect in A and B. Through A, a straight 
line CAD is drawn, terminated by the citcumferences at C 
andD. Prove that if any other such line is drawn through 
A, it subtends an angle at B equal to CBD, 


15. What is the size of the angle subtended (1) at the centre, 
(2) at the circumference of a circle, by a chord equal in 
length to the radius ? 

ABCD is a quadrilateral whose vertices lie on the cir- 
cumference of a circle. The Opposite sides AB and CD 
are each equal to the radius of the circle. If AC and BD 


meet in E, find the size of AEB and Prove that AD and BC 


are parallel, 


16. AB is a chord of a circle with centre O and C is any point 
on the major arc. CA and CB meet the diameter perp. to 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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Angle A of triangle ABC is bisected by AD which meets the 
circumcircle of AABC in D. 
With centre D and radius DC a circle is drawn cutting 


AD in Е. Prove that BE bisects ABC, 


In AABC, the perpendicular from A to BC meets BCin D, 
and the circumcircle of AABC in F. The perpendicular 
from C to AB meets AD in б. Prove that AGCF is an 
isosceles triangle. 


А and B are two points on the circumference of a circle 
with centre O. The circle through A, O, B is drawn, A 
straight line AXY cuts this circle in X and the first circle in 
Y. Prove that BX = XY, 


ABC is an acute-angled triangle. The diameters of the 
circumcircle of AABC, drawn through B and C, meet the 
circle again in X and Y respectively. AX and AY are 


joined. Prove ҮАВ = ХАС. 


AXB and CXD are two perpendicular chords of a circle with 
centre O. Prove that the angles AOD and BOC are 
supplementary. T с 


A is a point outside a circle with centre В. On АВ as 
diameter a second circle is drawn. A line from A cuts the 
first circle in C and D, and the second in E. Prove that 
СЕ -- ED. 


AD-is the perpendicular from the vertex А of ДАВС to 
the opposite side BC. АХ is the diameter through A of the 
circumcircle of ДАВС, Prove that As ABD and АХС are 
equiangular. 


Prove that the circles described on two sides of any triangle 
as diameters, intersect at a point in the third side, or in 
that side produced. : 


Circles described on two sides of a triangle as diameters, 
meet at the mid-point of the third side. Prove that the 
triangle is isosceles, 
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THEOREM 24 


If the straight line joining two points subtends equal 
angles at two points on the same side of it, the four points 
аге concyclic. У 


Given: Straight line АВ subtending equal angles АСВ and 
ADB at two points C and D on the same side of the 
line AB. 


Required: To prove that A, C, D, B are concyclic, 


Construction: Draw the circle through the three points A, C, B. 
If D does not lie on this circle, let the circle cut AD ot 
AD produced at E. Join ВЕ, 


Prooft ACB = AEB (Js in same seg). 
But ACB = ADB (given) 
J. ADB = АЕВ, í 
i.e. ext. Z of A = int. opp. C, which is impossible, 
7. D lies on the circle through A, C, B 
ТА, C, D, B are concyclic. 


THE CIRCLE 229 


THEOREM 25 


The circle described on the hypotenuse of а right- 
angled triangle as diameter, passes through the vertex 
of the right angle. х 


o 


Given: AABC right-angled at C and a circle ADB described 
on the hypotenuse AB as diameter, 


Required: To prove that the circle ADB passes through C. 


Construction: Take any point D on the circumference of the 
circle, on the same side of AB as С. Join AD, DB. 


Proof: Абв — 1 rt. angle (Z in a semi-circle). 
But ACB — 1 rt. angle (given) 
г. ACB = ADB. 
But these angles are subtended by a str. line AB at 
two points on the same side of AB 
^. A, C, D, B are concyclic 
circle on АВ as diameter passes through С. 
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. EXERCISES 39 


I. 
Ч А 
A 2 х 
Е с 


в в c 
Prove that B, H, E, C Prove that B, H, Е, С 
are concyclic, are concyclic. i 


2 
А ^ B Y c 
Prove that A, B, C, D Prove A, X, B, Y are 
are concyclic. concyclic. D 


3. Prove 


x (г) А, О, Q, P are concyclic. 
(2) ОСА = ОРВ, 


6. Find the centre of the circle passing 
through B, H, E, C. A circle is 
described on AK as diameter.. 
Through which two points in the 
figure does it pass? 


N 


œ 


10. 


11. 


13. 


14. 
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. BN is the perpendicular from B to 
AC. M is the mid-point of AC. A 
Show that BM and BN trisect B. A À 
A M N 


The segment APB is fixed and P moves 


on the arc of the circle. Find the locus P 
of Q. 


^ 8 


. BE and CH аге perpendiculars from the vertices В, С of 


AABC to the opposite sides AC and AB respectively. 
Prove that ВЕН = BCH. 
D, E, H are the mid-points of the sides BC, CA, AB respec- 


tively of ДАВС. С is the foot of the perpendicular from 
А to BC. Prove that D, С, E, Н are concyclic. 


ABC is an isosceles triangle and D is amy point in AB. 
DE is drawn parallel to BC meeting AC in E. Prove that 
B, C, E, D are concyclic. ; 


- AB is a fixed straight line. Find the locus of points at 


which AB subtends an angle equal to a given angle. 


А triangle ABC has its base BC fixed, and its vertex А 
moves on the arc of a circle through B and C. Find the 
locus of the circumcentre of AABC. 


A triangle ABC has its base BC fixed, and its vertex A 
moves on the arc of a circle through B and C. If the 


bisectors of 8 and C meet in 1, find the locus of 1. 


(ны; Prove that BIC = 9o* 4- 2] 
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15. The base AB of A ABC is fixed and so also is С. From the 
greater of the two sides CA, CB, a part CP is cut off equal | 
to the less. Prove that the locus of P, as C moves in a 
plane, is composed of two equal arcs of circles. 


16. ABC is a triangle with BE and CH the perpendiculars from 
ы B and C to AC and AB respectively. D is the mid-point of 
BC. Prove that DH — DE. 


17. In AABC, AD and CE, the perpendiculars from A and C to 
the opposite sides, meet in O. X, Y, Z are the mid-points 
of BC, CA, AO. Prove that the circle on XZ as diameter 
passes through D and Ү, 


18. Prove that the circles described on the four sides of a 
rhombus as diameters have a common point. 


19. AB із a diameter of a circle and АВ bisects a chord XY. 
If xs is pne to AY, prove that XY passes through the 
centre of the circle, 


20. Two circles with centres P and Q intersect at X and Y. 
AXB and CYD are each drawn parallel to PQ and are 
terminated by the circumferences at A, B and at C, D. 
Prove that ABDC is a rectangle and that AY and CX both 
pass through P. 


21. AB is any chord of a fixed circle, and P is any point at which 
it subtends a right angle. Prove that the sum of the 
squares on the lines joining the mid-point of the chord to P, 
and to the centre of the circle, Tespectively, is constant. 


22. D is the foot of the perpendicular from the vertex C of a 
ДАВС on the bisector. AD of the angle САВ. DE is drawn 
parallel to BA and meets AC in E. Prove that E is the 
mid-point of AC. 


23. X is the mid-point of the side QR of AOR, and PY, the 


bisector of ОРА, meets QR in Y, The perpendicular from 
R to PY meets PY in Z. Prove XZ parallel to QP. 


24. P, Q, R, S are four points in order on the circumference of 

à circle, such that PR and OS intersect at right angles at O. 

Vis the mid-point of QR, and ХО produced meets PS in Y. 
Prove that OY is perpendicular to PS. 
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THEOREM 26 


(i) The opposite angles of a cyclic quadrilateral are 


supplementary. 
“; 


ND 
Given: Quadrilateral ABCD inscribed in a circle with centre O. 


Required: To prove 
(1) 8 5 a rt. angles. 
(2) BAD + BCD = 2 rt. angles. 


Construction: Join AO and CO. 


Proof: Reflex AGC = 26 (C at centre is twice g. 
at circ. standing on same 
arc). 
AOC = 2D (same reason) 

2. Reflex AOC +A0C = 28 + 20. 

But Reflex AGC + AGC = 4 rt. angles 

„ 645 =2 rt. angles, 

Similarly, by joining BO and OD it may be proved. 
that 


BAD + BCD — 2 rt. angles. 
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(ii) An exterior angle of a cyclic quadrilateral is equal 
to the interior opposite angle. ; 


| Given: Cyclic quad. ABCD, with AD produced to any pt. E. 
Required: To prove CDE = ABC. 


Proof: . ABC + СБА = 2 rt. angles (opp. Zs of a cyclic 
/ quad.). 


But COE + CDA — 2 rt. angles (adj. / 5 standing on 
a str. line ADE) . 


2, CBE = Asc. 
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THEOREM 27 


If a pair of opposite angles of a quadrilateral are 
supplementary, the quadrilateral is cyclic. 


` 


а 


Given: Quad. ABCD with A + € = 2 rt. angles. 
Required: To prove that ABCD is a cyclic quad, 


Construction: Draw the circle through A, B, D. 
Take E, any point on the circumference of the circle on 


the same side of BD as C. 


Join BE, DE. 
Proof: АХ-Е-2 rt. angles (opp. Zs of a cyclic quad.). 
But Â + € =2 rt. angles (given) 
n E=E 


But € and Ё are subtended by BD at points C and E 
on the same side of BD 

2. B, C, E, D are concyclic 

7. € lies on the circle through A, B, D 

-. ABCD is a cyclic quad. 


Find the remaining 
angles at B, C, D. 


3. А 25° 
D 
c 
Find С. 
5 р 
* 
Find x, 
7. 
A B 
D c 
7 Prove ABCD а cyclic 
quadrilateral. 


2. c 


A D 
Find абс, 


Prove ABCD a cyclic 
quadrilateral, 


ABCD is a parm. Any 


circle through A and B . 


cuts DA and CB produced 
atPand Q resp. Prove 
DCQP cyclic. 


— —— 
— е. 


10. 


І 


м 


12. 


13. 


n. 


15. 
16. 


. Find В, 


AFD and BFE are straight lines. , 
Find: ACE. 


. Find the number of degrees in 


each of the angles AFB, AEB, FBE. 


ABCD is a cyclic quadrilateral. 
EO and HO. bisect Ё and A 
respectively. Find DCH and 
ойс, Prove EOH = 9o*. 


Prove that the opposite angles of a cyclic quadrilateral are 
Poppo by drawing the diagonals of the quadri- 
ateral. 


ABC is an isosceles triangle with AB = AC. DE is a 
straight line parallel to BC. cutting AB, AC in D, E respec- 
tively. Prove that BCED is a cyclic quadrilateral. 
Prove that if a parallelogram be inscribed in a circle, the 
parallelogram must be a rectangle. 

ABC is a triangle. AD and BE are perpendiculars from the 
vertices A and B to the opposite sides, AD and BE inter- 
sect іп О. Prove OCD = BAD. 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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ABC is a triangle. A circle through B and С cuts AB, 
AC in D, E respectively. Prove that triangles ADE and 
ABC are equiangular. 

AB and CD are two intersecting chords of a circle. From 
A and C, ndiculars AE and CH are drawn to CD and 
AB, produced if necessary. Prove EH parallel to BD. 
Two circles intersect in X and Y. A straight line ABCD 
cuts the first circle in A and B and the second in C and D. 
Prove that АХС + BYD = 2 right angles. 

A, B, C, D, E, H are six points on the circumference of a 
circle, such that AB is parallel to ED, and BCis parallel to 


.HE. Prove that CD is parallel to АН. 


ABCD is a cyclic quadrilateral in which AB and DC pro- 
duced meet in E, and BC and AD produced meet in H. 
Circles through B, C, E and through H, C, D intersect in 
C and K. Prove that E, H, K are соШпеаг, 
A circle is circumscribed to a triangle АВС. From P, any 
point on the circumference, perpendiculars PD, PE, PH are 
drawn to BC, CA, AB, produced if necessary. Prove that 
(1) РЕН = PCB. 
(2) D, E, H are collinear. 
PQRS is a parallelogram. Through Q, a straight line QX is 
drawn parallel to the diagonal PR, meeting SR produced 
at X. The circumcircle of APQR meets PS, produced if 
necessary,at Y. Prove that R is the centre of the circle 
through X, Y, S. 
ABC is an acute-angled triangle. L, M, N are points on 
BC, CA, AB respectively such that the circles through 
B, N, Land C, L, M intersect at a point O inside the triangle. 
Prove that AMON is a cyclic quadrilateral, 
In a quadrilateral PQRS, РО + RS = QR + Sp. Points 


G, H, K, L are taken іп РО, QR, RS, SP respectively, such 


that PG = PE, ОС = ОН, RH = АК Prove GHKL a 
cyclic quadrilateral, 
ABCD is a cyclic quadrilateral. АР is the perpendicular 
from A to BC and P lies between B and С. AQ is the 
1 from A to CD and meets CD produced at Q. 
rove that » 
(т) PAB = ОАО, 
(2) ABAD is equiangular to APAQ. 


27. 


28. 


29. 


30. 


31. 


32. 
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AB is a diameter of a circle. Cand Q are any two points 
on one of the semi-circles. QF is perpendicular to AC and 
QE is perpendicular to АВ. If QE cuts the circle again in 


R, prove QEF = QRC. Prove also that FE, produced if 
necessary, bisects QC. 


In triangle ABC, AD and CE are perpendicular respectivel 
to BC and AB, and СЕ is produced to С so that EG: = HE, 
33 H is the point of intersection of AD and СЕ. Prove 
that 

(1) AEDC is a cyclic quadrilateral. - 

(2) ВСЕ — DAB, and АСВС is a cyclic quadrilateral. 


ABCD is a cyclic quadrilateral in which AD > ВС. AB 
апа DC meet at 5, and AC and BD meet at O. Prove the 


following pairs of triangles equiangular : 
(x) SBC, SDA; 
(2) AOD, BOC; 
(3) SAC, SDB. 
If CD is produced (through D) to E, and BX, the bisector 


of ABC meets the circumference of the circle circum- 
scribing the quadrilateral, in X, prove that XD, produced 


if necessary, bisects ADE, 


ABC is a triangle in which the altitudes AD and ВЕ meet 
in Н. O, the mid-point of СН, is joined to D. Prove 


A, E, D, B are concyclic and обс = 2A8c. 


PQR is an acute-angled triangle. A circle is described on 
the side QR as diameter and cuts PQ and PR in X and Y 
respectively, QY and RX intersect in Z. Prove that 


QZR = POR + PRQ. 


Two circles ACB and AOB intersect in A and B, O being 
the centre of the circle ACB. If X is any point on the 
arc AOB, and AX cuts the circle ACB in Y, prove that 
XB = XY, and OX is perpendicular to BY. 
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THEOREM 28 
The altitudes of a triangle are concurrent 


Given: ABC. 
Required: To prove that the altitudes of ДАВС аге соп- 
current. 
Construction: Draw the altitudes BE and CF and let them 
meet in H. 
Join AH and produce it to meet BC in D. 
Proof: Join EF. 
In quad. AFHE, 
AFH = AEH = x rt. angle (constr.] 
VE Ad isa сусіс quad. (opp. Zs supp.) 
. AEF = AHF (Zs.in same seg.) 
But АЙЕ = ойс (vert. opp. Zs) 
^ AEF = ойс. 
Also BFC = ВЕС (each а rt. angle by constr.) 
„ BFEC is а сус. quad. (BC subtends eq. Zs at F 
and E) 
e ЄН = FCB (Zs in same seg.), 
ie. FEH = Hep, 
г. DAC + HED = AGF + н = AEH =r rt, angle 
(constr.) 
. HOC = 1 rê angle (sum of Zs of a 
A = 180°) 
2. AD is perp. to BC. 
But AD passes through H 
2. Altitudes of AABC are concurrent, 


з (Note: The point H is called the orthocentre of the 
triangle.) 


AD, BE, CF are the aliitudes of AABC and they are con- 
current in H. 


The triangle DEF formed by joining the feet Т the altitudes 
is called the pedal triangle. 


(Note: (1) ee are two groups of three cyclic quadrilaterals 
the figure, oe six in all. 


(а)-А group of tos which together make up the 
complete figure АВС. ' 
These are АРНЕ, ЖҮНІР) CEHD, 


(b) А ép ot ihres, one standing on each of the 
three sides of the given triangle. 
These are Breg, CDFA, AEDB. 


(2) There are three’ groups of four ma angles as 
shown in the. figure.) 
N 


It follows from the figure that the altitudes of AABC bisect 
the angles of the pedal triangle DEF. 


Thus, the Orthocentre ot a triangle is the . * of its 
Pedal Triangle, 


* Later, it will be proved that the point of concurrence of the 
bisectors of the angles of a triangle із the Іасепіге of the triangle. 
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EXERCISES 4I 


x. Two points E, F are taken on the circumference of a semi- 
circle whose diameter is AB. АЕ and BF produced meet in 
G. AFand BE meetin H. Prove GH perpendicular to AB. 

2. ABC is a triangle with BE, CF two of its altitudes. К is the 
mid-point of BC. Prove that 

(1) KB = KF = KE = KC. 

(2) AAEF equiangular to AABC, 

(3) КЕР = КРЕ = А. 

3. ABC is a triangle with BE, CF two of its altitudes which meet 
in H. P is the mid-point of AH. Prove that 

(1) PA = РЕ = PH = PE. 

(2) FPE = 2A. 

4. АВС is a triangle in which D, E, F are the feet of the altitudes 
from A, B, С to the opposite sides BC, CA, AB resp. Н is 
the orthocentre. Р, L, R. К аге the mid-points of АН, АС, 
CH, CB respectively. Prove that 

(1) L and R lie on the circle circumscribing the APKD. 

(2) E also lies on the circumference of this circle. 
Whar peer points must lie oñ the circumference of this 
circle 

(Note; The above results are true for any triangle. Тһе 
facts are usually stated as follows: 

In ay triangle, the mid-points of the sides, the feet of the 
perpendiculars from the vertices to the opposite sides, and 
the mid-points of the lines joining the orthocentre to the 
vertices, all lie on the circumference of a circle, 

This circle is called the nine point circle and its centre, 
the nine point centre of the triangle.] 

5. Show that in the figure for Theorem 28, A, B, C are the 
orthocentres of triangles BHC, CHA, AHB respectively. 
6. In an acute-angled triangle ABC, the altitudes AD, BE; CF 
meet at H'and when produced, meet the circumcircle of 
ЛАВС in P, О, R respectively. Prove that HD = DP. 
Hence prove that the sides of ADEF are parallelto, andequal 
to half the corresponding sides of APQR. Show also that 

Н is the incentre of ДРОҚ, 
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7. AD, BE, CF are.the three altitudes of AABC and are con- 
current in H. 

Circles are drawn on AH and BC as diameters, Prove 
that each of these circles passes through E and F. Show 
that the radii of these circles drawn to the point F contain 
a right angle. 

. Н is the orthocentre of triangle ABC. АХ is a diameter of 
the circumcircle, Prove that XH bisects BC. 

9. P is the mid-point of the base BC of AABC. If H is the 

orthocentre and S its circumcentre, prove that AH = 25P. 


Central Symmetry of the Circle 


It has already been shown that a circle is symmetrical about 
any diameter. 


There is a further type of symmetry possessed by the circle, 
called Central Symmetry. 


K 


LN 


ONY 


D 

AC is a chord of a circle with centre O, and OA and OC are 
radii, 

The figure bounded by the radii OA and OC, and the arc ABC 
intercepted by the radii, is called а sector of the circle, 

The figure bounded by the chord AC and the arc ABC is 
called a segment of the circle. 195 

Place a piece of tracing paper over the figure and pin it to 
the figure at O. Trace on the tracing paper the sector OABC 
and the chord AC and rotate the paper about O. 

Owing to the central symmetry of the circle, the arc on the 
tracing paper always coincides exactly with an arc of the 
circumference of the circle. Я 

Two positions of (ће rotating sector and segment are shown 
at ODEH and OEHK. 
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These sectors and the corresponding segments are identical 
since each is an exact copy of the original sector OABC and 
the segment АВС. 

It follows that 

arc DEH = arc ЕНК = arc ABC, 
chord DH — chord EK — chord AC, 
DOH = £OK = АОС, 


Angle-Chord-Arc Property of the Circle 


It follows from considerations of symmetry that: 

(1) If two angles at the centre of a circle are equal they 
stand on equal ares, У ; 

(2) If two arcs of a circle are equal, the angles subtended 
by them at the centre of the circle are equal, 

(3) If two chords of a circle are equal, the arcs cut off by 
them are equal, the major arc equal to the major arc, and the 
minor arc equal to the minor. 

(4) If two arcs of a circle are equal, the chords which cut 
them off are’ equal. : и 


AÉB and CAD are equal angles at the circumference, standing 
on the arcs AXB and CYD respectively. 
But AOB = 2AEB (angle at centre double angle at circum- 
AE RENI. llerence) 
and COD = 2CÑD (same reason) = = 
л Абв = côd. C 5 
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Hence the sectors OAXB and OCYD are congruent. What 
has been said above for angles at the centre of a circle is there- 
fore also true for angles at the circumference, Again, the 
above facts which apply to one circle, will also apply to equal 
circles, since the one circle can be fitted exactly on to the other 
circle. 

Hence it follows that: 

(1) In equal circles, or in the same circle, if two 
angles, either at the centre or at the circumference, are 
equal, the arcs on which they stand are equal. 

(2) In equal circles, or in the same circle, if two arcs 
are equal, the angles subtended by them, either at the 
centre or at the circumference, are equal. 

(3) In equal circles, or in the same circle, if two chords 
are equal, the arcs cut off by them are equal, the major 
arc equal to the major arc and the minor equal to the 
minor. 

(4) In equal circles or in the same circle, if two arcs 
are equal, the chords which cut them off are equal. 


EXERCISES 42 
A в 


1. AB and CD are parallel chords, Prove 
arc АС = arc BD. 


2. BC = Ар. Prove АВ parallel to. DC, 
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3. Rot ДАВС is bisected by AD which meets 
the circumcircle in D. Prove ADBC 


isosceles. 8 127 С 


4. ABCDEH is a regular hexagon and О 
the centre of its circumcircle. Find g 
AOH. What angle does CD subtend 8 
each of the vertices A, B, E, H? 


>22 Do 
S 
TW 


ә 
a 


> 
ai 
o 


5. Circles are equal. PAQ and 
RAS are any lines through A. 
Prove that arc PR — arc QS, 


х 
> 


it 


6. Circles are equal. ХАҮ is any 
line through A. Prove AXBY 
isosceles. 


7. AABC is equilateral. P and S are Р RANA 5 1 
mid-points of ares АВ and АС. Prove » 
that PQ — QR — RS. | 


8. PQ = PR. QR is produced to 
S making RS — PR. PS cuts 
the circle in T. Prove that QT 


bisects POR. 


0 
v 


14 
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. Show how to bisect any arc of a circle. 
. Show how to divide the circumference of a circle into 


5, 6, 8 equal arcs. 


. А rectangle PQRS is inscribed іп a circle. ST is a chord 


of the circle, equal to RS. Prove that QT = PS. 


. ABC is an equilateral triangle inscribed in a circle. D and E 


are points on the arcs AC, BC respectively, so that AD = ВЕ, 
If BD and EA cut at O, prove that CO produced bisects 
arc AB. 


. ABC is a triangle inscribed in a circle. AX bisects the 


15. 


16. 


27. 


18. 


19. 


20 


arc BC, and BY, parallel to ХА, meets the circle іп Y. 
Prove that YX and AC are parallel and that XC — AY. 
А square is inscribed іп а circle, One of its vertices is the 
vertex of an equilateral triangle inscribed in the circle. 
Prove that the side of the triangle opposite this vertex is 
parallel to a diagonal of the square. 

Two circles intersect at A and В. Two parallel straight 
lines PAQ and RBS are drawn through A and B, meeting 
the circles in P, R and in Q, S. Prove that PR = QS. 

[Hint: Prove each equal to AB.] 

Two circles intersect at A and B, and C is a variable point 
on one of the circles. 

CA and CB when produced meet the other circle ino 
and Е. Prove that, as C moves on the arc ACB, the length 
of the arc DE remains constant. 

(Hint: Prove that DAE remains constant.] 

AB is any chord of a circle. P is the mid-point of either 
arc AB and Q is any point on the other arc AB. Prove that 
P is equidistant from QA and QB. 

ABCD is a cyclic quadrilateral in which А = D. Through 
B, a chord BE is drawn parallel to the diagonal AC, meeting 
the circle in E. Prove that AC bisects the angle EAD. 
lis the point of concurrence of the bisectors of the angles 
of AABC. Al produced meets the circumcircle of AABC 
in D. Prove DB = DI = DC. 

AB and CD are two perpendicular chords of a circle inter- 
Secting at E inside the circle. Prove that the sum of the 
arcs AC and BD is equal to half the circumference of the 
circle, 
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Tangency 


It has already been proved that a straight line cannot cut 
а circle in more than two points. 

The line AB in the figure cuts the о 
circle at Р апі О and is called a E 
secant. в 

If the line ABis moved parallel to 
itself, the points Pand Q move along 
the circumference of the circle to- 
wards each other, and when AB А 
reaches the position CD, the two 
points P and Q coincide at E. 

CD is said to be a tangent to the circle, and E is called the 
point of contact of the tangent, 

The word“ tangent ” means touching Y, and in defining a 
tangent, it is this property of touching that must be explained. 


Ы D 


D 
CT B 
2227. 
А А 


FiG. 1. Fic. 2. Fic. 3. 


In Fig. 1, the line AB meets the circumference of the circle 
at B. 

In Fig. 2, the line AB meets the circumference of the circle 
at B, but, when produced, cuts the circumference at B and 
again at C. 

In Fig. 3, the line AB meets the circumference of the circle 
at B, and, when produced, does not cut the circumference, and 
we say that AD touches the circle at B; or isa tangent to the 
circle at B. 


THE CIRCLE 249 


Definitions: 

(1) A tangent to a circle is a straight line which meets 
the circumference of the circle and which, when produced, 
does not cut the circumference. 

(2) A circle is said to be inscribed in a rectilineal figure 
when each side of the figure is a tangent to the circle. The 
circle is called the incircle and its centre is called the 
incentre. 

The rectilineal figure may then be said to be circumscribed 
to the circle. 

(3) A circle is said to be escribed to a triangle when it 
touches one side and the other two sides produced. The 
circle is called the escribed circle and its centre is called the 
ex-centre. 

A triangle has thus three escribed circles and three ex- 
centres. 


(4) In the figure, TAN is a tangent $ в 
to the circle at А and АВ is any chord 
drawn from the point of contact A. 

The angle between the tangent and D 
the chord is BÁN, or its supplement 
BAT. 7 А N 


If we regard BÂN as being the angle between the tangent 
and the chord, the segment ACB is referred to as the alternate 
segment and ACB as an angle in the alternate segment. 

Similarly, if we regard BAT as being the angle between the 
tangent and the chord, then the segment ADB is the alternate 
segment. д 

The radius drawn to the point 
of contact of a tangent to a circle 
is perpendicular to the tangent. 

Since the point of contact is the only 
point which a tangent has in common v 
witha circle, all points on the tangent, B 
other than the point of contact, lie f 2 
^ntside the circle. 
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In the figure, TN is a tangent to a circle with centre O. A is 
the point of contact of the tangent and B is any point on the 
tangent other than A. 


1. OA < ОВ. 

This is true for all positions of the point B 

22. OA is the shortest distance from О to the line TN 
2. OA is perp. to TN. 


2. The radius of a circle drawn to the point of contact of a 
tangent to the circle is perpendicular to the tangent. 


Conversely, the straight line drawn perpendicular to 
а radius at the point where it meets the circumference 
is a tangent to the circle. 


г! . — 
N 


T А в 


In the figure, OA is а radius and 


OAT — 1 right angle. 


We therefore have to show that all points on TN, other than A, 
lie outside the circle, 


Let B be any point on TN other than A. 
Then OAB = І right angle. 
^. ОАВ > OBA (sum of Zs of a A =2 rt. angles 
7. OB > OA (greater side is opp. greater. /) 
and this is true for all positions of B. 
But OA is a radius 
-. B lies outside the circle. 
Hence all points on TN, other than A, lie outside the circle 
г. TAN is a tangent to the circle. 5 
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1. AB is a diameter of the circle. PAQ 
and RBS are tangents to the circle at А B 
А and В. Prove РО parallel to RS. 


2. AB is a diameter of the circle, and TAN 
the tangent at A. XY is any chord Y 
parallel to TN. Prove AB bisects XY. 


Аҹ 


о. 


What is the locus of the mid-points of a system of parallel 
chords in a circle? 


4. AT is the tangent at A to a circle 
with centre О, Find x in terms р 
of y. 
с 
5. А с А 
62 62 
о о 
B B 


ОА and OB аге tangents to the circle. Find x in both 
cases, 


6. listhe . AABC and the incircle Е 
touches the sides at D, Е, Н. Find 
the angles of the triangle ABC. 
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7. Show how to draw to a given circle a tangent which is 


(а) parallel to a given straight line, 
(b) perpendicular to a given straight line, 


8. PQ is a diameter of a circle and X is any point on the 
circumference. PR is perpendicular to the tangent at X, 


Prove that PX bisects RPQ. 


9. PM is the diameter of a circle. On the tangent at P, a 
point 5 is taken so that PS = PM. If the straight line 
5М cuts the circle at М, prove MN = NS = NP. 


10. TA and ТВ are tangents to a circle from a point T, meeting 
the circle in A and B. Prove that TA — ТВ. 


ir, From а point P, outside а circle, two tangents PA, PB and 
а secant POR are drawn to the circle. BC is the chord of 
the circle parallel to PQR, and AC meets PR in D. 
Prove that P, A, D, B lieon a circle which passes through 
O, the centre of the given circle, and that D is the mid- 
point of the chord QR, 


12. Aisany point on the diameter of a circle whose centre is O, 
and ОВ is the radius perpendicular to this diameter. If 
BA cuts the circle again in C, and the tangent at C meets 
OA produced at D, prove that DA = DC. 


13 


Tangents at points A and B of a circle with centre O meet 
in X, and a secant from X cuts the circle in Y and Z. 

If C is the mid-point of YZ prove that ACOX is a cyclic 
quadrilateral and that ACX = AGx, 


If AC produced meets the circle in D, prove DB parallel 
to ZY. 


14. AB is a diameter of a circle, State and prove a con- 


15. AB is a straight line and C a fixed point in it. D is a fixed 
Point not in the line AB. State and prove a construction 
for finding the centre of the circle Which passes through D 
and touches the line AB at the point C, 


THE CIRCLE 253 


CoNsTRUCTION 16 


To draw a tangent to a circle from a point outside 
the circle. 


Given: Circle with centre O, and A a point outside the circle. 
Required: To draw, from A, a tangent to the circle. 


Construction: Join ОА. 
On OA as diameter construct a circle and let it cut the 
given circle at P and Q. 
Join AP and AQ. 
Then AP and AQ are tangents to the given circle, 


Proof: Join OP and OQ. 
OPA = І rt. angle ( іп a semi-circle). 
But OP is a radius of the given circle 
2. AP is a tangent to the given circle. 
Similarly AQ is a tangent to the given circle. 


Cor.: Tangents from an external point to a circle are equal. 


Proof: In As OPA and OQA 
1. OP = OQ (radii of same circle). 
2. OA is common. 
3. OPA = ОДА (rt. angles). d 
2. AOPA= ДООА (rt. angle, hyp. and side) 
J. АР = АО. 


254 THE CIRCLE | 


Two circles are said to touch one another when their circum- 
ferences meet, but do not cut, one another. 


ее 


Fic, 1. Fic. 2. 


The point where they meet is called the point of contact. 
When one circle lies within the other, as in Fig. І, the circles are 
said to touch one another internally, or to have internal 
contact. б 

When each of the circles is outside the other, as in Fig. 2, 
the circles are said to touch one another externally, or to have 
external contact. : i 

When two circles touch, whether internally or externally, 
they necessarily have the same tangent at the point of contact. 

The ‘tangent is then called a common tangent to the two 
circles, 

When two circles touch опе another, their centres 
and the point of contact lie in the same straight line. 


Draw the common tangent TN to the two circles at their 
point of contact A. 
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Then РАТ = f rt. angle. (Radius to pt. of contact perp. 
2 to tangent.) 
Also. ОАТ--і rt. angle. (Same reason.) 
In Fig. 1. Since AP and AQ are each perp. to TAN 
2. AP and AQ lie in the same str. line. 
InFig.2. Since РАТ and ОАТ are adjacent supplementary 
angles 
2, РАО is a straight line. 
Cor.—The distance between the centres of two circles which 
touch one another is equal to the difference or the sum of the 
radii, according as the circles touch internally or externally. 


EXERCISES 44 
B c 
I. The quadrilateral is аена 
to the circle, Prove that 
AB + CD = BC + РА; 
^ D 
2. Find the length of the tangent 5 
from P to the circle. 17in.—4 
P 
3. AP and AQ are tangents to the 
circle. Find x. А 
5; 9 
Р 
4. AP and AQ аге dug to the Ne 
circle. Prove that OA bisects A 


PQ perpendicularly. LI 
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P 
5. AP and AQ are tangents to the 
circle with centre O. PR is the 8 
diameter through O. Prove RQ RU ^ 
R= 
A 


parallel to OA. 


6. The circle is the inscribed circle of 
the A. If s — semi-perimeter of t 
AABC prove H 
АН = АЕ = s —a, 
ВН = ВО = s — b. 
Ср = СЕ = $ — с. "rr 


7. Circles, centres А and B, touch 


externally at О. РОО is any N 
line through O, meeting the 

circles in P and О, Prove АР Ap 

parallel to BQ. 


8. Circles touch externally at C. 
- O is a point on the tangent 


to the circles at C. OD and D 
ОЕ are tangents. 622 Е 
Prove OD = OC = OE, а! 


Prove x — у = 6. 


9. If the tangents drawn from a point to a circle of radius 
I in. are 2:5 in. long, find the distance of the point from 
the centre of the circle Бу: measurement and check by 
calculation. 
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то. Draw a circle of radius 4-5 cm. Construct the tangents 


to this circle from a point 8:5 cm. from the centre. 
Measure the lengths of the tangents, and check by 
calculation, $ 


II. Prove that the intercept made by any two parallel 


I2. 


13 


14 


15. 


tangents to a circle on any third tangent subtends a right 
angle at the centre of the circle. 


. Tangents AB and AC are drawn to a circle from an external 
point A. ОХЕ is the tangent at a point X on the arc BC, 
and cuts AB and AC in D and E respectively. Prove that 
the perimeter of AADE = 2AB, 


. Draw two parallel straight lines cut by а third straight line 
in A and B, and show that two circles can be drawn to touch 
all three lines. If AB meets the two circles in P and Q, 
prove that AP — BQ. Show also that the distance be- 
tween the centres is equal to AB. 


B and C are points of contact of tangents from a point A 
to a circle with centre O, The tangent at any point D 
on the minor arc BC meets AB, AC in E and H respectively. 
Prove that, as D moves on the arc BC, the angle EOH 
remains constant. 


The angle between two tangents to a circle from a point P 
is equal to the angle between the two tangents to the same 
circle, drawn from a point Q. Prove that P and Q are 
equidistant from the centre of the circle. 


16. A straight line XY is a tangent to two circles touching them 


17 


18, 


at X and Y respectively. Z is the mid-point of ХҮ, and the 
perpendicular from Z to the line of centres is equal to half 
of XY. Prove that the circles touch each other. 


. Two circles touch each other internally or externally at 
apoint P, Through Р, a straight line is drawn meeting the 
circles again at A and В. Prove that the tangents to the 
circles at A and B are parallel. 


. Two circles touch one another externally at A, and the 
tangent at a point B on one of them cuts the other at 


C and D. Prove that AB bisects externally CAD. 
N.C.G.—9 
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THEOREM 29 


The angles between a tangent to a circle and a chord 
drawn through the point of contact are respectively equal 
to the angles in the alternate segments of the circle. 


D 
T A N 


Given: Circle with centre О, and TAN the tangent at A. The 
chord AB divides the circle into two segments ACB 
and ADB. 

Required: To prove that 

Ў (1) BAN i is equal to any angle in the But ACB. 

(2) BAT is equal to any angle in the segment ADB. 

Construction: (x) ви the diameter AC through A and join 


(2) Take any point D on the arc ADB and join 
AD and DB. 
Proof: (1) ABC = = І rt. angle (Z in a semicircle) 
A BACC rat angle (sum of Zs of a A — 2 rt. 
angles). 
But CAN =x tt. angle, (7. between tangent and 
rad. to point of contact), 
ie. CAB + BAN = =I rt. angle 
5 CAB + BAN =BAC+C 
2.54 BAN АС, 
But € is equal to any angle in the segment ACB. 
2. BAN = any angle in the segment ACB (7s in 
the same segment of a ©). 
(2) ACBD is a cyclic quad. 
2. Абв- supplement of € (opp. Zsof cyclic quad.). 
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Bes BÁN — € (proved) 
2. ADB = supplement of BAN 
= - BAT (TAN is a str. line). 
But ADB = апу angle in the segment ADB (Zs in 
same segment of a O) 
. BAT= any angle in the segment ADB. 


THEOREM 30 
If through an extremity of a chord, a straight line is 
drawn, making with the chord an angle equal to the 
angle in the alternate segment, then the straight line 
is a tangent to the circle. 


A F 
Given: Circle with centre O and a chord AB, and AT a line 
through A such that BAT = any angle in the segment 
ACB. 
Required; To prove that AT is a tangent to the circle at A. 
Construction: Draw through A, the diameter AD and join DB. 


Proof: ADB is an angle in the segment ACB 
a BAT = ADB. 
To each add BAD 
A BAT + BAD = ADB + BAD 
E DAT = ADB + BAD. 
But ABD = — I rt. angle (Z in a semi-circle) 
2. ADB + BAD = 1 rt. rangle (sum of Zs of a A 
= 2 rt. angles) 
2 DÂT=1 rt. angle. 
But DA is a diameter (constr.) 
-. AT is a tangent to the circle at A. 
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x 
8 


As 
Find æ. 


EXERCISES 45 


3. ДАВС is isos. with AB = АС. TN is 
the tangent at A. Prove TN parallel 
to BC, 


4. Two parallel tangents touch a circle 
at A and B. Prove that AB is a 
diameter, 


5 


Tangent at D meets chord AB 
produced, in C. Prove that 


ADC = DBC. 


> 


6. Inscribed circle of AABC touches 
the sides at D, E, H. Find the 
angles of ADEH. 


St 


е 


10. 


II. 


12. 


13. 


14. 
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D 
x A 
XY is the tangent at C. Prove 
XY parallel to DE. c 
В 
Y E 
A 
E 
D c 


- AABC is right angled at А, 
AD - AC, and DE is perpendicular 
to BC. Prove DA is a tangent to 
circle BDE. 


AB and AC are equal chords, D is 
any point on BC. AD produced meets 
circle in E. Prove CA is a tangent 
to the circle CDE. 


eo 
^ в 
т 
Я А 
BE and CH аге altitudes of AABC. М 
TAN is the tangent at A to the circle 
в с 


ABC. Prove ТАМ parallel to НЕ, 


BC is a chord of a circle and when produced meets the 
tangent at a point A, in O. The bisector of ADB meets AB 
and AC in E and H respectively. Prove that AE = AH. 
ABC is a triangle inscribed in a circle. D is any point on 
the tangent at A to the circle. Through D a line'is drawn 
parallel to AC to meet BC, or BC produced, in E. Show that 
à circle can be drawn through A, B, D, E. 

The tangent at A to the circumcircle of AABC meets BC 
producedinD. А point Eis taken in BD so that DE — DA. 
Prove that AE bisects BAC. 


The bisector of the exterior А of ДАВС meets the circle , 


ABC in Е, and BC produced іп D. Prove that E is the mid- 
point of the arc BAC. Show that the triangle EBC is 
isosceles and that CE is the tangent at C to the circle ACD. 
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I5. 


16. 


I7. 


18. 


I 


- 


2 


9 


21. 


22. 


23. 
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Two unequal parallel chords AB and PQ of a circle are such 
that AQ and PB meet inside the circle at C. The tangent 
at A meets QP produced in R, and AR is met at Sby the 
tangent at P. Prove that 

(х) RSP = zAQP. 

(2) SPCA is a cyclic ‘quadrilateral. 
A of ДАВС is a right angle. The circle on AB as diameter 
cuts BC in D. If E is the mid-point of AC, prove that ED 
is a tangent at D to the circle ABD. 


A quadrilateral ABCD is circumscribed to a circle, the 
points of contact of the sides being E, H, K, L. 


If A = 8, prove that two of the sides of the quadrilateral 
EHKL are equal. 


A circle touches a straight line XY at a point A and also 
touches another circle at a point B. If AB produced meets 
this circle again іп C, prove that the diameter of this circle 
through C is perpendicular to XY. : 


. AB and AC аге tangents from a point A to a circle. CE is 


а chord of the circle, and a straight line AOD, parallel to 
CE, meets BE in O and the circle againinD. Prove that 


А, B, O, C are concyclic and that AO bisects BOC. 


A of ДАВС is bisected by AD which meets BC in D. E is 
a point in BC produced, such that DE = АЕ, Prove that 
AE is the tangent at A to the circle АВС. When AB — АС, 
show that the tangent at A to circle ABC is parallel to BC. 


AZ in which XY is greater than XZ, isright angledat X. 
XB and XC bisect the interior and exterior anglesat X, and 
meet YZ and YZ produced at B and C respectively. If A 
is the mid-point of YZ, prove that XA is а tangent to the 
circumcircle of triangle XBC. 
ABC is a triangle and D is any point in ВС. Tangents at B 
and C to the circumcircles of As ABD, ACD meet in E. 
Prove that 

(1) А, B, E, С are concyclic, 

(2) AABD is equiangular to AAEC. 
ЛАВС is inscribed in a circle and tangents at A, B, C are 
drawn to the circle forming the triangle POR, the vertices 
P, Q, R lying opposite the vertices А, B, С respectively. 


24. 


25. 


26. 


27; 


28. 


29. 
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Prove that if КРО = 2CAB, APQR isa right-angled A. 
If AABC is itself a right-angled triangle, show tbat the 
triangle PQR does not exist, 
Two circles intersect іп A and В. BC is a tangent to the 
first circle and cuts the second in С, ; 

DAE is any line through A cutting the circles in D and 
E respectively. Prove that DB is parallel to CE. 
Two circles intersect at A and B, and CAD is any line 
through A meeting the circles in C and D. Tangents at 
C and D to the circles meet at E, Prove ECBD is a cyclic 
quadrilateral. 

Alf BA produced passes through E, prove that BA bisects 

CBD. 
Two circles intersect at A and В. Tangents are drawn to 
both circles at A, meeting them again in C and D. If 
CAD = 90°, prove that C, B, D are collinear, 
Two circles intersect at A and В. Through A, a tangent 
is drawn to one of the circles meeting the other in C. 
CB produced meets the first circle again in D. Prove that . 
AD is parallel to the tangent at C. 
Two circles intersect in X and Ү. Tangents at X to the 
circles meet the first circle in A and the second in B. 
PXQ is any line through X, not lying within AXB, meeting 
the circles in P and Q respectively. 

PY and QY meet AX and BX in C and D 8 

Prove that XCYD is a cyclic quadrilateral and that if P 
is the mid-point of the arc АРХ, then 

(1) PQ is a tangent to the circle CXDY. 

(2) Q is the mid-point of the arc XQB. 
AB is a tangent to one circle at A and touches a second 
circle at B. AD and BE are chords of the circles which 
meet, when produced, at C. 

DE, produced both ways, cuts the first circle in P and the 
second in Q. PA and QB meet, when produced, in R. 


Prove that PRQ = ACB. 


» Two circles touch externally at a point A. Two common 


tangents BC and DE touch the first circle at B and D, and 
the second at C and E. Prove that 

(1) BAC = 90°. 

(2) BC = DE. 
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Common Tangents to Two Circles 


The number of common tangents which can be drawn to two 
circles depends on how the circles are placed. 
The following figures show the various cases which arise. 


б oO 


Fic. 1.—One circle entirely Fic. 2.—Circles touch internally. 
within the other. One common tangent. 
Хо common tangent. 


-X 


Fic. 3.—Circles intersect. Fic. 4.—Circles touch externally. 
Two common tangents, Three common tangents, 


Fic. 5.—Each circle entirely outside the other. 
Four common tangents, 


The common tangent drawn at the point of contact of two 
circles which touch has already been dealt with, as in Figs. 2 
and 4. x 

In Fig. 3 the tangents are called direct common tan- 
gents. Figs. 4 and 5 have each a pair of direct common 
tangents. In Fig. 5, the remaining pair are called trans- 
verse common tangents. 2 
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CONSTRUCTION 17 


To construct a direct common tangent to two circles 


Given: 


Two circles with centres A and B. 


Required: To draw a direct common tangent to the circles. 
Construction: With centre A, and radius equal to the difference 


Proof : 


of the radii of the given circles, drawa circle. From В, 
draw a tangent BC to this circle, 

Join AC and produce it to meet the circumference of 
given circle with centre A, at D. 

Through B, draw BE parallel to AD, to meet the 
circumference of circle with centre B, at E. 


Join DE. 
Then DE is a direct common tangent. 
CD — AD — AC 


— BE (constr.) 
Also CD || BE (constr.). 
^ DCBE is a parallelogram (quad. with one pair of 
sides equal and parallel). 
Bat BCA — 1 rt. angle (angle bet. tangent and rad.) 
. DCB =r rt. angle (adj. Zs. DC a str. line) 
Ab ` DCBE isa rectangle 
. ADE and BED are right angles 


. DE is a direct common tangent (str. line perp. to 
radii). 
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CONSTRUCTION 48 


To draw a transverse common tangent to two given 
circles — 


Given: Two circles with centres A and B. 
Required: To draw a transverse common tangent to the circles. 


Construction: With centre A and radius equal to the sum of 
the radii of the given circles, draw a circle. 
From B, draw a tangent BC to this circle. 
Join AC and let it cut the circumference of the given 
circle with centre A, at D. 
Through B, draw BE parallel to CA to meet circum- 
ference of circle with centre B, in E. Join DE. 
Then DE is a transverse common tangent to the two 
given circles, 
Proof: c — AC — AD 
= ВЕ (constr.). 
Also CD is parl. to BE (constr.) 
г. CBED is а parm. (one pair of sides eq. and parl.). 
But DCB = г rt. angle (Z bet. tangent and rad.) 
s CBED is a rectangle. 
7. ВЕР = т rt. angle (/ in a rect.) 
and ADE = т rt. angle (supp. to cbt). 
But AD and BE are radii of the circles 
2. DE is a tangent to both circles (str. line perp. to 
1 1 radii), 
ie. DE is a transverse common tangent. 
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CONSTRUCTION I9 


On a given straight line, to construct a segment of a 
circle containing an angle equal to a given angle 


Given: Straight line AB and an angle X. 


/ Required: То constfuct on AB, a segment of a circle contain- 
ing an angle equal to X. 
Construction: From A draw a line AT making BAT = X. 
Draw AO perpendicular to AT and let AO meet CO, 
the perpendicular bisector of AB, in O. 
With centre O and radius OA draw the arc ADB. 
Then any angle in the segment ADB is equal to M 
Proof: CO is the perp. bisector of AB (constr.) 
2. CO is the locus of points equidistant from А and B 
2. ОА = ОВ 
2. circle with centre О and radius OA passes 
through B. 
Also OA is a radius and OAT = 1 rt. angle. 
2, AT is a tangent. 
.. BAT = any angle in the alternate segment ADB 
(Z bet. tangent and chord). 
But BAT = X (constr.) 
segment ADB contains an angle equal to N. 
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CONSTRUCTION 20 


From a given circle, to cut off a segment containing 
an angle equal to a given angle 


«% 
Given: Circle with centre О and X, 


Required: To cut off from the circle, a segment which will 
contain an angle equal to X, 


Construction: Let A be any point on the circle. Draw AT, 
the tangent at A. 
At A, in AT, make TAB — N and let AB meet the circle 
again at B. 
Then the segment ACB of the circle contains an angle 
equal to X. 2 


Proof: АТ is the tangent at A (constr.) and AB is a chord. 
BATS any angle in the alternate segment ACB 
2, (Z. bet. tangent and chord). 
But BAT = X. (constr.) 
+. Segment ACB contains ап angle equal to x 
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CONSTRUCTION 2I 


To inscribe in a circle a triangle equiangular to a 
біуеп triangle 


* 
Given: A circle and a triangle XYZ. 


Required: To inscribe in the circle a triangle ABC equi- 
angular to triangle XYZ. S 


Construction; Take any point A on the circle and draw TAN 
the tangent at A. 
At A in TAN, make NAc — Y and TAB = and let 
AC and AB meet the circle in C and B. 
Join BC. 
Then AABC is equiangular to AXYZ. 


Proof: Since TAN is the tangent at A (constr.) and AB and AC 
are chords 
2. NAC = В and TAB = C (Z bet. tangent and 
chord). 
But NAC = Ў and TAB = 2 (constr.) 
.8— f and C= 2 
s BÁC ZR (sum of Zs of a A 
1. AABC is equiangular to AXYZ. 
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CONSTRUCTION 22 


. То circumscribe about a circle a triangle equiangular 
to a given triangle 
А 


BU 
Y 2 
б с 
Given: Circle with centre О, and AXYZ. 
Required: То circumscribe about the circle a triangle ABC 
2 equiangular to AXYZ. 
Construction: Produce YZ in both directions to SUR the 
exterior angles at Y and Z. 
Draw OD any radius of the circle. 
At O in OD, make DOH = the exterior / at Y 
and DÓE — the exterior / at Z 
and let OH and OE meet the circle in H and E. 
Draw the tangents to the circle at D, E, H to form 
„the ДАВС. 
Then AABC is the required triangle. 
Proof: OH and OD are radii of the circle and BH and BD 
are tangents constr.) 
sy: ОНВ = обв = 1 rt. angle 
<. OHBD is a cyclic quad (opp. Zs supp.) 
ae 8 is the supplement of DOH 
es 8 is the supplement of ext. 7 
. 8 xt 2. 
Similarly S N r. NN (sum of 7s of a A) 
2. AABC is equiangular to AXYZ. 


Given : 
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CONSTRUCTION 23 


To inscribe a circle in a given triangle 


ДАВС, 


Required: To inscribe a circle іп ДАВС. 


Construction: Bisect ABC and ACB and let the bisectors meet 


Proof : 


in l. 

Draw ID | BC. 

With centre | and radius ID draw a circle. Then this 
circle is the required circle. i 


Draw IE and IH perp. to CA and AB respectively. 
Since IB is the bisector of ABC 


71р = H. 
Similarly ID = IE 
“ID = Е = IH e 


2. Circle with centre | and radius ID passes throug 
E and H. 

Since ID is a radius of the circle and BC is perp. to К 
„ BC is a-tangent to the circle. 

Similarly AB and AC are tangents to the circle 

-. circle НОЕ is the inscribed circle of the ДАВС 


(The point | is the In-centre of the AABC.) 
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CONSTRUCTION 24 
To draw an escribed circle of a given triangle 


Given: AABC with AB and AC produced to X and Y 
respectively, 
Required : “То draw the escribed circle touching BX, BC, CY. 


Construction: Bisect XBC and BCY by Bl, and СІ, respectively 
and let Bl, and Cl, meet in h. 
Draw 1,D perp. to BC. 
With centre |, and radius 10 draw a circle, 
This circle is the required circle. 
Proof: Draw liE and LH perp. to AX and AY respectively. 
Since Bl, is the bisector of хёс (constr.) 
*« Bl, is the locus of pts. equidistant from ВХ and ВС 
Г hE = 10, 
Similarly D = LH 
„D = hE = lH 
g. circle with centre 1, and radius lD passes through 
E and H. 
Also 1,58 is a right angle (constr.). 
But 1,D is a radius of the circle 
-. BC is a tangent to the circle. 
Similarly BX and CY are tangents to the circle 
4% circle EDH is the escribed circle touching BX, BC, 
Я СҮ. 


(The point |, is an ex- centre of ДАВС.) 
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The Ex-Central Triangle 


The ex-central triangle is the triangle formed by joining the 
three ex-centres of a triangle. 

In the figure, ABC is the given triangle, 

l is the incentre of ДАВС and |, l, 1, are the three ex- 
centres, ' 

All, is the ex-central triangle. 

The following facts should be proved and noted : 

(1) All, Bll, Cll, are straight lines. 3 

(2) ҚА is perp. to l,l, and similarly for 1,8 and i, C. 

(3) His the orthocentre of ДЫ, 

(4) AABC is the pedal triangle of Alilals- 

(5) The above figure is related to the figure showing that 

the altitudes of a triangle are concurrent (see p. 241). 
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To inscribe in a Circle, or circumscribe to а Circle, a Regular 
А Figure of n Sides 


NEZ - 


Since the figure is regular, its sides are all of the same length 
and its angles are all equal. 

If the figure has s sides, when its vertices are joined to the 
centre of the circle, there will be т equal angles at the centre, | 


Each angle will be . 


The construction of the figure is therefore as follows. 
Draw radii to form the s equal angles at the centre. 10 
inscribe the figure in the circle join the extremities of the radii. 
To circumscribe the figure about the circle, draw tangents 
at the extremities of the radii, р 
The minimum value of is 3. у 


The following table shows the values of m for different 


values of я. 


The figure shows an inscribed and circumscribed regular 
` hexagon. What is the easy method for this construction ? 


un 


. AB is a direct common tangent to 
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EXERCISES 46 


. Draw a straight line 2:5 in. long. Construct a segment of 


a circle on this line as chord, the angle in the segment 
being (1) 56°, (2) 134°. 


. Construct a triangle ABC, given BC = 3 in., A= 74^, 


median AD = 1:8 in. 


. Construct a triangle ABC, given BC — 3] in., Ax 71^, 


perimeter = 8} іп. . 

(Hint: Construct, on base BC, segments of circles to 
contain angles equal to (a) the vertical angle, (b) half the 
vertical angle.) 


. A, B, C are three points in a straight line such that 


АВ = 4 cm. and ВС = 3 ст. Find a point D so that the 
angles subtended at D by AB and BC will each be 357. 


the circles. Calculate AB. 


AB is a transverse common 
tangent to the circles, Cal- 
culate AB, 


AABC is isosceles with AB=AC. If 


B= 2A, show that BC is the side of a 
regular pentagon inscribed in the circle. 
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к. Boe b the Балы circle: of the A. 
Prove that 

(1) AE = semi-perimeter s of ДАВС. 

(2) Per. of ДАВО = per. of AACD. 


Figure shows the inscribed 
and one escribed circle of 
AABC. Evaluate BD, BE, 
CE, CD in terms of s, a, 
b, c and show that 


№ 


(1) BD = CE. 
(2) BE = CD. 
(3) DE — AC — AB. 
10. | is the incentre of ДАВС. JN 
Circle BIC cuts AB in X. Prove 
that 
x 


б) Bic — gor + A 
(2) AAXC is isosceles. 


tr. AC and BD are direct common tangents to two non- 
intersecting circles. PQ is a transverse common tangent | 
which, when produced, meets AC and BD at points R and S 
respectively. The points of contact A, P, B lie on one circle 
and C, Q, D lie on the other and AR < RC. ' Prove that 


im. AC — BD. 
(2) RC — AR — BS — SD — PQ. 
(3) x. AR — SD, ала RC — BS. 


12. Prove that (1) the direct common tangents, and (2) the 
transverse common tangents to two circles, intersect on 
the line of centres, 


I3 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Draw two circles, radii 2-5 ст. and 3 cm. respectively, 
their centres being 7 cm. apart. Draw all the common 
tangents and calculate their lengths, ) 


Prove that the sum of the diameters of the inscribed and 
circumscribed circles of a right-angled triangle is equal to 
the sum of the sides containing the right angle. 


A circle inscribed in ДАВС touches BC at D. Prove that 
BD + AC = AB + BC — BD. 


A circle is inscribed in а ДАВС, the sides BC, СА, AB 
touching the circle at D, E, F respectively. ДОЕЕ is 
drawn and DE, DF are produced to meet the parallel to BC 
through A, in G and H respectively. Prove that a circle 
can be drawn with A as centre, passing through H, F, E, G, 
and that As DEF, DGH are equiangular. 


l is the incentre of ДАВС. The incircle touches AB and 
AC at Pand Q. If Al meets the circle іп L, show that L is 
the incentre of AAPQ. 


Two circles with centres A and В intersect in Р and О. 
AQ cuts the circle with centre B again in R, and AB cuts 
this circlein Land M. Prove that L and M are the centres 
of circles which touch the sides of AAPR. 


A circle inscribed in AABC touches AB and AC at H and E 
respectively. If AB = AC, prove HE parallel to BC. 


If / is the radius of the inscribed circle of ЛАВС, prove that 
the area of AABC =r x semi-perimeter. 
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Construction of Circles 


In order to construct a circle we must know (1) its centre, 
(2) the length of its radius. 

(1) If we can draw two lines on each of which the centre is 
known to lie, their points of intersection will be possible 
positions of the centre, 

(2) If we find the distance of any point on the circumference 
from the centre, we know the radius of the circle, 


The following examples should be noted. In each case the 
proof is left as an exercise for the student. 


1. Construct a circle to touch a given straight line at a given 
point, and to pass through another given point. 


Given: Straight line XY and A a point 1n it, and a point B 
outside it, 


Required: To construct the circle touching XY at A and pass- 
ing through B. 


Construction: Үсіп AB. 
At A, draw AC perp. to . 
Draw DE the perp. bisector of AB. 
Let AC and DE cut at O. 
With centre О and radius OA draw a circle. 
This circle is the required circle. 
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2. Construct a circle to touch another circle and to touch 
а straight line at a given point. 


А с X B 

Given: Circle with centre D, and str. line AB with C a point 
in it. 

Required: To construct a circle touching circle centre D and 
touching AB at C. 

Construction: Draw DX perp. to AB. 
Produce XD to meet the circumference of the given 
circle in H. ; 
Join HC and let it cut the given circle іп E. 
Join DE. 


Draw CK perp. to AB and let it meet DE produced in 
K. With centre K and radius KC draw a circle. 
This circle has external contact with the given circle 
at Е, 
A second circle satisfying the conditions, and having internal 
contact with the given circle, may be obtained as follows, 
Join CL and produce it to cut the given circle in G. Join 
GD and produce it to meet CK produced, in М. With centre M 
and radius MC draw a circle. 


SES 
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3. Construct a circle to touch a given circle at a given poin 
and to touch another given circle. 


Given: Circle with centre A and a point B on it and a second 
circle with centre C, 


Required: To construct a circle touching circle with centre A 
at B, and touching the circle with centre С. 


Construction: Join АВ and produce it.. With centre В and 
radius equal to that of the circle with centre C, draw 
arcs to cut AB and AB produced, at D and E. Join 
CD and CE. - 

Draw GK and LM the perp. bisectors of CD and CE, 
and let them meet AB produced both ways in K and M 
respectively. ) ak 
With centre K and radius KB draw a circle. ' This is 
the required circle which has external contact, with 
circle, centre A. 
With centre M and radius МВ draw a circle. This circle 
also satisfies the conditions and has internal contact 
with circle, centre A. > 


10. 


11. 
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EXERCISES 47 


In each case, state the locus of the centres of circles which 


touch 
(1) a given straight line at a given point ; 
(2) а given circle at a given point ; 
(3) а given straight line and with a given radius ; 
(4) а given circle and with a given radius ; 
(5) two given intersecting straight lines. 


. AB is a straight line. А circle of radius 0:8 in. has its 


centre 1:8 in. from AB. Construct a circle of radius 
0-6 in, to touch the straight line and the given circle. 


. Construct a circle to pass through two fixed points and 


having its centre on a given straight line. 


- Two circles are drawn, radii 1*5 cm. and 2 cm., their centres 


being 5:5 cm. apart. Construct a circle of radius 1-8 cm. 
to touch both circles. 


. Two circles are drawn, radii 1:5 cm. and 2 cm., their 


centres being 5:5 cm. apart. Construct a circle of radius 
6 cm. with which each of the given circles has internal 
contact.. 


. BAC = 55°. Construct a circle touching AB and AC 


and having a radius 2:5 cm. 


BÁC — 55% Construct a circle touching AB and AC, the 
point of contact on AB being 2 in. from A. 


. P is a point 3 in. from the centre of a circle of radius 1 in. 


Construct two circles of radius r}.in. to touch the original 
circle and to pass through P. 


- Construct a circle to touch a given circle at a given point 


and also to touch a given straight line. 


C is a point 2 in. from a straight line АВ. Draw a circle 
of radius 1:2 іп. to pass through C and to touch AB. 


Draw a circle with centre С and radius 1 in. Take any 
point A on the circumference. Find a point P 2 in. from C 
and 1:2 in. from А. Draw the circle that passes through P 
and touches the first circle at A. 
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Revision PAPERS XXI-XXX 


XXI 


I. Two parallel chords of a circle whose diameter is 13 cm. are 
12 ст. and 10-4 ст. long. Find the distance between them. 


2. b^ 
LN 
Ps 


PS is parallel to AB, AB is a diameter, 
Prove that PQ = RS, Find Ё and EBD. 

4. In AABC, the altitudes from B and C meet at H, and, when 
produced, meet the circumcircle in E and F respectively. 
Prove that AH — AE — AF. 

5. Show how to find a point P inside a triangle ABC at which 
the three sides subtend equal angles, 


XXII 


I. Two circles of radii 3 cm. and 5-1 cm. cut at A and В. If 
their centres are 6:3 cm. apart, calculate the length of AB 
and its distance from each of the centres. 


Calculate б. Caleulate 8. If DGA 2DAT, 
prove TA а tangent to the 
circle. 5 


4. O is the centre of a circle. ACB and ADE are drawn from 
. à point A outside the circle to meet it in C, B and D, E 


respectively, making BCE an acute angle. Prove that 


^ 


BOE = COD + CAD. 
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5. Show how to construct the AABC, having given the 

vertical angle A and the segments BD and DC into which 
the base is divided by AD, the bisector of А. 


XXIII 
т. А circle has a radius of 3 in. From a point distant 5 in. 
from its centre, two tangents are drawn to the circle. Find 
the length of the chord joining their points of contact. 


2. 3. 
D Е F 
б А 8 
в 8 D 


AB is а diameter, Prove AFGE a cyclic 
Calculate O. quadrilateral. 


4. ABCD isa cyclic quadrilateralin which Rand D are each 48°. 
The perpendicular from B on AD is produced to meet the 
circumference іп Е. Show that CE isa diameter of the circle 
and that it is parallel to the tangent at A. | 

Show how to describe a circle which will pass through a 
given point inside a given circle and touch the given circle 


at a given point. 


Ба) 


XXIV 


1. AABC is right-angled at A and B = 30°. AD is perpen- 
dicular to ВС. If P is the mid-point of BC, prove that AP 


and AD trisect А. 


г ©. 


Find the relation between Prove that D is equi- 
х and y. distant from B, E, C. 
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4. ЛАВС is right-angled at C and CN is perpendicular to AB. 
Points D, E are taken in AC, BC such that DE is bisected 
by CN. Prove that ADEB is a cyclic quadrilateral. 

5. With the vertices of a given triangle as centres, construct 
three circles each of which touches the other two. 


XXV 
I. Two circles have radii 11 cm. and 3 cm. and their centres 
аге 17 cm. apart. Calculate the lengths of 


(1) a direct common tangent to the circles, 
(2) а transverse common tangent to the circles. 


Fic. 1. Fic. 2, 


Fig. т. AB is a diameter of the circle. 

Fig. 2. AB is a chord equal in length to the radius. 

If PT is a tangent to the circle, calculate in both cases the 
angles of the triangle ВТР. 


3. AOC = 116°, ACB = 24% 

Find ВАС, ОВА. c 
Б А 
B 

4. ABC is an equilateral triangle inscribed in a circle. The 
diameter through A meets the circle again in D. Prove 
that the chord BD is equal in length to the radius. 

5. OA and OB are two radii of a circle with centre O. Show 
how to construct a circle touching OA and OB, and also 
touching the arc АВ. Show also how to construct а circle 
touching OA and OB produced, and also toüching the arc 


2. 
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XXVI 


. Two concentric circles have radii 3:6 in. and біп. А chord 


An 5 one circle touches the other at T. Find the length 
of AB. 


Calculate B. Calculate all the angles of 
the quadrilateral ABCD. 


. Tangents at A and B to a circle meet in C, and His the mid- 


point of the minor arc AB. AH and BH produced meet BC 
and AC in D, E respectively. Prove that 


(1) AEDB is a cyclic quadrilateral. 
(2) HC bisects C. 


. AB is a chord of a circle with centre О, and P is any point 


within the minor segment of the circle. Show how to draw 
through P a chord of the circle which will be bisected by 
AB. А ; 


XXVII 


. A square ABCD is inscribed in a circle with centre O and 


radius 2 in. Calculate the length of its side. 


If P is the mid-point of AB, and ОР is produced to meet the 


. E, H, K, L are points of contact of 


circumference in Q, show that BQ is the side of a regular 
octagon inscribed in the circle. Find the length of. BQ. 


sides of quad. ABCD. Calculate the 
angles of quad. EHKL. 
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3. Calculate the angles of the pentagon. 


4. AT is the tangent at a point А on a circle, and PQ is a chord 
parallel to АТ. If B is a point on the circle on the side of 
РО remote from A, prove that BA bisects PBQ. C is a point 
on the circle on the same side of РО as А, Find how the 
line CA is related to the angle PCQ. 


5. ACB and ADB are two segments of circles standing on the 


same side of the common chord AB, such that ACB = 2Абв, 
If D is any point on the arc ADB, and AD cuts the arc ACB 
in C, prove that AC + CB = AD. 

Hence devise a construction for finding a point C on the 
circumference of a circle of which AB is a chord, such that 
AC + CB is a given length. 


XXVIII 


. ABC is an equilateral triangle inscribed in a circle, Show 
how to construct the equilateral triangle DEH circum- 
scribing the circle, with its sides respectively parallel to 
those of AABC. If the circle has radius г in., calculate the 
lengths of a side of each A and show that AB = 10Е. 


А 
Two equal circles cut at A and B. AK 
If AB = 6 in. and CD =2 in., 
calculate the radius, V 
8 


. P, Q, R are the centres of three 
circles, each of which touches the 
other two. Prove that the perimeter 
of APQR -- Diameter of circle with 
centre R. 
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4. AABC is inscribed in a circle and the tangents at A and C 
meet at D. If t is a point оп BC produced such that BADE 
is a cyclic quadrilateral, prove that DE is parallel to AC. 
BA and ED produced meet at G, and BD and AE cut in H. 
Show that, when AB — BC, GHC is a straight line. 


5. From a point P, tangents are drawn to a series of concentric 
circles with centre O. If T is the point of contact оп one 
of these circles, and Q is a point on the perpendicular to PT 
through T, such that TQ — TP, find the locus of Q. 


XXIX 
1. A chord of length ? is placed іп a circle of radius r. The 
perpendicular distance from the centre to the chord is 4. 
Show that ! = 24/(r* — 4%). Hence show that the nearer 
а chord is to the centre of the circle, the greater it is, and 
vice versa, What is the length of the greatest chord in the 
circle ? 
B 
2. Circles are equal and touch 
at О, Provethat OA = OB. 
^ 
3. BOA = 90° and OA = ОВ. Semi-circles 
on OA and OB as diameters cut at C. 
Prove А, C, B соШпеаг. Show that the 
quadrant OAB is equal in area to twice the 
quadrant with radius OC. ' o 2 


4. AB is a diameter of a circle and GBH is the tangent to the 
circle at B. Any two chords АС, AD are drawn in the circle 
and produced to cut the tangent at B in G, H respectively. 
Prove that GCDH is a cyclic quadrilateral. 
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„Show that the locus of the mid-points of equal chords in a 


circle is a circle concentric with the given circle. P is a 
point distant 2} in. from the centre of a circle of radius 
1j in. Show how to draw through Р, a secant, such that 
the chord intercepted on it by the circle shall be 1j in. long. 
Calculate the distance of the chord from the centre of the 
circle and check by measurement. 


XXX 


The inscribed circle of a triangle ABC touches the sides BC, 
CA, AB at D, E, H respectively. If s denotes the semi- 
perimeter of the triangle prove that = AH + BC. Hence 
show that if the sides BC, CA, АВ are denoted by а, b, с, 
AH = s — a and find similar expressions for BD and DC. 


AADEH is the pedal triangle of ДАВС. 
Calculate the angles of ДАВС, 


AC, AD are tangents to the 
circlesat A. ВЕ is the tangent 
atBtocircleABC. Prove that 


(x) AE is parallel to CB. 
(2) ABC = ABD, 


ABC is inscribed in a circle and the tangent at A meets BC 
produced, іп T. AD bisects BAC and meetsBC,inD. TE 
bisects T and meets AD, in E. Prove that 


(1) AE — ED. 
(2) TE is perpendicular to AD. 


- Three circles have radii 71, f, ғ, and are such that each 


touches the other two externally. Find the lengths of the 
sides of the triangle formed by joining their centres. Hence 
find a construction for drawing three circles to touch each 
other, given that their radii аге г in., 2 in., 3 in. 


BOOK IV 


RECTANGLES 
Definitions: 
(1) A rectangle is said to be contained by any two adjacent 


sides. 
| : 21 
^ B 
7 
The rectangle ABCD is said to be contained by AB and AD 
and, as stated on page 150, is referred to as rect. AB, AD or 


AB.AD. Similarly the square EFGH is referred to as the sq. on 
EF or ЕРЕ, i 


A с в А в с с А в 
Fic. 1. Fic. 2. Fic. 3. 


(2) If a point C is taken in a straight line AB, or in AB 
produced, then C is said to divide AB into two segments 
AC and CB. In all cases the segments are the distances 
of C from the ends of the line AB. In Fig. т, AB is divided 
internally at C. In Fig. 2 and Fig 3, AB is divided externally 


at C, 


x 


B E F [3 F 


(3) From the point A, AB is drawn perp. to XY. Bis the 
projection of A on XY. 2 

From the ends C and D of the str. line CD, perpendiculars 
CE and DF are drawn to XY. 

Ef is the projection of CD on XY. In one figure E and. C 
coincide. 

N,C,G.—10 289 
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APPLICATION OF ALGEBRA TO GEOMETRY 


It has already been shown (pages 171-173) how we can 
illustrate algebraic identities by geometrical figures, and that 
there are geometrical theorems corresponding to the various 
algebraic identities. The following identities and correspond- 
ing geometrical theorems are used frequently in the solution 
of problems ; 

(1) (a + b)? = а? + 52 + 2ab. 

Theorem.—If a straight line is divided internally into any 
two segments, the Square on the whole line is equal to the 
sum of the squares on the two segments together with twice 
the rectangle contained by the segments. 

(2) (a — b)? = a? + b! — 2ab. 

Theorem.—If a straight line is divided externally into ariy 
two segments, the square on the whole line is equal to the 
sum of the squares on the two segments diminished by twice 
the rectangle contained by the segments. 

(3) a? — b! = (a + b)(a — b). 

Theorem.—The difference of the squares on two straight 
lines is equal to the rectangle contained by the sum and 
difference of the two straight lines, 

The following worked examples illustrate the application of 
Algebra to Geometry. They can, of course, be worked purely 
by Geometry. 

Example x.—A, B, C, D are four points in order on a straight 
line. Prove that AC.BD AB. CO + AD.BC. Let x, у, 2 
be the number of units of length in AB, BC, CD respectively. 
Then AC, BD, AD have (x + У), (У +2), (+y + units 
respectively, 


x у 2 
А ГАВ 3 5 


2 AC.BD = (x + y)(y + z) 
= ху +y? + x2 ys 
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AB. CO + AD.BC = xz + (x + y + 3) 
sutytyty 
2. AC.BD = AB.CD + AD.BC. 

Example 2.—P, Q, R, 5, T are five points taken in order 

on a straight line such that РО = QR = RS. Prove that 
PT? — ST? = 3(QT! — RT). 
x x х » 

P Q R 5 T 
Let x be the number of units of length in PQ, QR and RS. 
Let y be the number of units of length in ST. 

Then PT, QT, RT have (3x + y), (2x + 7), (ғ +.) units of 
length respectively, 

гта sr. (3x + yt» 
= gx? + бху + yt — »* 
= gx? + бху. 
3(QT* — RT?) = 3{(2x T («x -F 37] 
= glar? + 4% Бу! K — axy — 9") 
= 3[3x* + 23] 
= ox? + бху. 
2. PT? — ST? = 3(QT* RT). 

Example 3.—ABC is an isosceles triangle with AB = АС and 

D is a point in BC. Prove that AD? + BD.DC = АСУ, 


ZX. 


хо 
Draw АХ регр. to BC. 
As ABX and АСХ are congruent 
У. ВХ = XC, z 

AC? = AX? + ХС? [Pythagoras' Th., AAXC] 
= (AD? — XD?) + XC? Pythagoras Th., AAXD] . 
= AD? + ХС? — XD? j , 
= AD? + (XC + XD)(XC — XD) 
= AD? + (BX + XD)(DC) (BX = XC proved above) 
= Ар? + D. OC. 


I. 


2. 


IO. 


II. 


I2. 


RECTANGLES 


EXERCISES 48 
А straight line AB is bisected at C and divided internally 
at X. Prove that AX.XB = AC? — СХ2, 


А straight line AB is bisected at C and divided externally 
at X. Prove that AX.XB = CX? — АСА, 


. P, Q, R, 5 are four points in order on а straight line. X 


is the mid-point of PQ. V is the mid-point of RS. Prove 
that 2XY = PR + QS. 


„A straight line PQ is trisected at X and Y (X nearer to P) 


and is produced to any point Z. Prove that 
XZ? — XQ? = QZ(PZ + YQ). 


- A, B, C are three points in order on a straight line, AB 


is bisected at P, BC is trisected at Q and R (R nearer to 
C). Prove that PR? — 3BQ? = AP. РС + RC.PQ. 


. AB is a straight line divided internally at C and externally 


at D so that ES = m If O is the mid-point of AB, prove 


that OC.OD = OB, 


А, B, C, D are four points in order on а straight line so 
that AB — BC — CD. AD is produced to any point X. 
Prove that AX? — DX? = 3(BX* — СХ?). 


. ABC is an isosceles triangle with AB = AC and D isa point 


in BC produced. Prove that AD? — BD.DC = АС), 


. In a right-angled triangle prove that, if a perpendicular is 


drawn from the right angle to the hypotenuse, the square 
on the perpendicular is equal to the rectangle contained by 
the segments of the hypotenuse, 

In any right-angled triangle prove that the rectangle con- 
tained by the sum and difference of the hypotenuse and 
one side is equal to the square on the other side. 

P and Q are two points in the side AB of the square 
ABCD such that AP = ОВ. Prove that rect. AB. PO = diff. 
of squares on PC and PD, 

ABC is a triangle with C = 90°. D is the mid-point of 
BC. Prove that the rectangle contained by the sum and 
difference of AB and AD — 3801, 


13. 
14. 
15. 
16. 


17. 


18. 
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AC is a straight line divided internally at B so that 
AB — 3BC. AC is produced to D so that CD — AC. 
Proye that 2AB? + CD? = BD? + oBC?. 


РО isa Straight line bisected at R and produced to S. 


Prove that PS? — QS? = 4PR.RS, 


If A, B, C, D are four points in order on a straight line 
such that AB = CD, prove that AC? = AB? + AD.BC. 


ABC is a triangle with AD perpendicular to BC produced. 
If BC = CD prove that AB? — AC? = 3CD2, 


AB is a straight line bisected at C. If D is any point on 
AB, show that 


(1) AD.DB is a maximum, 
(2) AD? + DB? is a minimum, 
when D is at С, 


Prove that, if a square and a rectangle have equal peri- 
meters, the square has the greater area, 
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THEOREM 31 


In an obtuse-angled triangle, the square on the side 
opposite the obtuse angle is equal to the sum of the 
squares on the other two sides, together with twice the 
rectangle contained by one of those sides and the pro- 
jection of the other side upon it. 


A 


B a c x D 


Given: AABC with C an obtuse angle and AD drawn perp. 
to BC so that CD is the projection of CA on BC. 


Required : To prove that АВ? = ВС? + САЗ + 2BC.CD. 


Proof : Let the lengths of AB, BC, CA, CD, AD be c, a, b, x, й 
units respectively. 
c! = (a + x)? + h? [Pythagoras’ Th., ДАВО) 
= 4% + A ＋ 2ах + h? 
= а? + (x? ＋ h?) + aa 
= a? + b? + гах [Pythagoras' Th., AACD) 
2. AB? = ВС? + CA? + 2BC.CD. 


EXERCISES 49 


1. State whether the following triangles are right-angled or 
obtuse-angled. 


4 
4 cm. €— 5 cm. 
5 
5 


imi c3 in 


D 


е 


N 


10. 
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22 А 

1 

1 

H 

1 

4 

Ё . — 

12cm, c B C Dp 
Calculate AD and AE. Calculate the altitude 

AD. 
A 


8 . 
Calculate AB and AC Find x in terms of a, 
correct to 2 dec. pl. b, c. 

Prove that in an isosceles triangle whose vertical angle is 
120*, the square on the base is equal to 3 times the square 
on either of the other sides, 


< The angle С of ап isosceles triangle is obtuse. If 


АВ? = 3BC*, prove that the projection of AC on BC is half 
of BC. 2 
AABC has AB = 22 in., ВС = 26 in., CA = 40 іп. Show 
that AABC is obtuse-angled, 

If CD is the perpendicular from C to AB produced, find, 
by calculation, 


(1) lengths of BD and CD, 

(2) area of AABC. j 
In AABC, a = 7 in., b = 9 in., c = 4 in. From C, CD is 
drawn perpendicular to AB, and from B a perpendicular 
BE is drawn to AC. Find the lengths of AD and AE. 
AABC is an equilateral triangle. D is any point in BC 
produced; Complete the parallelogram ABDE. Prove 

at : 


BE? — ВА? + BD*+ BD. Ot. 
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21. ABC is an equilateral triangle with BC produced to D so 
that BD.CD = BC*, Prove that AD? = 2BC1, 


12. ABC is an equilateral triangle. BC and CA are produced 
to D and E respectively so that CD — AE, 
If BD.DC = ВС? prove that DE = 2BC. 


13, AABC has an obtuse angle at B, and D is the mid-point 
of AB. Prove that AC? + BC? = 2(Ар? + CD?). 


14. AABC is an acute-angled triangle in which the base BC is 
produced through B to D an through C to E, making 
DB = ВС = CE. Prove that 


AD? + AE! = АВ? + АС? 4 DC?, 


15. A of the isosceles AABC is obtuse. CD is the perpen- 
dicular on BA produced, and AE is drawn erpendicular to 
AB and equal to AB, Prove that the difference of the 
поти on BC and ВЕ is equal to four times the area of 
AADE, 


é 
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THEOREM 32 


In any triangle, the square on the side opposite an 
acute angle is equal to the sum of the squares on the 
other two sides diminished by twice the rectangle 
contained by one of those sides and the projection of 
the other side upon it. 


Given: ДАВС with C an acute angle, and AD drawn perp. to 
BC, so that DC is the projection of AC on BC. 


Required: To prove that AB! = BC? + CA! — 2BC.CD. 


Proof: Let the lengths of AB, BC, CA, CD, AD be с, a, b, x, 
h units respectively. 


c3 = (a — x)? + h? (Pythagoras! Th., AABD] 
=at+ x? — 24 + № 
= а? + (х? + h?) — 2ax i 
= a? + b3 — гах [Pythagoras Th., AADC) 
2, AB? = BC? + CA? — 2BC.CD. 
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EXERCISES 50 


x. AABC has its sides a — 6 in., b —8in,c—9in. Show 
that the A is acute-angled. 


2. AD is the altitude from A to ВС. 4 in. 


Calculate BD and DC. 
B D c 
біп. 
3. А 4. 
13) 20! /\ x" 
в D 3 2 6" 
Calculate the altitude AD. Find х correct 
to 2 dec. pl. 
А 
5. Find x and y іп terms of a, b, c. Check € b 
that x + y = a. 
в х рэс 


6. In ЛАВС, АВ = 13 in, АС = 14 in, ВС = 15 in. 
Calculate 


(1) projection of AB оп AC, 
(2) area of AABC. | 


7. 


IO. 


I 


H 


I2. 


13. 


14. 


I5. 
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In AABC, the altitudes AD, BE, CF intersect in the 
orthocentre H. 
II AB = 5 in., BC = 6 in., CA = 7 in., calculate the 
lengths of DC and AE. 

Calculate also the length of AH correct to 1 dec. pl. 


. ABC is an acute-angled triangle and AD is the altitude from 


Ato BC. Eis the mid-point of BC. Prove that the differ- 
ence between the squares on AB and AC is equal to twice 
the rectangle contained by BC and ED. 


. ABC is a triangle in which the median AD makes an angle 


of 60° with the base. Prove that the difference between 
the square on AB and AC is equal to the rectangle con- 
tained by AD and BC. 


The hypotenuse BC of a right-angled triangle ABC is 
trisected at D and E. Prove that AD? + АЕ? = 5DE*. 


. If the base BC of AABC is trisected at D and E, prove that 


Ав? + AC? = AD? + AE! + 4DE*. 


In AABC, the angle A is an acute angle. On the sides AB 
and AC of the triangle, squares ABDE and ACFG are 
described outwards. P and Q are the feet of the perpen- 
diculars from С on AB and from G on EA produced. 
Prove that 


(х) ЛАРС = AAQG. 


(0) BC? + ЕС? = 2AB? + 2AC*. 


ABCD is a trapezium having AB parallel to DC and the 
angles at A and B acute angles. E and F are the mid- 
points of AD and BC respectively. Prove that 


(1) EF is parallel to DC. 
(2) AC? + BD? = AD? + BC? + 2AB.DC. 


If the sum of the squares on one pair of opposite sides of a 
quadrilateral is equal to the sum of the squares on the other 
pair, prove that the diagonals cut at right angles. 


ABC is any triangle. BE and CH are the altitudes from B 
and C to AC and AB respectively. қ 
Prove that rect. АН.АВ — rect. AE.AC. 
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THEOREM 33 


In any triangle, the sum of the squares on any two 
sides is equal to twice the Square on half the third side, 
together with twice the Square on the median which 
bisects the third side. (Apollonius' Theorem.) 


A A 


Fic. 1. Fic. 2. 


Given: AABC with AD the median drawn from A to BC. 
Required: To prove that AB? + AC? = 2BD? + 2AD?, 
Proof: Either ADB and ADC are unequal, one being obtuse 
and the other acute (Fig. 1), 
or ADB and ADC are equal, both being rt. angles 


(Fig. 2). 
(Fig. 1). If ADB is acute then ABC will be obtuse. Draw 
AE perp. to BC, i 


From the extensions of Pythagoras’ Theorem to 
ДАРВ and to AADC 
AB? — BD? + DA? — 2BD. DE, 
AC? = DC? + AD? + 2CD.DE. 
А But BD = DC 
БЯ adding, AB? + AC? = 2BD? + 2402. 
(Fig. 2). Let ADB and ADC be both rt. angles. 
By Pythagoras’ Theorem applied to As ABD, ACD 
АВ? = BD? + AD?, 
AC? = DC? + AD?, 
But BD = pc 
4, adding, AB? + AC? = 2BD2 + 2AD2, 
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EXERCISES 5I 
Re ^ 2. D с 
ЖЕК x 
B D c A gn B 
Calculate BC. ABCD is a parallelogram. 
Find diagonal AC. 
3. A 4 А 
sin. AN 10 cm. Zo UN 12cm. 
A 2 
B2in. ain. ain. C B 16 ст, c 
Calculate х and y, cor- Calculate the medians 
rect to x dec. pl. AD, BE, CH, correct to 
X dec. pl. 
^ 
5. The medians AD, BE, CH are 
respectively 12 in., 15 in, 9 in. H 
Calculate the sides of AABC correct Е 
to 1 dec. pl. 
B D с 
6. BC =a, ^ 
CA — b. 
AB — c. H 3 
Calculate the medians AD, ВЕ, CH 
in terms of a, b, c. B әс 


7. Prove that the sum of the squares on the sides of a 
parallelogram is equal to the sum of the squares on its 
diagonals. MES 

8. PQRS is a rectangle and X is any point within it. Prove 
that XP? + ХА? = ХО? + Х53, 

[Hint: Join X to O, the pt. of intersection of the 
diagonals.] 

9. Prove that the sum of the squares on the sides of any 
quadrilateral exceeds the sum of the squares on the 
diagonals by four times the square on the line joining 
the mid-points of the diagonals. 
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10. AABC is right-angled at C, and AD and BE are medians 

meeting at С. Prove that 
(1) 4(AD? + BE?) = 5AB, 
(2) 9(AG? + BG?) = 5AB3, 
II. P is ony point outside a parallelogram whose diagonals 
AC and BD meet at O. Prove that 
РАЗ + РВ? + РС? + PD? = 4PO? + АСА + BD). 
Tf ABCD is a rhombus, prove that 
РА? + РВ? + РС? + PD? = 4PO? + 2АВ?, 

12. In triangle ABC, AB — AC. BC is produced its own 

length to О. If P is any point on the circle with centre D 
-and radius DA, prove that AB? + BP? — 2СР?, 

13. The angle B of AABC is an acute angle and E is the mid- 
point of АС. If AABC is right-angled at A, and if AN is 
the perpendicular from A to BC, prove that 

BC.BN = BE? — СЕЗ, 

14. P is any point in the plane of a rectangle ABCD. Prove 
that РА? + РСЗ = РВ? + pp3, 

15. ABCD is a parallelogram and P is any point in its plane. 
Prove that РА? — PB? + рса. pps “4 content snd coud 
to half the difference of the squares on the diagonals of 
ABCD. 


16. ABCD is a quadrilateral and E, F, G, Н are the mid- points 


of AB, BC, CD, DA respectively. EG and HF meet in O. 
If P be any point, prove that 

РА? + РВ? + РС? + PD? — АВ? + CD? + 2EG?) + 4РО?, 
If PA? + РВ? + PC? + PD! has a constant value, find the 
locus of P. 

17. A and B are any two fixed points on the circumference of a 
circle and P is a variable point also on the circumference. 
Find the position of P such that 

(1) РА? + РВ? is a maximum. 
(2) PA? + PB? is a minimum. 

18. PQ is a chord of a circle, parallel toa diameter AB. If X is 
any point in AB, prove that РХ? + XQ? = AX? + ХВ?. 

19. If the medians of a triangle ABC meet at G, prove that 
3(AG! + BG? + CG?) = BC? + СА? + АВ), 

20. Find the locus of a point which moves so that the sum of 


the squares of its distances from two fixed points is соп- · 


stant. What does the locus become if the point is not 
confined to a plane? 
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THEOREM 34 


If two chords of a circle intersect, the rectangles 
contained by their segments are equal. 


: B 
c 
Given : Circle with centre O, and two chords AB and CD inter- 
secting at X. 


Required: To prove that AX.XB = CX. XD. 


Construction: Draw OE perp. to i 
Join OA and OX. 


Proof: OE is the perp. drawn from the centre O to the chord 
AB 


* АЕ = ЕВ 
2, AX. XB = (AE + EX)(EB — EX) 
= (AE + EX)(AE — EX) 
= АЕ? — ЕХ? 
= (АО? — OE?) — (OX? Ot 
[Pythagoras' Th., As. АЕО, 
XEO] 
= AO! — OE! — OX? + OE? 
= AO!-— ОХ? 
= y? — OX? (where 7 = radius of 
circle), 
Similarly C. xD = r? — OX? 
2. AX. XB = CX. xD. 
For alternative proof, see p. 384. 
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THEOREM 35 
If two chords of a circle intersect when produced, 
rectangles contained by their Segments are equal, 
each rectangle is equal to the square on the tang 
drawn from the point of intersection. 


Given: Circle, centre O, and two chords AB, CD which intersect | 
when produced at X, and XT the tangent drawn from 
X. 


Required: To prove that AX.XB — CX.XD 
=XT?, 
Construction: Draw OE perp. to AB. 
Join OA, Ox, or. 


Proof: OE is the perp. drawn from the centre О to the 
: chord AB 
7. AE = EB 
2. AX.XB = (EX + AE)(EX — EB) 
= (EX + AE)(EX — AE) 
= EX? — AE? 
= (OX? — OE?) — (OA? ON 1 
[Pythagoras' Th., As OEX, OAE) | 
= OX! — OE? — OA? + OE! р 
= OX? — OA? Е 
= ОХ? —r! (where r = radius of circle) 1 
For alternative Proof, see pp. 384, 386. 
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Similarly CX.XD = ОХ? — r? 
2. AX.XB = CX.XD. 
Since TX is a tangent and OT a radius 
2. OTX is a rt. angle 
4 XT! = OX? — OT? (Pythagoras! Th., AOTX] 
= ОХ? — у? 
2, АХ.ХВ = cx. xo = ХТ?, 


[Note: These two theorems may be combined and stated as 
follows : d 

(1) If two chords of a circle intersect, internally or extern- 
ally, the rectangle contained by the segments of the one is 
equal to the rectangle contained by the segments of the other. 

(2) If, from a point outside a circle, a secant and a tangent 
are drawn, the rectangle contained by the whole secant and the 
_ part outside the circle is equal to the square on the tangent.) 


EXERCISES 52 
І : 4 
с 
y 
А 
Find BX. If CD — 8:5 in., find 
CO and OD. 
3. 4 
o с 
Find ОР. O is the centre of the 


circle. Find ОР, 


O is the centre. Find 
oc. 


7. Prove that 
А + 2rh — d* =o, 


Show that if À is measured in feet and 
r = 3960 miles, then 


d= M 3% miles (approx.). 


8. Radius of arch = у, 
BI AEN 
Find À in terms of r and d. 
9. The three altitudes AP, BQ, CR of AABC meet at O' 
Prove that 


p АО.ОР = BO.OQ = CO.OR. 
2) AR. AB = АО AC, 


10. The median AD of AABC meets the circumcircle of 
AABC in E. Prove that AB? T AC! — 2AD.AE. 


11. AB is a diameter of a circle and C is a point on AB such 
that BC = JAB, If PO is the chord through C perpendicu- 
lar to AB, prove that 

. РО? = 2АС!, 


Hence show that PQ is equal to the diagonal of the 
Square described on AC, 


12, ABC is a triangle inscribed in a circle with centre O and 
is such that AB bisects the angle between AC and the 
t to the circle at А. 
Tf BO, or BO produced, meets AC at D, prove that 
1) BD is perpendicular to АС. 
8 2BD.BO = АВ), 


13. 


14. 


15. 


16. 


17. 


18. 
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ЛАВС із right-angled at C and the perpendicular from 
C to AB meets AB in D. 

G is any point in CD and AG produced meets the cir- 
cumcircle of AABC in H. 

Show that, for all positions of б, the rect. AG.AH is 
constant in area. 


Two circles intersect; prove that their common chord 
produced bisects their common tangents. 

If two circles touch one another externally, state how 
the bisector of the two direct common tangents is related 
to the circles, 


Circles are drawn through two fixed points A and B. 
Prove that the pants of contact of tangents, drawn to these 
circles from a fixed point О іп AB produced, lie on a circle. 


Two circles, the second of which passes through the centre 
B of the first, intersect at a point P. The line of centres 
of the circles, when produced, cuts the first at A and C 
and the second at B and D, and PE is the perpendicular 
from P to AD. Prove that DC.DA — DB.DE. 


Two concentric circles have centre O, and A and Bareany 
two points on the outer circle. 

From A and B, secants AXY and BPQ are drawn to the 
inner circle. Show that for all positions of А and B 


AX. AJ = BP.BQ. 
C is the mid-point of a straight line AB and BCDE is the 


square on ВС. А circle with centre B and radius BD cuts 
AB at H and AB produced at K. Prove that 


(т) Rect. HC.CK = АС?, 
(2) Rect. AH. AK = 2АС?, 
А, В, C, D are four points in order оп a straight line. Find 
а point О in the line such that 
rect. AO. OC = rect. BO. OD. 


. Two circles cut at A and B, and Pisa point on BA produced. 


PQ and PR are the tangents to the circles from P. The 
tangents at A to the circles meet PQ and PR in D and E 
respectively. Prove that the perimeters of triangles PAD 
and PAE are equal. 
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THEOREM 36 


If two straight lines cut one another so that the rect- 
angle contained by the segments of the one is equal to 
the rectangle contained by the segments of the other, | 
the four extremities of the straight lines are concylic. 


Given: Two straight lines AB and CD intersecting at X and 
AX.XB = Cx. xb. 


Required: To Prove that A, B, C, D are concyclic. 


^ Proof: If the circle through A, C, and D does not pass through 
B let it cut AB (or AB produced) at E 
Then АХ. ХЕ = cx. xb (rectangle property of circle). 
But AX.XB — CX.XD (given) 

4. AX.XE = AX.XB 
. ХЕ = XB, 

This is impossible because XB is only a part of XE 
<. the circle through A, C, D must pass through B, 
ie. A,B, C, D are concyclic, E 


For alternative Proof, see p. 385. 
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THEOREM 37 
If two straight lines AB and CD are both produced 
to meet at X, and if the rectangle XA, XB is equal to 
the rectangle XC, XD, then the four points A, B, C, D 
are concyclic. 


Given: Two straight lines AB and CD both produced to meet 
at X, and rect, XA, XB = rect. XC, ХО, 


Required: To prove that A, B, C, D are concyclic. 
Proof: If the circle through А, C, D does not pass through.B 
let it cut XA (or XA produced) at E. 
Then XE.XA — XD.XC (rect. property of circle). 
But XB.XA = XD.XC (given) 
2. XE. ХА = XB.XA 
1. XE = XB. 
This is impossible because XE is only a part of XB 
the circle through A, C, D must pass through B. 
іе. A, B, C, D are concyclic. 


For alternative proof, see p. 385. 
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THEOREM 38 4 

If from a point outside a circle two straight lines аге 
drawn, one of which cuts the circle and the other meets 
it, and if the rectangle contained by the secant and the 
part of it outside the circle is equal to the square on the 

line which meets the circle, then the line which meets d 

the circle is a tangent to it. 


Sr 


Given: Two straight lines drawn to a circle from an external 
point X, XBA cutting the circle at A and B, and XT 
meeting the circle at T, and XA. XB = XT. 


Required: To prove that XT is a tangent to the circle. 


Proof: If XT is not a tangent let it meet the circle again at à 
second point C. 


Then XA.XB — XT.XC (rect. property of circle). 
But XA.XB = XT? (given) 
2. N. xc = хт? 
. XC = XT, 
ie. C and T coincide 
A cannot meet the circle at any point other than Т 
7. XT is a tangent to the circle. 


For alternative proof, see p. 387. 
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EXERCISES 53 
I. D : 2. Ад, 
P inc 
8, P 
e. coge De o 
B 
Prove A, B, C, D Prove- A, B, D, С 
concyclic, concyclic, 
4. Ps 
3. А С, : 
6", 
р H 
РВС 8 
Prove PAB = ACB, Prove C, D, H, E concyclic. 
A 
5. BD* — AD.OD. Prove that 
(х) BD is a tangent to circle АОВ. 
(2) D is the mid-pt. of arc BDC. в с 


D 


6. AABC is right-angled at A. А straight line through P, 
perpendicular to BC, bisects AC at О. Prove that 
(х) BP? — CP? = АВ?, 
(2) 2CP.CB — САЗ, 
7. ABCD is a rectangle in which BC — 2AB. The perpen- 
- dicular bisector of the diagonal AC cuts AD and AC in F 
` and G respectively. 
8 Prove AF.AD — АС.АС. А 
2) If АВ = x in, show that FD = i in. and also 
that cos FCD — +. 

8. Triangle XYZ is right-angled at Y and P is any point on 
YZ. YQ and YR are perpendicular to XP and XZ respec- 
tively. Prove that 

(1) XY? = ХР.ХО. 
(2) P, Q, R, Z are concyclic. 
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9. PQ and PR are tangents from P to a circle with centre O. 
OP meets QR in X. Prove that-PQ* = PX.PO. 

A secant PST lying between PQ and PO meets the 
circle in S and T. Prove that XOTS is a cyclic quad., and 
that SRP = ОЯТ. 

10. P is any point on the circumference of a circle whose 
diameter is QR, and PA is the perpendicular from P 
to QR. 

Circles are drawn on AQ and AR as diameters, and PQ and 
PR cut these circles in B and C. Prove that BC is a 
common tangent to the two circles and that QBCR is a 
cyclic quadrilateral. 

11. Tangents PA and PB are drawn to a circle with centre O, 

and OP meets AB in C. Prove that Oc. c = АСА, 

Prove also that the segments of any other chord through 
C subtend equal angles at P. ; 

12. Two circles intersect in A and B and P is any point in AB. 
Through P, a straight line CPD is drawn, cutting one of the 
circles in C and D, and through P, another straight line 
СРН is drawn, cutting the other circle in Gand H. Prove 
that C, G, D, H are concyclic. 

13. Two circles intersect in Q and R and P is any point іп 
RQ produced. From P a tangent PA is drawn to one 
circle and a secant PBC is drawn to the other, Prove that 
PA is a tangent to the circle through the points A, B, C. 

14. Two circles intersect in A and B and P is a point in BA 
produced. From P, two secants PCD and PGH are drawn 
to the circles meeting them in C, D and in G, H. 

DG and CH intersect in K, prove that 

CK.KH — DK.KG. 

Show also that the tangents from P to all circles through 
A and B are equal. 

15. PQisa straight line bisected at A. AB is the perpendicular 
to PQ. Through C, a point in AB, PC is drawnand pro- 
duced to point D so that PC.PD = 2AQt. 

Prove that PDQ is a rt. angle. 

16, A is the centre of two concentric circles. Two straight 
lines ABC and ADE cut the smaller circle at B and D 
and the larger at C and E respectively. ВЕ and CD 
intersect at X. Prove that BX.XE OX xc. 
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The following constructions illustrate applications of the 
previous theorems. 


(г) Construct a circle to pass through two given points and 
touch a given straight line. 


Let A, B be the given points and XY the given straight line. 
Draw any circle through A and B. 
Join AB and produce it to meet XY in C. 


Draw CT the tangent to the circle touching it at Т. With 
centre C, and radius CT, draw arcs to cut XY at D and E. 


The circles ABD and ABE are required circles. The proof 
Should be supplied. 


[Note.—The above construction fails when AB is parl. to 
CD. What construction could be used in this case ?] 
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(2) Construct a circle to pass through two given point: 
touch a given circle, 


Let A, B be the given points and XCYD the given circle. 
Draw any circle through A and B cutting the given circle at 
C and D. 


Join AB and DC and produce them to meet in O. Draw 
from O, the tangents OX, OY to the given circle touching it at 
X and Y. 


The circles ABY and. AB x are the required circles; The 
proof should be supplied. 
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^ 315 
(3) Construct a circle to pass through a given point and 


- touch two given intersecting straight lines. 


Let C be the given point, OA and OB the given straight 
lines intersecting at О, 


Draw. OX the bisector of AGB. 
Let D be the image of C in OX. 


Draw the circle through C, D and touching OA (use the 
method of construction 1 on Р. 313). 


The proof should be supplied. 
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Revision РАРЕВЅ XXXI-XL 


XXXI 2 


т. Two points C and D divide а line AB internally so that 
AC.CB — AD.DB. Prove that AC — DB. 


Е А 
2. Express с in terms of a, b, CD and 
uce that x е 
c? = а? + b? — 245 cos C. 
0 


» 

3. A brick 4 in. high is used to block 
a wheel If the face of the brick is 
8 in. from the point where the wheel 
touches the road, find the radius of 
the wheel. 


1 
4* 
4. ABC is ап acute-angled triangle inscribed in a circle of 


centre O; араса bisector of AB meets AC 


and BC, produced if necessary; in P and Q. Prove that 
OP.OQ = OC*. 


If the perpendicular bisector of BC meets BA and CA, 


produced if necessary, іп А and $, prove that P, О, К, 5 
are concyclic, 


5. Show how to construct a triangle ABC with an area of 


12 sq. in., if the base BC is 6 in. in length and 
AB? + AC! = 68 sq. in. 


XXXII 


I. C is the mid-point of a straight line AB, and D is any other 
point in AB, or in AB produced. Prove that 


AD? + ОВ? = 2AC* + 2CD*, 
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2. Express c in terms of a, b, CD and 
deduce that £ (5 
c? = a? + b? — 2ab cos С. 


Calculate the lengths of the 
medians from Band C. Prove that 6em, gem. 


А is à гі, angle. 


v 


B D с 
4. О is the centre, and OA a radius of a circle. Оп OA as 
diameter a circle is drawn. A chord BC of the first circle 
cuts the second in D and E. Prove that 
BD.DC = АО", 
ВЕ.ЕС = АЕ?, 


Іп AABC, АВ > АС. Show how to find a point P іп ВС 
produced, such that PA? = PB.PC. 

Show also how to find a point Q in BC such that 
AQ? = BQ.QC. Distinguish between the cases in which 
there are one and two solutions to this problem. In what 
exceptional case does the problem not admit of any 
solution ? 


e^ 


XXXIII 


1. ABC is an isosceles triangle, right-angled. at A, and D is 
any point on BC. Prove that BD? -+ DC? = 2AD?, 
Hence show that the triangle which has as its sides 
BD, DC and the diagonal of the square on AD, will be right- 
angled. 
2. 


Find x and y. 
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; 3. Prove that Ê = 6o*, 4:57 


в 72" c 
4- PQ is a common tangent to two circles with centres A and 
B, which touch externally at C. Prove that РО? = 4AC.CB. 


5. ABCD is a square, and P is any point in the plane of the - 


square. Prove that РА? + РС? = РВ? + PD?, 

Show that when РА? + PC? is equal to twice the area 
of the square, the locus of P is the circumscribing circle 
ofthesquare. Ifthe locus of P is the inscribed circle of the 
square, find the value of PA + PC, 


XXXIV 


I. Е is a point in the side CD of a rectangle ABCD and F is 
the mid-point of EC. Prove that 


AC? AE ACF. bf. 
Hence show how to find a point G in DC such that 
BD? = 4DG.GC. 


A 
0 
2. AD and CD are tangents to the 
circle at A and E respectively. 
Find the lengths of AD and CE. 2 
t em. c 
B ^ 


3. Circles are concentric. Prove 
AX.XB — BY.YC. 


с 


4. Triangles ABC are drawn оп a fixed base BC and lie between 
two fixed parallel straight lines BC and XY. Find the 
position of the vertex A when AB* + AC? is a minimum. 


ply cia 
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. Draw two intersecting circles having their centres on the 
same side of the common chord, and-draw any diameter of 
the smaller circle. Show how to describe a circle within the 
area common to the circles, which shall touch both circles, 
and have its centre on the given diameter. Distinguish 
between the cases in which the problem admits of one or 
two solutions. 


XXXV 


. A straight line AB is divided internally at C, and D and E 
are the mid-points of AC and CB respectively. Prove 
that АЕ? + 3EB? = ВО? + ҘА), 

A 

. Ап airman is flying over the sea at a Pw D 
height of 2,400 ft. How far away, at 
any time, is the sea horizon ? 
іе. AB = 2,400 ft. 

OB = 3960 ml. 
Find AD, 


. AB is a diameter and CE the tangent 
to the circle from C. Prove that 
AE.AD = СЕЗ, е 
If the diameter of the circle is 6 cm., 
evaluate the area of the rectangle д 
AE.AD. B c 


In a trapezium ABCD, AB is parallel to DC and equal to 
twice DC in length. Prove that 
AC! + BD? = AD? + ВС? + АВ), 

. Р is a point 3 cm. distant from the centre О of a circle of 
radius 4 cm., and APB is any chord of the circle through P. 
Find the area of the rectangle AP, PB. Т 

Show how to draw, from Р, a line terminated by the 
circumference, such that the square on it is equal to the area 
of the rectangle AP, PB. à 
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XXXVI 


г. D is any point in the base BC of an ‘isosceles triangle ABC. 
Prove that AB? — AD? = BD. OC. 
If D lies in BC produced, show that 
AD? — АВ? = BD. Dc. 


P 
15cm, 
2. Calculate PS, sem. 
а En 5 ES R 
A 
3. Calculate DC and hence find 7 ia, 5 in. 


the area of AABC. 


— gis 2E 
4. AD is an altitude of AABC, Eisa point on AD produced, 
and the circle on AE as diametér cuts BC in H, 
If HD* is equal to AABC prove that DE = jBC. 


5. Show how to divide a Straight line 8 cm, long, internally, 
into two segments, such that the rectangle contained by 
them has an area of 13 Sq. cm. 

[Use Pythagoras' Theorem to find the side ofa Square 
whose area is 13 sq. em. ]. 

Show that the number of units of length in the segments 
of the line are roots of the quadratic equation 


** — 8x + 13 — 0, 


XXXVII 
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о 
2. Calculate EB and hence find the „ 64" 
area of the trapezium. 


Prove that АХ? + BX? + СХ? + DX! = square on the 
diameter of the circle. 

4. Іп ДАВС, AB > AC. AD is the median from А and AE 
is perpendicular to BC. Prove that AB! — АС? = 2BC.DE. 
If BC is fixed and A moves so that АВ? — АС? is constant, 
what is the locus of A? 

5. Show how to divide a straight line 8 cm. long, externally, 
into two segments, such that the rectangle contained by 
them has an area of 13 sq. cm. 

(Use Pythagoras' Theorem to find the side of a square of 
area 13 sq. cm.] 

Show that the numbers of units of length in the segments 
of the line are roots of the quadratic equation 


x! —8x — 13 = o. 


XXXVIII 


. А rectangle measures 5 cm. by 3 cm. Use the theorem on 
intersecting chords of a circle to construct a square equal 
in area to it. Measure its side. 

2. A and B are fixed points on the circumference of a circle. 


— 


: B 
P js a variable point on the circumference. Find the 
position of P, if РА? + РВ? has its maximum value. 
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3. Circle, with centre P, and points A and В are fixed. Any 
circle through A and B cuts the fixed circle at C. Circle, 
with centre Q, passes through A and B and touches the 


fixed circle at E. Oc and BA produced meet in О. Prove 
OE a common tangent to circles with centres P and Q. 
Prove also that of all angles subtended by AB at points 


on the circle with centre P, АЕВ is the greatest. 


4. PA and PB are tangents to a circle with centre O. РО cuts 
the circumference at C, and PO, produced, cuts it again at 
D. AB cuts PO at С. Prove that PC.PD = PG.PO. 

Any other secant PXY cuts the circumference at X and Y. 
Prove that XGOY is a cyclic quadrilateral. 


5. A is a fixed point on the circumference of a fixed circle. 
Through A a variable chord AB is drawn. The chord is 
produced to C such that the rectangle АВ, AC is equal to 
the square on a given line XY. 

Find the locus of C; 55 
XXXIX 

1. ABis a chord of a circle. Show how to construct a rectangle 
equal in area to the square on AB, and having one side equal 
in length to the diameter. 8 

2. Prove that xy = A3. A 

Evaluate x and y in terms of 
b, c, h and prove that SANE 


I I I 
pina 


j 
l 


REVISION PAPERS 323 
3. Circles intersect at A and В. PQ is a common tangent and 


c 
P 
о 


PAQC is a parallelogram. Prove that 


(1) BAC is a str. line. 
- (2) P, C, Q, B are concyclic. 


4. Іп ДАВС, AB is produced to a point D. ВЕ bisects C&D 

and meets AC produced in E. 
The circumcircle of AABC cuts EB produced in G. 
Prove that GAB — BEA. 
Не prove that G lies оп the perpendicular bisector 
of AC, ; 

5. Two fixed circles with centres A and В intersect іп X and Y, 
and XY cuts AB in D. РО and PR are tangents to the 
circles from a point P, and the perpendicular from P to AB 
meets AB, or AB produced, at C. Show that 

PQ* — PR? — 2AB.CD. 
If PQ* — PR? = constant, find the locus of P, and deduce 
the locus of P for the particular case in which the value of 
the constant is zero. 


XL 


1. А plane rises from a beach and flies out to sea at a.height 
04 54 ft. above sea level, and is observed by a man 6 ft. 
tall, standing by the water's edge. How far will the plane 
be from the o when it just disappears over the 
horizon ? f 

2. If D is a point in the side BC of ДАВС such that 3BD = 2DC, 
ptove that 

ЗАВ? + 2AC? = 3BD? + 2DC? + SAD?, 
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3. 


ue 


A and B represent the goal posts on a soccer pitch. A 
player runs towards goal in the direction P to Q. Find the 


AC is 
Q 
\ 
point on PQ at which he ought to shoot to have the best 
chance of scoring, E 


ДАВС is isosceles with AB — АС; The perpendicular 
bisector of AB meets BC, or BC produced, in D. Prove 
that АВ? = BC.BD. 


(Hint: Drop perp. from mid-pt. of AB on to BC.) 


AB, CD are any two perpendicular chords passing through 
а fixed point R in a circle with centre О, Prove that 
АВ? + CD! = constant. Circles on AB and CD as dia- 


meters and with centres P, Q intersect in X and Y. OR and 

PQ intersect in Z. Prove that ZX = ZY= constant. 
(Hint :—Use Apollonius’ Theorem with APXQ.] 
Deduce the locus of points of intersection of circles which 


have as diameters any pair of perpendicular chords drawn 
through R. 


BOOK V 


PROPORTION SIMILARITY 
The word “ ratio " has already been defined іп the section 
dealing with the sine, cosine, and tangent of ап angle, 
In the ratio $, a is called the antecedent and b is called 
the consequent. 


1 2 
The ratio (i) or $a is called the duplicate ratio of 
When two ratios $ and 5 


or a:b = c: d'or $ = f and we read this as “a is to b as 


z 
V 


are equal, we write a: ö ::с:4 


c is to d." 

The four quantities a, b, c, d are then said to be in propor- 
tion. 

a and d are called the extremes and 5 and c the means 
of the proportion. 

d is called the fourth proportional to a, 5, c. 

Three quantities a, b, c are in continued proportion when 
b 
2 E 

b is then a mean proportional between a and c and c is 
the third proportional tb a and b. 

Proofs of the following facts may be found in any text- 
book on algebra. 


If = 5, then 


4 
b 


b 4 
() ad = be. 
b 4 
ha pi 
a b 
G) cr 
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b d zz 
юр. 
а с 
60 ЕГЕТ, 
a+b cid 
. 
c e a Lee 


If 5245 then each ratio is equal to 54447 

When two quantities have a common measure we can 
express the ratio between them as a ratio of two whole numbers. 
Thus the ratio of the lengths 3:24 іп, and 1:80 in. is 


374 324 36 12 
Here the common measure is us in. and the lengths are said 
to be commensurable, 

In a right-angled isosceles triangle where the sides contain- 
ing the right angle are each r in. long, the ratio of any one of 
the sides containing the right angle to the hypotenuse is T 

4/2 cannot be expressed as а terminating decimal. Hence 
it is impossible to express the ratio E as the ratio of two 


integers. By taking successive approximations to 4/2, i.e, 
I'4, I'4I; 1414 and so on, we get successive approximations 
10 100 1000 E % х 

14 ur p to the ratio Ad and indeed we could find two 
integers such that the ratio between them differed from I 


V 
by an amount as small as we please. 
The lengths of these two sides of the above triangle are 
incommensurable, having no common measure. 
Theorems and exercises in this book will deal with com- 
mensurable quantities only and it will be assumed that they 
are true for incommensurable quantities, 
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THEOREM 39 


(1) The areas of triangles of equal altitude are to one 
another as their bases. 


(2) The areas of triangles on equal bases are to one 
another as their altitudes. 


A 
ON e M 


——5.— —062— 


o 


(1) 
Given: Two triangles ABC and DEH with equal altitudes AX 
and DY, standing on bases BC and EH respectively. 


AABC _ BC 
ADEH ^ EH" 


Required: To prove that 
* 


Proof: Let b, and 8, be the number of units of length in the 
bases BC and EH respectively, and let 3 be the number 
of units of length in the altitudes AX and DY.. 


Then area of ДАВС = },h sq. units, 
area of ADEH = jb, sq. units. 


. AABC jh b BC 


С ДОЕН C dA b, EH 
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A 


(2) 


Given: Two triangles ABC and DEH standing on equal bases 
BC and EH and with altitudes AX and DY respectively. 


E AABC АХ 
Required: To prove that АБЕН = By 


Proof: Let 6 be the number of units of length in the equal 
bases BC and EH, and let A, and h, be the number of 
units of length in the altitudes AX and DY respectively. 
Then area of AABC = 0), 54. units, 


area of ДЕН = }bh, sq. units. 


Since the area of a Rectangle, or Parallelogram, is equal to 
Base x Altitude, a similar form of proof can be used to 
show that 


(1) The areas of rectangles, or parallelograms, of 
equal altitude, are to one another as their bases. 


(2) The areas of rectangles, or parallelograms, on 
equal bases, are to one another as their altitudes. 
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8 D c 


The commonest application of the case in which the altitudes 
are equal, occurs when the bases of the triangles are in one 
straight line and the triangles have the same vertex. 


ДАВО _ ВО 
Here, “АБС” DC 
AABD BD. , ДАВС BC 


Similarly ЛАВЕ ^ BC and AADC = DC 


Ес. 1 Fic. 2 


The commonest application of the case in which the bases 
are equal, occurs when the triangles are on the same side, or on 
opposite sides, of a common base, 


AABC _ AH 
Here DSS = DK. 


From our earlier exercises on similarity 
As AEH and KED are equiangular 
. AH, AE. 


AABC АЕ 
г SHE EC 2 
* This fact will be proved later. 
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WORKED EXAMPLES 


Example t.—D and Е are points ın the sides AB and AC 


AD 1 a3 


respectively, of AABC, such that - and 


DB 2 EA 


What fraction of AABC is the quadrilateral BDEC ? 


Join BE. 
Ser 29 (As of eq. alt. prop. to their bases) 
M 4 (ma TE rr TEE 
3\08 2 АВ AD +08 142 3, 
a c (As of eq. alt. prop. to their bases) 


„ 2 2 
- st ER 0 c4 
, DADE AABE r2 
> AABE’ ДАВС 7 3'5 


v. quad BDEC - 2 ДАВС. 
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А 


Example 2.--О is any point inside the triangle АВС, 
АО, BO, CO are joined and produced to meet the opposite 
sides BC, CA, AB in D, E, F respectively. Prove that 


AO , BO СО 
AD + be + cr = 


AO ДАВО AACO 
AD AABD ^ AACD 
ДАВО + AACO ДАВО + AACO 
AABD + AACO ^ AABC ^ 


(As of eq. alt. prop. to their bases) 


Similar values may be found for 59 and e 
, A0 , BO co 
"* AD * BE + CF 
= SABO + AACO , ABAO + ABCO 4 ACAO + ACBO 
AABC + AABC AABC 
e 2(AABO + ABCO + ACAO) 
AABC 

-.2ДАВС 

AABC 
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EXERCISES 54 
1. Find the values of the ratios 
ДАВО, ДАВО, ДАРЕ | 


ДАРЕ’ AAEC' ДАВС 
во ж ac 


в с 
2. ABCD is а parallelogram. : 
Find the ratio r the area of ~ fin 
BFDG to that of the parm. б 
ABCD. 52 
А £D 


_ 3. ABCD is a parallelogram, в с 
AF 3. OG 2 қ 
FO NGOs big 
Find ratio HESS * 
parm. ABCD A Jin. F Sin, D 
AD inq ABT A 
fa ra Mim: DNE 
) 3 1 
Find 22 ЛАРЕ AADC 
ind the ratios ЛАРС апі AMBC g * 


What fraction of AABC is AADE? 


y А0 АЕ 1 A 

"SDB. = E oZ\e 
What fraction of the whole triangle is a 
quad. BDEC? 
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6. А 
H G 
K F 


B DE C 
D, E; F, G; Н, K are points of trisection of the three 
sides. What fraction of ДАВС is the figure DEFGHK? 


7. AD, BE, CH are medians. 


A 
2% 
в о с 
кен gf 


8. O is any point inside AABC. АО, BO, CO, when pro- 
duced, meet the sides in D, E, H respectively, Prove that 
BD — AABD ЛОВО > AAOB 
DS AADC” AODC N 


Hence prove that 


This is known as Ceva's Theorem. 


9. P, Q, R are points in the sides of AABC such that 
BP = jBC, СО = jCA, AR = АВ. Prove that, in area, 
triangles ARQ, BPR, СОР are all 4 of AABC and that 
APQR is 1 ДАВС. 
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10. ABCD is a square and P isa point in AC such that 2 =}. 


BP produced meets іп О. Prove 


APQ 1 
ABQ = % sq. ABCD. 


1. In ДАВС, Р is a point in AB such that Ар = and Q 


a point in AC such that 9 =2, Express the ratio 
AAPQ 

quad. BPQC in terms of x and » 

12. ABCD isa quadrilateral with AC and BD intersecting at O. 

AAOB | ABOC, 

Prove that AOD = ACOD : 

13. D and k are the points of trisection, nearest to A, of the 
sides AB and AC, respectively, of ДАВС. BE and CD are 
joined. Show that t л 


AD _ AADE 
DB ЛОВЕ 


Hence show that DE is parallel to ВС, 
14. Lis the incentre of ДАВС. Prove that 
AIBC: AICA : AIAB = BC: CA: АВ, 
15. Тһе medians AD and BE of a ДАВС intersect at С, Find 
the ratios AABG : AGDE: AABC. 
16. Find a point O within a triangle ABC such that 
ABOC: ACOA: AAOB = 4:2:1. 
17, Through a point O within a triangle, straight lines are 
drawn from A, B, C cutting the opposite sides in D, E, F 
respectively. Show that 


OD , OE , OF 
AD^ BE T EAE 
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Division of a Line in a Given Ratio 


Fic. 1. ? 


Fic. 2. -------------- 
IG. 2 ? 


Fic. 3. 5 


If AB is any straight line and P is a point in AB, as in Fig. r, 
or in AB produced, as in Fig. 2 or in BA produced, as in Fig. 3, 
the line AB is divided in all cases into two segments AP 
and PB. 

АР 


We say that P divides the line АВ in the ratio -- PB 
In Fig. 1, P divides AB internally in the ratio АҒ. 
In Fig. 2 and Fig. 3, P divides AB externally in the ratio v 


In Fig 1, the ratio AF is small when P is near A and be- 
comes larger when P approaches B. When P is the mid-point 


of AB, the value of the ratio Арі is І. 


In Fig. 2, the ratio PB AP is always greater than I, since AP 
is always greater than PB. When ee Ms 
very large values, and, as P moves farther to the right, AP PB 


becomes smaller and approaches the value r, as P moves to 
the right along AB gy 


In Fig. 3, the ratio А is always less than r, since АР is 


always less than PB. When P is near A, the me has very 
small values, and, as P moves farther to the left, — PB A CUm 


greater and approaches the value r, as P moves to the left along 
BA produced. 
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THEOREM 40 


If a straight line is drawn Parallel to one side of a 
triangle, it divides the other sides Proportionally. 


OMe ene meee 


Given: AABC with DE drawn parallel to BC, meeting AB and 
AC, or these lines produced, in D and E respectively. 


5 ^ AD AE 
Required: To prove that DB ЕС 


Construction: Join BE and DC. 


Proof: In all figures 
ар = res (As of eq. alt. prop. to their bases). 
AE ЛАРЕ 
EC ^ ADEC 
But ADEB — ADEC (on same base and bet. same рагіз.) 
. AADE  AADE 
'* 'ADEB ^ ADEC 
. AD AE 
.. DB Е ЕС 
. DE divides АВ and AC proportionally. 
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Conversely : 
If a straight line divides two sides of a triangle pro- 
portionally, it is parallel to the third side. 


= —————— 10 


Given: (ABC with D and E points on AB and AC or on these 


sides produced, such that 55 ар = 25 


Required: To prove that DE is parallel to BC. 
Construction : Join BE and CD. 


AD _ AADE 
Proof: DB = ABDE (As of eq. alt. prop. to their bases). 


AE _ ДАРЕ 
EC = ADEC (same reason). 
AD AE,. 
But DB EC (given) 
. ДАРЕ ДАПЕ 
** ABDE ^ ADEC 
^ ABDE = ADEC. ^ 


But these triangles stand on the same base DE and lie on 
the. same side of DE 
they lie between the same parallels 
d DE is parl. to BC. 


338 motoren aun: 
"Wore EXAMPLES 


Example 1.—P at Q ате points i in the sides AB, BC of AABC 


BP BQ 3 
such that ng X and 967% АО and CP intersect іп 


R. Find the value of the ratio e 


A 


8 $3 Q 4 — 


Through P draw PS parallel to AQ to meet BC i in S. 
In ДАВО, PS is parl. to AQ 


BP BS one веат 
D PA SQ gear 
„ 85-550 172 
nS 2 
ЕГЕР 
50 2 
со 
But 55 =! 
. СОВО 43 3 
ВО QS 327І 
2-2 
7 Qs 
In ACPS, CHER to " 
„R co 2 
" RP Qs 1 
. CR с 
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Example 2.—Q and R are points on the sides AB and AC 
respectively of ДАВС, such that AQ = AR. QR produced 
meets BC produced, in P. Prove that 

rect. BP.CR — rect. BQ.CP. 


Given: As in question. 
Required: To prove rect. BP.CR — rect. BQ.CP. 


Construction: Draw CS parl. to BA to meet PQ in S and draw 
ST parl. to PB to meet AB in T. 


Proof; AQ = AR (given) ~ . Аба = ARQ (base / s of isos. A). 
But AQR = RSC (alt. Zs. AB, SC parl.) 
ind: ARQ = s&c eg opp.) 
SRC = RSC . CR = CS. 
Also BTSC is a parm. (opp. sides parl.) 
*. CS = BT (opp. sides of parm.) „. BT = CR. 
In ABQP, CS is parl. to BQ 
. ВС QS , BC--CP 95 + 5Р , BP QP 
D US Ср- “ар” 


But S7 = 98 (Ts is parl. to BP) 


. BP ОВ ОВ, BP QB 
“СР. ТВ. CRIT CPU UCR 
. rect. BP.CR = rect. BQ.CP. 
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2 № 
x 
4 J 


Find x and y. 


- A 2 AX 3 
nn E 


4. E is the mid-point of AB. D divides ВС 


in the ratio 2:3. 
CH 
1 eda PAN 
(Hint: Draw EG рап. to AD to 


a 3c 
meet BC in G.] Қр 


А 
5. E із the mid-point of the median AD. 
AH і 
Prove that ACT 3 
8 D c 
^ 
TA 


EXERCISES 55 


(sh 


6. 55 = 2. Prove that each of the ratios 
BX 3: 
XE andi XD 5 equals 3 


7. 


P 


10. 


II. 
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P is ап int in the common base 
BC of As ABC, DBC. РО and PR are 


parl to BA and BD respectively. 
Prove QR parl. to AD. ? 


PR produced meets BC produced, in О. Prove that C is 
the mid-point of BQ. 


In AABC, P and Q are points in BC and CA respectively 
BP 55 CQ 1 

во that еті and СА = 7 

QP produced meets AB produced, in R. 


Calculate the ratio Es 


P and Q are points on the sides BC and AD respectively of 
parallelogram ABCD, such that ec = 22 -2 Find the 
ratio in which BD is divided by AP and QC. Find also 
the ratio in which AP is divided by the diagonal BD. 


Triangle XYZ is isosceles and right-angled at Y. A and B 

are points in XY and XZ respectively dividing these sides 

in the ratio 2 to r. : 
Compare the perimeters of AXAB and the quad. AYZB. 


34a 


12. 


13. 


14. 


15. 


16. 


17. 


19. 


20. 
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Two straight lines ОХ and OY intersect at O. If P, О, R 
are three points in order on OX, and 5, T are two points 
on OY such that PS is parallel to QT and QS is parl. to 
RT, e that aie, 

en OQ ^ OR 
P is any point in the side BC of AABC. РО, parallel to 
CA, meets AB іп Q, and QR, parallel to BC, meets AC in R. 


Prove that — = —. E 


In triangle ABC, P is any point in the side ВС, Through P, 
PQ and PR are drawn parallel to BA and CA meeting AC 
and AB in Q and R respectively. Prove that AARQ isa 
mean proportional between ABPR and ACPQ. 

Two equal circles touch externally át a point B, and AB 
is the diameter of one of the circles. The tangent AT 
from A to the other circle cuts the first circle again in С. 
Prove that AC — 2CT. 

Two circles of radii ғ, and ғ, touch externally at A, and 
PA, a diameter of the circle of radius fı, meets the other 
circle again in О. Тһе tangent PX from P to the second 
circle cuts the first circle at B, and the tangent QY. from Q 
to the first circle cuts the second circle again in C. 


Express the ratio ix in terms of r, and r,, and show that | 


rect. PB, CQ = 4BX.CY. 

ABCD is a trapezium and E and F are the mid-points of 
the oblique sides AC and BD respectively. Prove EF 
parallel to АВ, 


From any point E in the side CD of a parallelogram ABCD, 


a straight line EG is drawn parallel to the diagonal CA, | 
meeting AD in G. Through E and G, EK and GH are drawn l 
parallel to the diagonal DB, meeting BC and BA in K 
and H respectively. Prove HK parallel to АС, 
Through a point O, three straight lines OAB, OCD, OFG 
OA OC OF 
OB D OG 
Prove that the triangles ACF and BDG are equiangular, 
P and Q are points in the base BC of AAC such that 
BP = QC. PR, parallel to BA, meets AC in R, and QS, 
parallel to CA, meets АВ in 5. Prove SR parallel to 
BC, 


are drawn so that 
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CONSTRUCTION 25 
To divide а straight line in а given ratio 


2 4 


(1) Internal. Division 


Given : oe ight line AB and two straight lines, whose lengths 
Y are in the given ratio, 


Required; To find a point P in AB such that $F = X. 


Construction: From A draw a straight line AC making any 
angle with AB. 
From AC, n 
Join BR, and through Q draw ОР parallel to RB, to 


meet AB in P. 


. AP AQ (str. line parl. to one side of A divides 
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(2) External Division 


A 8 P 
Required: To find a point Р іп AB produced, such that 
OE 
^PB^ Y 
Construction: From A draw a str. line AC making any angle 
with AB. қ 
From АС cut off AQ equal to X and from QA cut off 
QR equal to Y. à 
Join RB, and through Q draw QP parallel to RB, to 
meet AB produced, in P. 
AP X 
Then B FY 


Proof: In AARB, ОР is drawn parallel to RB meeting AR 
and AB produced in Q and P. respectively 


In this case, the ratio Xis greater than I since X is greater 
than Y, and the point P lies to the right-of AB, the segment 
AP being greater than the segment PB. If the ratio х is less 


than т then the segment AP must be less than the segment PB. 
Hence P must lie on the side of A remote from B. 
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The form which the figure takes when Х Sr is shown below. 


Construction: From A draw a str. line AC making any angle 


with AB. 

From AC cut off AQ equal to X » 

Produce QA, and from QA produced cut ofí QR equal 
to Y 


Join RB, and through Q draw QP parl. to BR, to meet 
BA produced, at P. 


АР X 
Then PB Y 


Proof: In AARB, QP is drawn parl. to BR, meeting RA and 
BA produced, in Q and P respectively 


. AP АО 


^. vB ^ QR 
x 


Y 
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CONSTRUCTION 26 


To construct a fourth proportional to three given 
straight lines 


Given: Three straight lines X, Y, Z. 
Required: To find a fourth proportional to X, Y, Z. 


Construction: Draw two straight lines AP and AQ containing 
any angle, 
From AP cut off AB = X and BC = Y. 
From AQ cut off AD = Z. 
Join BD, and through C draw CE parl, to BD, meeting 
AQ in E. 
Then DE is the fourth proportional to X, Y, Z. 


Proof: In AACE, 
BD is parl. to CE 
. АВ AD 


2, DE is the fourth proportional to X, Y, Z. 


[Noiz.—1t the line Z is equal in length to the line Y, then | 
in the above construction, AD — BC, and DE becomes thé 
third proportional to X and Y.) 


н 


553 


10, 
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EXERCISES 56 


. Divide a straight line 2:5 in. long internally and externally 


in the ratio 7:3. Measure the segments and check the 
results. 


. Divide a straight line 2:5 in. long internally in the ratio 


3:4:5. 


. Find, geometrically, a fourth proportional to 3, 4, 5. 
. Find, geometrically, a third proportional to 3, 4. 
. ABC is an angle and D a point within it. Construct a 


straight line XDZ passing through D, with its ends on 
AB and BC, so that XD: DZ — 3:2. i 


. Draw a straight line ro cm. long. 


x 
Y 
z 


Divide it in the ratio X: Y : Z. 


. Construct a triangle ABC whose perimeter is 6 in. and 


whose sides AB, BC, СА are in the ratio X: Y : Z (Exer- 
cise 6). 


Find x geometrically, if 2 = 3. 
Find, geometrically, the value of 53234, 
(2:6) 


Find, geometrically, the value of Ir 
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THEOREM 41 


The internal and external bisectors of the vertical 
angle of a triangle divide the opposite side in the ratio 
of the sides containing the vertical angle. 


$ : 
245 6, 
А, 14 А * 
x 
, [3 
Д 
B D c B я c о 


Ес. r. Fic. 2. 


Given: AABC with AD bisecting the interior BÁC in Fig. 1, 
and the exterior САС in Fig. 2. 


Construction: Through C draw CE parl. to DA to meet BA 
or BA produced if necessary, in E, 
In Fig. 1 let a point G be taken in AB, 


Proof: GAD = AEC (corresp. Zs. DA, CE parl.) 
and DAC = ACE (alt. /s. DA, СЕ рагі). 
But GAD = DAC (given) 
Л AEC = ACE 
^. AE = AC (sides of a A opp. equal angles). 
In ABEC, since DA is parl. to CE 
„ BD BA 
.. DC - AE 
. BD ВА 
.. Dc A AC 
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Conversely t 

If the base of a triangle is divided internally or exter- 
nally into two segments proportional to the other sides 
of the triangle, the line joining the point of section to 
the vertex bisects the vertical angle internally or 
externally. 


6,” 
h^ 
A pet 
- 
1 t 
; 
B c D 
Fic. 2. 


Given: ДАВС with D a point in BC in Fig. 1, and in BC 
BD BA 
produced in Fig. 2, such that 56 БС AC 


In Fig. r, G is any point in AB, and in Fig. 2, BA 
is produced to any point G. 


Required: To prove that GAD = DAC. 


Construction: Through C, draw CE parl. to DA to meet BA, 
or BA produced if necessary, in E. 


Proof: Yn ABCE, since DA is parl. to CE 


, BA BD 
** AE M 
But Se T A AC ^ (given) 
. BA BA 
.. АС 52. АЕ 
2. AC = АЕ 


2. ACE = AEC (base Zs of isos. Д). 
But ACE = = DAC (alt. Zs DA, CE parl) 
and AEC = GAD (corresp. Zs DA, CE parl) 
2 GAD = DAC. 
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0 c е 


Іп ДАВС, AD bisects the interior angle at A, and AE bisects 
the exterior angle at A, and AD and AE meet BC and BC 
produced, at D and E respectively. It follows at once from 
the previous theorem, that 5 


DC ac арс с 
. BD _ BE 
** DC ^ Ec’ 


i.e. the straight line BC is divided internally and externally in 
the same ratio at D and E. The straight line BC is said to be 
divided harmonically at D and E, 


Note: (i) DAE =x rt, angle, 


(i) да ВЮ. BE 
АС ™ Dc SC 


Д ,, ВА % BD BE 
For any given value of the ratio Ac: the ratios De and EC 


are fixed. 


BA BD S3 зво S -3 
Suppose ACT 5 then bc 9 "xc mi or ес. 
е point D is therefore a fixed Point. So also is E a fixed 
point, 
Hence, if B and C are fixed Points, and A moves in such a 
way that x = 3, then since D and E are fixed points and DAE 


is a right angle, the locus of A will be a circle on DE as 
diameter, 
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The circle is called Apollonius' Circle. For different values 
of the ratio x the positions of D and E will vary. Hence 


the locus of A, for different values of the ratio x consists of 


a system of circles, 


EXERCISES 57 


4. lis the incentre of ДАВС, Al, : : 
ВІ, СІ produced meet the sides зіп, ain. 
at D, E, H. Calculate the seg- 


ments of AB, BC, CA. 4in. [2 
i А 
5. AD is the median from А. DE and DH 
bisect ADBand АС, ProveEH parallel — f H 
to BC, 


6. AD bisects ВАС. ВЕ--ВО and 
СН — CD. Prove EH parallel to BC. 


II. 


13. 


14. 
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Circles touch at А. Tangent at C tc 
inner circle meets outer circle at B 
AB BC А 


and D. Prove 45 = CD. в 


. P and О divide AB internally and externally in the same < 


ла 
M UR 


ratio. Circle is drawn on PQ as diameter. If C is any 
point on this circle, prove that x = x 

Hint: Through B draw lines parallel to PC and ОС.) 
In „ДАВС, AD and AE, the internal and external bisectors 
04 А, meet BC and BC produced, in D and E respectively. 
If BE = 7-02 in., EC = 2:7 in., AE = 3:6 in., find AD. 


. ABCD is a quadrilateral whose sides AB, BC, CD, DA 


measure 4, 6, 12, 8 cm. respectively. BE bisects 8 and 
meets AC in Е, Prove that DE bisects б. 


lis the incentre of AABC and Al produced meets BC in D. 


If AB: BC: CA =6:5: 4, prove that 5-2 


ABCD is a rectangle in which AB = 4 The bisector of 


ACB meets АВ in E. If AB is 1 in. long, calculate AE and 
prove that BE is half of BC. 

Show how to construct a triangle whose base is 2:2 in. long, 
whose vertical angle is 42° and whose sides are in the ratio 
3:2. 

Angles A and D of parallelogram ABCD are bisected by 
АР and DQ, which meet the diagonals BD and AC in Р 
and Q respectively. Prove that PQ is parallel to AD. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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i 


lis the incentre of AABC and Al produced meets BC in D. 
Prove tha! A penne 
ID BC 
Prove that the radius of the circle inscribed in an isosceles 
triangle has the same ratio to the altitude of the triangle 
as the base of the triangle has to its perimeter. 
ABCD is a cyclic quadrilateral with AB — AD. Тһе 
diagonals of the quadrilateral intersect at О. Prove that 
BC 80, 
CD OD 
If the bisectors of one pair of aps angles of a quadri- 
lateral meet on one diagonal, the bisectors of the other 
pair must meet on the other diagonal. Ж 
In triangle ABC, AB >> АС. Тһе bisector AP of А meets 
BC in P and is produced to О so that ВО = BP. ВО and 
AC, when produced, meet at R. Prove that 
AR ОҚ 
АС РС 

AB is а chord of a circle and CD is the diameter perpen- 
dicular to it. P is any point on AB. СР and DP, when 
produced, meet the circle again in E and H respectively. 
Prove that 19 

ove that Eg — HB 
PQ and PR are tangents to a circle with centre O, and A is 
any point on QR. PB is the perpendicular from P to OA 
produced, and meets it at B. Prove that the points O, О, 
B, P, R are concyclic. If QR, or RQ produced, meets PB 
produced, at C, prove that QR is divided harmonically 
at A and C. 
P, Q, R are three points on the circumference of a circle 
such that PQ — QR. QS is the diameter through Q. 
A is any point on the tangent at P, and a straight line 
ABCD through A meets PQ, PR, PS in B, C, D respectively. 

AB 

Prove that 88 7 CD 
Two circles, centres P and Q, touch externally at O. А 
straight line parallel to PQ cuts the first circle in A and B, 
and the second in c and D. AP and DQ meet in R. 
Prove OR bisects ARD. ; 


N.C.G.—I2 
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24. AB is a diameter of a circle and C is the mid-point of the 
arc AB. СА is produced its own length to D, and DB cuts 
the circle at E. DGH is perpendicular to DC and meets 
CE and AE produced, at G and H. Prove that 

(х) AHAD га ABCD. 
DG. DE 
@ RTR 

25. In ДАВС, АВ >> АС, The bisector of ВАС meets (һе 
circumcirclein P. The diameter through P meets AB in О, 
the circle again in R, and, when produced, meets CA pro- 


М SR SP 
duced, in S. Prove that RQ PO’ 


26. In ДАВС, АВ >> АС. The internal and external bisectors 
of A meet BC in Р, and BC produced іп О. QR and QS 
are parallel to AB and CA, and meet AC and AB produced, 
in R and S respectively. Prove that 

(х) ASQR is a rhombus, 


27. In ДАВС, AC = 2BC, АВ is produced its own length to 
D. СЕ, perpendicular to CD, meets ABinE. Prove that E 
is a point of trisection of AB. 

Similar Figures 

Similar figures may be described as figures which have the 
same shape, eg.: 

a map of a district and the district itself, 

& picture on a film and its projection on a screen, 

a photograph and an enlargement of the photograph, 

a model of a ship and the ship itself. 

For one figure to be a faithful reproduction of another figure 
with regard to shape, all angles in the one must be exactly equal 
to the corresponding angles in the other and all lengths in the 
one must be the same fraction of the corresponding lengths in 
the other, i.e. if two roads meet at an angle of 69° then the roads 
on a map of the district must also meet at an angle of 60*. 

If three places A, B, C are such that the distance from A to B 
is 9 miles and from B to C, 6 miles, then on a map on which the 
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distance from A to B is 3 in., the distance from B to C must be 
2 in. All distances must be reduced in the same ratio, the 
scale of the map. 

Similar figures must therefore satisfy two conditions : 

(х) The angles of the one must be equal to the corresponding 
angles of the other. 

(2) The sides of the one must be proportional to the corre- 
sponding sides of the other. 


Fic. 1. Fic. 2. Ес. 3. 


Both conditions are necessary as may be seen from the 
above figures. 

In Fig. І, the two pentagons are equiangular, but the sides 
are obviously not in proportion, and the pentagons are clearly 
of different shapes and are not similar figures. 

In Fig. 2, each side of the pentagon FGHKL is half the 
corresponding side of the pentagon ABCDE, but the pentagons 
are obviously not equiangular and again are not of the same 
Shape. They are, therefore, not similar figures. 

In Fig. 3, the two pentagons are equiangular, and each side 
of FGHKL is three-quarters of the corresponding side of the 
Pentagon ABCDE, i.e. both conditions are satisfied. 

The pentagons are clearly of the mes shape and are there- 
fore similar 

It is found that when the "de Ағалы have four or 
more sides, the above conditions must both be satisfied in 
order that the figures should be similar. 

In the three theorems which follow, similarity of triangles 
is dealt with, and these theorems show that in the case of two 
triangles the above conditions are not independent of each other, 
and that, when either is satisfied, the. other is also satisfied. 
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THEOREM 42 Я 
И two triangles аге equiangular, their corresponding 
sides are proportional. 


D 
T 

2 SK. t 
в É H 


Given: Two triangles ABC and DEH with A = Б, 8 = Ё and 


therefore С = H. 
AB BC СА 


Required: To prove that DE^ EH ^ RD 

Construction: From DE cut off DK = AB and from DH cut ofl 
DL — AC. 3 
Join KL. 


Proof: In As ABC and DKL 
1. AB = DK (constr.), 
2. AC = DL (constr.). 
3. Nö (given). 
ез ДАВС = Дрен (two sides and incl. /) 
2. ABC = DKL. 
But ABC = Ё (given) 
^ DKL = E 
„ KL is parl. to EH (corresp. /s equal). 
In ADEH, since KL is parl. to EH 


De DL 
.. KE 27. ІН 
i рКа е Әс 
РК KE DL 4- LH' 
Le, DR = DL 
ре DH 
But DK = AB and DL = AC (constr.) 
. AB АС 


* DE ^ DH s 
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BC 


. Б АВ 
Similarly it can be proved that DE ^ EH 


"БЕ ЕН HD’ 


It follows immediately from the above theorem that 
equiangular triangles are necessarily similar. 
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I. B=€ and C й. Complete the following statements : 


a AB BC 
сЕ ae А 
АС D 
E ZN а 
AB DE 
Mu EDD B C E 
6) DH' ; 
2. As ABC and DEH are equi- зет, 2 D 
angular. Find DH and EH. 1-8.em. 
B 28cm, С н 
А 
3. As ABC and РЕН аге x о 
1a Find AB in. iin. 


and O У 
B зіп. с E ain. H 


4. AB is a tangent and. ACD a secant to the circle. Prove 
As ABC and ADB equiangular. 


Complete the following : 8 
AB BC 
60 75 — 
AB АС o с 2 
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5. ED is parallel to АС. Find EA and the 
ED 
value of the ratio AC 


6. AB and CD are two chords intersecting 
at X. Prove As ACX and DBX 
similar. Deduce that 


AX.XB = CX.XD. с 
2 
7. DE is parallel to BC and А Ар 8 Ргоуе 


(1) As ADE and ABC similar. A 
(2) As DXE and CXB similar. 4 


8. FB bisects Р and A is the mid-point of PQ, RC is parallel 
1 


А 
Q 8% 
с 
to PQ and meets AB produced, at C. Write down the- 


value of the ratio 98; in two different ways and show that 


BR 
RC — jPR. 
9. PA and PB are tangents and PQR is a secant, Name two | 
3 A 


B 
pairs of similar triangles. Prove that 56 = gc Hence 


show that if AS bisects КАО then BS bisects КО. 


10. 


II. 


12. 


13. 


14. 


15. 


га 
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AP is the tangent at A to ОАВС and meets BC produced, 


at P. AD bisects BAC and DE is parl. to СА. From the 
similar triangles write down the value of the ratio А? 


PB* 
Prove that PE bisects Б. 


ДАВС is right-angled at A and AD is the perpendicular 
from A to BC. 

AB 12 , BD 
I find the ratio DC 
ABCD is a trapezium in which AB is parallel to DC. If 
the sides AB, BC, CD, DA measure respectively 8, 5, 4, 
6 cm. and if AD and BC, when produced, meet in E, calculate 
EC and ED. 


In triangle ABC, the side АВ is twice the side АС. AD 


bisects А and meets BC in D, and DE parallel to BA meets 
AC in E. - 


" TAE AB 
Find the ratios EC and DE 


D and E are points on the sides AB and AC of AABC such 


that 88 — f 4 BE and DC intersect in Н. Find 


the ratio он Express the areas BDC, BDH, AEHD as 


‘fractions of ДАВС and verify that ABHD = quad. АЕНО, 


In triangle PQR, the angle P is bisected by PX which meets 
QRinX. Yisa point in QR produced, such that PY — XY. 
Prove that the triangles PRY and QPY are similar, and show 
that XY is a mean proportional between QY and RY. 
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16. AD is the bisector of the vertical angle A of AABC and 
meets the base BC in О. С is a point in DC, or DC pro- 
duced, such that BD — DG. Through G, GH is drawn 
parallel to CA, to meet DA, or DA produced, in Н. Find 


the ratio cá and deduce that GH = АВ, 


PA and PB are tangents to a circle, and Q is any other 

point on the circumference. QC and QD are perpendicu- 

lar to PA and AB respectively, meeting them in C and D. 
A 


17, 


Prove 95 = QE 


18, In triangle ABC, АВ is a tangent at A to a circle which 
passes through C, and AC is a tangent at A to a circle 
which passes through B. If these circles intersect at a 
second point P, prove that AP? = BP. PC. 

Ig. Triangle ABC, in which AC > CB, is right-angled at C. 
The tangent at C to the circle ABC meets AB produced, 
at D, and DE, which is perpendicular to AD, meets AC 

BC АВ 
produced, at E. Prove that DC = DE and DC ^ AE 

20. AB and CD are two chords of a circle and C is the mid- 
point of the arc ACB. АВ and CD intersect in E, and ЕН, 

parallel to DA, meets the tangent at A іп Н. Prove the 
triangles AEH and DAB similar, and deduce that AH — EB. 

21. PA and PB are tangents to a circle with centre О, РО cuts 
the circle in C, and PO produced cuts it again at O. If AB 
and PD intersect at E, prove that PC.PD = РО, РЕ, 

22. А straight line DE is drawn pazallel to the base BC of a 
triangle ABC and meets AB and AC in D and E respectively. 
BE and DC meet in O, and AO cuts DE in Pand BC in Q. 

AP РО 5 44 
Prove that AQ 6Q' and that if AD = {АВ then О is 
the mid-point of AQ. 

73. ABCD is a cyclic quadrilateral such that the tangents at A 
and C meet on the diagonal BD produced. Prove that 
rect. AB. CO = rect, AD. BC. 

(Hint: Prove As OAD and ОВА similar and find the 


ratio which equals x5] 


25. 


26. 


27. 
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Two circles intersect at А and B and РО is a common 
tangent to the circles at P and Q. If QA and PB meet 
at R, and PA and QB meet at S, prove that the triangles 
ARB and QSP are similar. Find a second pair of similar 
triangles and prove that AR.RP = AS.SQ. 
Two circles intersect at A arid B and the tangent at A to 
one of them meets the otherin C. A straight line through 
A cuts circle ABC in D and the other in E. Prove that 
rect. AB. BD = rect. BE. BC. 
XY is a chord of a circle and P any point on the circum- 
ference. Tangents to the circle at X and Y meet at 2. 
PL, PM, PN are the perpendiculars from P to XZ, XY, YZ 
respectively. Prove that PM? = PL.PN. 
P is a fixed point within the acute angle XOY, and any 
line through P meets OX and OY at points A and B respec- 
tively. AC and BD are рерскй from А and В on 
OY and OX respectively, and Q is a point on CD such that 
оӧс = AÓP. Prove 

(1) As AOP and соо similar, 

(2) OQ = OP cos XOY = constant. 
Hence show that Q is a fixed point, 


. ABC is a given triangle, AB and AC are produced to Р 


and Q respectively so that PQ is paralle] to BC. R isa 

MUR PR BP А 
point іп РО such that RO = CO AR cuts BC in S. Prove 
that 

iy BE 

SC RQ 

(2) S is a fixed point È 5 

What is the locus of R as РО varies in position? 


29. State and prove a construction for finding two points D, E 


on the sides AB, BC of a triangle ABC, such that ADBE 
m be similar to AABC and BD 4- DE may equal a given 
length. i 

P and Q are two fixed points. АВ and CD are two fixed 
parallel straight lines. Prove that if M is any point in AB 
and if QN is drawn parallel to PM to cut CD at N, then 
os is constant for all positions of M. Hence prove that 
MN passes through a fixed point. 
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) THEOREM 43 

If two triangles have the sides of the опе propor- 
tional to the sides of the other, the triangles are equi- 
angular, those angles being equal which are opposite 
corresponding sides. 


A 
AEN oe 
B c ET 7H 
7 


K 
Given: Two triangles ABC and DEH with 
AB BC СА 
БЕ” EH ^ HD 
Required: To prove ДАВС equiangular to ADEH. 
Construction; Оп the side > of FH remote from D, draw EK 
and HK so that HEK = В and EAK = €, 
Proof: In Аз АВС and КЕН 
ABC = КЕН (constr.), 
Ace = 153 (constr.), 
А-Қ (sum of Zs of a A = 180°) 
As ABC and KEH are equiangular 
. AB BC СА 
KE ~ EH ^ HK 
AB ВС. 
But DE ^ EH (given) 
. AB AB 
.. DE = KE 
^, DE = KE. 
: Similarly DH — KH. 
In As DEH and KEH 
I. EH is common. 
2. DE — KE (proved). 
3. DH — KH (proved). 
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^, ADEH = AKEH (three sides) 
2. DEH = КЕН and DHE = KE EE 
5. ABC = БЕН and ACB = DHE (constr.) 
AK А-6 (sum of /5 of A = 180% 
2. AABC is equiangular to ADEH. 


EXERCISES 59 


B x 
E ay 
A с 


АВ ВС СА 
In As ABC and XYZ, xy = yz = ZX Name the equal 


I. 


angles. 


2. ACE is a straight line. Prove BC parallel 
to DE. BD produced meets AC produced, 9 D 
in H. Calculate EH. 


3. D is any point in ВС. F and б are mid- 
points of BD and DC. HF = ҘАВ and 
HG = ДАС. Prove AH produced passes 

B F DGC 


through D. 
Prove DC parallel to AB. 


4. As ABC and CAD are drawn on oppositesides А с 
of AC such that AB: BC: CA — CA: AD: DC. 


5. As ABD and ACE are placed so that CAD is a ғы” 
straightline, Prove that EAB - 1 rt. angle: 
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THEOREM 44 
When two triangles have one angle of the one equal 
to one angle of the other, and the sides about the equal 
angles proportional, the triangles are similar, 


A 4 


Given: Two triangles ABC and DEH with 
2 5 AB AC 
А =D and DE = DH 
Required: To prove that AABC is similar to ADEH. 
Construction: From DE cut off DK — AB, and from DH cut off 
DL = AC, 
Join KL. 
Proof: In As ABC and DKL 
I. AB = DK (constr.). 
2. АС - DL (constr.). 
^g; A — D (given). 
5 ДАВС = ADKL (2 Sides and ind. C) 
-. B = DKL and С = Dik, 
AB АС 
But DE = pH (given) 


DK DL 
DE DH (AB — DK and AC — DL constr.) 


арк DL 
“ БЕ- DK ^ DH — DL 
. DK DL 
" KE ^ tH 


іе. KL divides the sides :DE and DH of ADEH 
Proportionally 
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We KL is parl. to EH = jj 
2. DKL — E and DLK — H (corresp. /s KL, EH 


But DKL = 8 and БЕК = Ё (proved) 
„ 8k and &= 
2, ДАВС is equiangular to ADEH 
2. corresponding sides are proportional 
2, AABC is similar to ДЕН. 


EXERCISES 60 


AD = АВ; АЕ = {АС. Prove BEDC а cyclic quadri- 
lateral, 


5 
c Hep, ете. 
pss 
* D 


Find the ratio АС and prove AC parallel to BD. 


^ Я 
2 ст, = ус“ 9 
4 c We n 
B 


Find the ratio АС and prove А, C, B, D concyclic, 
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5 


> 


“уЗ 


10. 


Prove quad. EBCD cyclic. Find the ratio be 
A 
в 
D 
tain Tin. 
B он” 


BD bisects f. AG = AD and CH = СО, Calculate BG, 
ВН, GH, if AB = r2 in., ВС = о in., СА = 7 іп. 
D and Е are points іп AB and AC such that BD = ФРА and 
СЕ = jEA. BE and CD intersect іп F. Show that 

DF Irc. 


» Two circles intersect at A and B, and P is a point on BA 


produced. PCD is a secant to one circle and PT a tangent 
to the other. Prove that А8 СРТ and TPD are similar. 
Triangles ABC and DEH are similar and BC and EH are 
corresponding sides. Prove that the rad'i of the circum- 
circles of triangles ABC and DEH are in the ratio ЕС, 
and also that the radii of the circumcircles are in the ratio 
of the perimeters of the triangles. i 


. Two circles of radii ғ, and f, intersect in A and В. The 


tangents at A to the circles meet the circles of radii r, 
and r, in C and D respectively, Prove that ў 

AC т. 

AD = fs 
ABC is an isosceles triangle with AB — AC, Pisa point 
within the triangle ABC such that PQ* = PR.PS, where 

„ R, S are the feet of the Perpendiculars from P on BC, 

CA, AB respectively. Prove that the triangles SPQ and 
QPR are similar, and that AB and AC are tangents at B 
and C to the circle through B, P, C, 


II. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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ABCD is a square. P and Q are points on BC and CD 
such that BP — 3PC and CQ — QD. Prove that 
AQ = 2РО and APQ = СРО. 


D is a point in the side BC of triangle ABC such that 
BD AB г АВ AD 
DC" AC AD is produced to E so that ХЕ AC 
Prove that ABEC is isosceles. - 

Triangle ABC is inscribed іп a circle and АТ is the tangent 
at A to the circle. CT is drawn on the side of CA remote 
from B, making ACT — ACB. P and Q arethe mid-points 
of AB and AT respectively. Prove that 


(1) ABCP is similar to AACQ. 


ABCD is a cyclic quadrilateral having AB. CD = BC. . 
DA is produced to P so that АР = AD. Prove АВР = ОВС. 
If CB is produced to Q so that BQ — BC, and if AQ and BP 
intersect at R, prove AR — RB. 
Triangle ABC is an isosceles triangle with AB — AC and А 
isarightangle. А rectangle BCDE is described on the side 
of BC remote from A, such that BC =2CD. If H is the 
mid-point of AC, prove that BHD = 90°. 
Triangle ABC is inscribed in а circle and ће tangent at А 
meets ВС produced, at D. Prove that 

20 85 

€D AC? 

A straight line Abi ауа at C and O so that АС” AD 
AE is another straight line equal to АС. Show that BED 
is bisected by E 
ABCD is a parallelogram with XY a straight line parallel to 
AB, cutting AD, BC in X, Y respectively. Н and K are 
points in XY, and AH and BK produced meet in P, and 
DH and CK produced meet in Q. Prove that PQ is 
parallel to ВС, 
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THEOREM 45 


If a perpendicular is drawn from the right angle of 
а right-angled triangle to the hypotenuse, the triangles 
on each side of the Perpendicular are similar to the 
whole triangle and to each other, 


Given: AABC right-angled at A, with AD the perp. to BC 
from A. 


Required: To prove that AS ABD and ADC are similar to 
ДАВС and to each other, : 


Proof: In As DBA and ABC 
8 is common, 
ADB — САв (each is a rt. angle), 
„ BAD = BCA (sum of /s of a A = 180°) 
7. ADBA is equiangular to AABC 
corresponding sides are Proportional 
2. ADBA is similar to AABC, 
Similarly ADAC is similar to AABC 
4. As ОВА and DAC are similar, 
Le. As DBA, DAC, ABC are similar triangles, 
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Mean Proportionals 
A 


8 о с 


Three important results follow at once from the similar 
triangles in the above figure of the right-angled triangle ABC, 
with AD the perpendicular from the right angle to the 
hypotenuse. 


(1) As DBA and ABC are similar 
г ВОВА a 
^. ga T ве er ВА? = BD.BC, 


ie. AB is a mean proportional between BD and BC. 


(2) As DAC and ABC are similar 

< ОСА ска 

- CA" cB T САЗ —'CD.CB, 
ie. CA is a mean proportional between CD and CB. 

Results 1 and 2 show that the square on any one of the sides 

containing the right angle is equal to the rectangle contained 
by the hypotenuse and that segment of the hypotenuse which 
is adjacent to the side. 


(3) As DBA and DAC are similar 
5 РЕ 
. pc or AD! = BD.DC 
5 AD is a mean proportional between BD and DC 


or The square on the perpendicular is equal to the rectangle 
contained by the segments of the hypotenuse. 
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CONSTRUCTION 27 


To construct a mean proportional to two given 
straight lines 


AN | | 


Given: Two straight lines X and Y, 


Required: AN construct a mean proportional between X 
and Y, 


. 


Construction: Draw a straight line АВ equal in length to the 
given line X, and produce AB to C, making BC equal 
in length to the given line Y. On AC as diameter, 
describe a semicircle. At B draw BD perpendicular to 
AC and let it mect the semicircle at D, Then BD is 
а mean proportional between X and Y, 


Proof: Join AD and DC. 
Abo is a rt. angle (Z ina semicircle), 
DB is perp. to AC (constr.). 
2. ДАВО is similar to ADBC 


. AB BD 
Do BD Bc’ 
ier ЕБ. 

85 Y 


*. BD is a mean proportional between X and Y. 
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Alternative Method 


Construction: Draw AB equal to X and from AB cut off AC 


Proof : 


equal to Y. 
On AB as diameter draw a semicircle. 


At C make CD perp. to AB and let it cut the semicircle 
at D. Join AD. 


Then AD is a mean proportional between AB and AC. 


Join BD. 

ADB is a rt. angle (Z in а semicircle), 
DC is perp. to AB (constr.) 

„ AABD is similar to AADC 


2. AD is a mean proportional between AB and AC, 
i.e. between X and Y. 8 
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Construction 28 


To construct a square equal in area to a £iven rectangle 
F H 


D c 
Given; Rectangle ABCD, 
Required: To construct a Square equal in area to the rect. 
ABCD 


Construction: Produce AB to E, making BE equal to BC. 
On AE describe a icircle and produce CB to meet 
the semicircle in F, 
On BF construct the Square BFHG, 
Then sq. BFHG — rect. ABCD, 
Proof: Join AF, FE. 
AFE = г rt. angle (angle in a semicircle). 
Also FBA — r rt, angle since it is the supplement of 


ABC 
2. As AFB and FEB are similar 
. AB BF 
.. BF -- ВЕ 
7. ВР? = AB. BE 
; = AB.BC (constr.) 
-= rect. ABCD, 
But BF? = sq. BFHG (constr.) 
4% Sq. BFHG = rect. ABCD, 
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EXERCISES бі 
1. А 
gem. dem. 
B D c 


Calculate BC, AD, BD, DC, given that BAC = 00% and AD 
is perp. to BC. 
2. TA and TB are tangents from T to circle with centre О, 
A 


e 


B 
Prove that 
(1) TA? = TC.TO. 
(2) OA! = OC. Of. 


3. AD is the perp. from the rt. angle A to the opp. side BC. 
P 


DE and DH bisect ADB and ADC, Prove that 
BE АН 
ERU 
4. AB is a diameter. AC and BD are tangents. E is any 


/ 5 А ХА, 
E 


point on the circle, and CED is the tangent at E. Prove 
that rect. CE.ED — sq. on OE. 
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5. Triangle ABC is right-angled at A. А straight line 
parallel to AC meets AB at D, and BC at E. If DE is a 
mean proportional between BD and DA, prove that AE 


is а mean proportional between BE and ЕС. ‘ 


Given that the sum of two straight lines is 13 cm., and that 
the mean proportional between the lines is 6 cm., find the 
lengths of the lines. 


АВ is divided at P so that AB. Bp = АР?, ВС is drawn at 
right angles to AB and equal to АР. CQ is drawn at right 
angles to AC, to meet AB produced, at О. Prove that 
BP = BQ. 


8. A semicircle is described on the radius OA of a given 
circle, and the perpendicular to OA, drawn through the 
centre of the semicircle, meets the semicircle in B. 
Prove that the circle with centre O and radius OB is half 
the area of the given circle. 


9. PQ is a common tangent to two circles which touch 
externally at A. Prove РАО = 1 rt. angle. PR and QS 
are diameters through P and Q, meeting the circles again 
in R a S. Prove that PQ is a mean proportional to PR 
and QS. 5 


10. Triangle ABC is right-angled at A. AD is the perpen- 
dicular from A to BC, DE the perpendicular from D to AB, 
EH the perpendicular from Е to BC and so on. 
Show that the perpendiculars CA, AD, DE, EH, etc., form 
& Geometric Series. 

11, Find, geometrically, a mean proportional between 4 and 8. 

12. Find, geometrically, a mean proportional between 3 and 6. 

13. А square has а side т іп. long. А rectangle equal in area 
to the square has one side 2-1 in. long. Find, geometric- 
ally, the length of the adjacent side of the rectangle. 

14. À square has a side r in. long. The perimeter of a 
rectangle equal to it in area is 6 in. Find the dimensions 
of the rectangle, leaving answers in surd form. 

15. A square has a side 1 in. long. Construct a rectangle with 
twice the area and twice the perimeter of the square. 
What are its dimensions? Give answers in surd form. 


е 


* 
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THEOREM 46 


The areas of similar triangles are proportional to the 
Squares on corresponding sides. 


A 
: t ( р 
в к С Е H 
Given: Two similar triangles ABC and DEH with BC and EH 
corresponding sides. 
с N ДАВС  BC* 
Required: То prove АБЕН ^ EHI 
Construction: From BC and BA cut off BK and BL equal 
respectively to EH and ED. Join KL and KA, 
Proof: In As BLK and EDH 
I. ВК = ЕН (constr.). 
2. BL — ED (constr.). 
3. ВЕ (corresp. /5 іп similar As). 
^. ABLK = AEDH (2 sides and incl. 2) 
. AABC _ AABC ДАВС AABK 
“АБЕН” ABLK ^ AABK ABLK 
BC АВ (As of equal altitude 
S BL. are prop. to their 


bases) 
BC AB 
EH ED’ 
AB BC 2 
But ED ^ gg (AS ABC and DEH are similar) 
. ДАВС: ВС? 


" АБЕН” EH? 
ДАВС CA? AB? 


Similarly 
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The Theorem may also be proved as follows : 


^ 
ra | 

a PAN 
в Ке E рен 


Given: Two similar triangles ABC and DEH with BC and EH 
corresponding sides. 
2 
Required: To prove AER - err 
Construction: From A and D, drop perpendiculars AK and DL 
to BC and EH respectively. 
Proof: Since the area of a triangle is given by 
Base x Altitude 
ABC = JBC.AK AK ВС AK 
ADEH ^ jEH.DL ^ EH DL 
In triangles uc and DEL 


8-Е (гот Sim. As ABC, DEH). 
-ARB = = pie (constr.). 
2 BAK = EDL (sum of Zs of a A) 
so AABK is equiangular to ADEL 
. AK АВ 
.. DL = я 
Ви DI tH SUR ABC, DEH similar) 
. ДАВС BC BC BC? 
** ADEH ^ EH ERH EH? 
ABC AB? СА? 
PRA en бе? = HD? 


[Note : This theorem may also be proved using the formula 
Area of A = ab tin С.) 
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EXERCISES 62 
I, А 5 


B Jen. C E 2cm H 
BC and EH are corresponding sides of similar triangles 
ABC, DEH. Find area of ADEH. 


A 
x 
біп, 4 f 57 
5. 
зіп. 2 

в c 
AB and XY are corresponding sides of similar triangles 
ABC, XYZ. Find XY. 


3. 
D E 
U 
B c 
DE is parl. to ВС. 55 =2 dE 8 sq. in, Find 
area ВОЕС, 5 
А 
4. What fraction is the quad, DEGH of the D—H 
whole triangle ? £ G 


of ABCD? 


c 
5: AC is a diagonal. What fraction is APQR „ A 
or^ 
s A 


` 
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6. DE, parallel to BC, divides AB in the 
ratio 5:3. 5, 
А „ ADEH D E 
Find the ratio АСАН. x a 


B c 


B >) [e 
А- 90% AD is perp. to ВС, Express the ratio Ae 
^ d BD  AB* 
in four different ways. Prove that БЕ ACT 
8, А 


c B 
PA is a tangent and PBC a secant. Prove that 
PB PB? 
PC PA? 


9. As ABC and PQR are 


^ 
similar and AD and PS are P 
|a ge diculars from A and 
P to corresponding sides A 
BC and QR. Р һа CP 


ДАВС _ AD? 
APQR PS? 
10. Prove that similar triangles are proportional to the squares 
on ~ . 
B ding medians, 


Prove that 


Corresponding Я 
2) the radii of their inscribed circles, 
) the radii of their circumscribed circles. aes 
т. P is a point in the side AB of ДАВС such that ы 3 


РО, parallel to BC, meets AC in О, and QR, parallel to АВ, 
meets BC in R. Prove that BPQR = &AABC. 


12. 


13. 


14. 


I5. 


16. 


47 


18. 
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ABC is a triangle and DE, parallel to BC, cuts AB, AC, inD 


and E respectively. ВЕ and DC intersect in Н; 


find areas of As ADE, BDE, DHE. 


Triangle ABC is right-angled at A and AD is perpendicular 
to BC. The bisector of BAC meets BC in E. Prove that 
BD в: 


DC есі 


Triangles ABC and CAD are drawn on opposite sides of AC 
such that AB: BC: СА = СА : AD: ОС. Prove that 


BCt АВ 
AD? DC 


ABC is a triangle with AC > AB. А straight line BD is 
drawn, meeting AC at D, and making ABD equal to ACB. 


BD? 4A 
Prove that aC AS 


PQR is an equilateral triangle and A is a point on RQ 
produced. B is a point on QR produced, such that 
АРВ = 120°. Prove that : 
1) As PAQ and PBR are similar, 
2) AQ.RB = QR’. 
AQ РАЗ 
0 Re = pat 


Triangle ABC is inscribed in a circle. Through the vertex 
C a line CD is drawn, parallel to the tangent at A, to meet 
AB in D. Prove that the triangles ABC and ACD are 
КЕ AB BC? 

Similar and that АБ Cp. 

ABCD is a quadrilateral in which the diagonals intersect 

at E. If BAD — DBC and if DB bisects ADC, prove that 

AE AB? 

ЕС BC? 
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19. Triangle ABC is inscribed in a circle, Straight lines are 
drawn through B and C, parallel to CA and BA respectively, 
to meet the tangent at A in D and E. Prove that 


DA АВ AB! 


20. The sides AB and DC of a cyclic quadrilateral meet when 
produced at E. The circle through B, E, D cuts AD, or 
AD produced, again in H. Prove that 

оу ЗАВН ABE 
AADE ~ AD! 
(2) AB.BE = BH. Sc. 


21. AX, BY, CZ are the perpendiculars from the vertices A, B, 
C to the opposite sides of AABC. Prove that 
E ДАВС: AXBZ = AB? : BX?, 
2) Quad. AZXC : AXBZ = AX! : BX?, 
22. AB is the diameter of a circle, and P is any point on the 
circumference. AP produced meets the tangent at B, in 
C. PD is the perpendicular from P оп AB. Prove that 


АВ? _ AD 
Bc’ DB 


23. P is the mid-point of the side AB of AABC, and Q isa 
point on AB, such that AQ isa mean proportional between 
АР and AB. Prove that a straight line through Q. parallel 
to BC, bisects the area of the triangle. 


24. The base BC of triangle ABC is divided at D so that 
BD — 2DC. On BC, on the side remote from A, a semi- 
Circle is drawn. Through D, draw DE at right angles to 
BC, to cut the semicircle in E, From BC, cut off а part 
BP equal to CE, and draw PQ parallel to CA, to cut BA in Q. 
Prove that ABPQ — $ AABC. 


25. ABC is a triangle whose vertical angle A is 45*. Е and H 
are the feet of the perpendiculars from B and C on the 
opposite sides AC and AB respectively, and Dis the mid- 
point of the side BC. Prove that 3 

9) АВ = V. Ak. 
2) AAEH = {ЛАВС, 
(3 HDE = 00, 
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Similar polygons may be divided up into the same 
number of similar triangles. 


c 3 
H 
А Е F L 


The polygons ABCDE and FGHKL are similar polygons with 
AB and FG corresponding sides. 

By joining AC and AD in polygon ABCDE, and FH and FK 
in polygon FGHKL, each figure is divided into 3 triangles, and 
it can be proved that each of the 3 triangles which make up 
the polygon ABCDE is similar to the corresponding triangle 
in polygon FGHKL. Fi 
(1) ДАВС is similar to AFGH. 

AB ВС s Б 1 
For gg = ср (corresponding sides of similar figures). 
Also В = б (corresponding angles of similar figures). 
^. ДАВС is similar to AFGH (sides about eq. Zs prop.). 
(2) AACD is similar to AFHK. 
Неге BCD = GHK (corresp. Zs in sim. figures). 

BCA = СИЕ (corresp. 28 іп sim. As). 
. Ву subtraction ACD = FHK. ` 

AC BC 


Also gH = Су (comes. sides of sim. As). 


os FH > HK 
-. AACD is sim. to AFHK (sides about eq. Cs proportional). 
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(3) AADE is similar to AFKL. (Proof similar to (2) 
The method of division of the figures is quite arbitrary. 


A E F t 


Take any point O inside the polygon ABCDE and join O to 
each of the vertices. 


AE and FL are corresponding sides of the polygons, At f 


make LFP = ЕАО and FLP = АЁО, and let FP and LP intersect 
in P. 


As AOE and FPL are therefore similar since they are equi- 
angular by construction, 
Join PG, PH, PK, 


It can be proved very easily that, of the remaining four 
triangles in ABCDE standing on the sides AB, BC, CD, DE, each 
is similar to that triangle which stands on the corresponding 
side of the polygon FGHKL. 
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Similar figures are to one another as the squares on 
corresponding sides. 


н 
с v 
A E F * 


We have already shown that in the similar polygons 
ABCDE and FGHKL 
AABC is similar to AFGH, 
AACD is similar to AFHK. 
ЛАРЕ is similar to AFKL. 
AABC AB? (similar As are prop. to sqs. on 
AFGH fe соггевр. sides). 


AACD Ср? 
"AFHK 7 HK? (same reason). 
AADE AE! 
AFKL = FLA (same reason). 
AB D АЕ 1 AM 
But FG = Kk = А (corresp. sides of similar figures). 


. AB! CD! AE: 
FSI = HK? на 
. AABC AACD ЛАРЕ 
fen AFHK ^ AFKL 
222 AABC + AACD + ЛАРЕ 
Each of these ratios = AFGH Aff + ЛЕКС 
_ Fig. ABCDE i 
Fig. FGHKL 
. Fig. ABCDE AB? 


Fig. FGHKL FG 
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Alternative Proof for Theorems 34, 35 


If two chords of a circle intersect, either internally 
or externally, the rectangle contained by the segments 
of the one is equal to the rectangle contained by the 
segments of the other. 


Fis, 2. 


Given: A circle with two chords AB and CD intersecting at X, 


internally in Fig. 1 and externally in Fig. 2. 


Required: To prove that AX.XB = CX. xo. 


Construction: Join AC and BD. 


Proof: In As ACX and DBX 


2 % ert. opp., Fig. І. 
Охе =: DXE (65% 9 2 Fig. 9) 
2 < ( Angles in same segment, Fig. І. 
CÁX — sex Ext. / = int. opp. Z of «е 
quad., Fig. 2, 
7. ACX = DÉX (sum of 7s of A = 180°) 
„ As ACX and ОВХ are equiangular, 
4. AACX із similar to ADBX 
, АХ Cx 
5 X8 
4. AX.XB = cx. xo. 
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Alternative Proof for Theorems 36, 37 


If two straight lines AB and CD intersect in X in such 
а way that rect. AX.XB = rect. CX. XD, then the four 
points A, B, C, D are concyclic. 


i) 
1 
1 
>) 


Given: Two straight lines AB and СО intersecting in X, іп 
Fig. 1 internally and in Fig. 2 5 in such a 
way that rect. AX.XB = тесі. CX. XI 


Required: To prove that the four points A, B, C, D are 
concyclic. 

Construction: Join AC and BD. 

Proof: In As АХС and DXB 


% 2а (Fig. І, vert. opp. 
8 (eis 2, common bes) 
AX _ DX 


ХС xs (AX.XB — CX.XD given). 
2, AAXC is similar to ADXB (sides реце 


пе 
САХ = BOX (со Zs in sim. As). 
But these а= subtended by BC at two points 
on the same side of BC ў 
. A, C, B, D are concyclic. 
Fig. 2. 
САХ = BDX (corresp. Zs іп sim. As). 
. ABDC is a cyclic quad. (ext. тора oe: Seek УАЙ 


N. C. G. —13 


386 PROPORTION—SIMILARITY 


Alternative Proof for Second Part of Theorem 35 


If from a point outside a circle, a secant and tangent 
are drawn, the rectangle contained by the whole secant 
and the part outside the circle is equal to the square 


on the tangent. 


Given: Circle with X a point outside it, and XT and XBA 


a tangent and secant to th 


Required: To prove that XT? = 
Construction: Join AT, BT, 


Proof: In As XBT and XTA 
Ñ is common. 


е circle, 


ХВ.ХА. 


xîB = хАт (angle bet. tangent and chord equals 


Z in alt, seg.). 


л XBT = ХТА (sum of /s of A = 180°) 


4. As XBT and XTB are 


. XB XT 


equiangular 


"+ corresponding sides are in proportion 


A W———————————— 
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Alternative Proof for Theorem 38 


If from a point outside a circle a secant is drawn to 
the circle and another straight line is drawn to meet 
the circumference, and if the rectangle contained by 
the whole secant and the part outside the circle is equal 
to the square on the other line, that line is a tangent to 
the circle. 


Given: Circle with a point X outside it. ХВА is a secant and 
XT meets the circumference at a point T such that 
XA. XB = ХТ?, 
Required: To prove that XT is a tangent to the circle at T. 
Construction: Join AT, BT. 
Proof: XA.XB = ХТ? (given) 
. ХА XT 
.. SETS - XB. 
In As AXT and TXB 
AXT = TXB (common angle). 
XA XT 
ХТ = ХБ (proved). 
7. As AXT and TXB are similar (sides about eq. Zs 
prop.) 
„ TAX = вїХ (opp. corresp. sides), 
ie. TAB = BTX. 
But BT is a chord of the circle 


I is th t at T (conyerse of tangent-chord 
is the tangent at T (conye! an) 


(Note: For exercises on the previous four theorems see 
Exercises 52 and 53.] 
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\ 


Construction of Similar Figures 
sm t On agiven straight line, to construct a rectilineal figure 


lar to a given rectilineal 
E. 
24 
Á | 
t H 


Given: Rectilineal figure ABCD and straight line EH, | 
ла To construct on EH a rectilineal figure similar to 
CD. i 


Construction: Join AC, 
At E, make HEK = BAC, 
At Н, make ЕЙК = 8, 
At K, make ERL = ACD, 
At E, make KEL = CAD. 
Then EHKL is the required figure, 


Prof; Since DAC = LEK and CAB = КЕН (constr.) 
% DÁB ж LEH. 
Similarly оёв =16н 
and 8 — fà (constr.) | 
*. ABCD and EHKL are equiangular (sum of Zs of | 
quad. — 4 rt. angles). 
Since As ABC and EHK, also im ACD and EKL, are 
equiangular (constr.) 
; AB. BC AC CD а 
“ЕН ^ HK 7 ЕК Kt = 
4. the corresponding sides » ABCD and EHKL аге 
Hn is similar to ABCD and has been described 
on EH. 
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(2) To construct a rectilineal figure similar to a given 
rectilineal figure, оп a line of a given length. 
Ist Method t 
D 


E c 
Ы 


2 A B, в 

1 Rectilineal figure ABCDE and HK the given length. 

Required : To construct, on a side equal to HK, ‘a figure similar 

to ABCDE. 

Construction: From AB cut off AB, equal to HK. 

Join AC and AD. 

Through B, draw B,C, parl. to BC to meet AC in С. 
Through C, draw C,D, parl. to CD to meet AD іп Oi. 
Through D, draw D,E, parl. to DE to meet AE in Ej. 
Then АБР із the required figure. 

Prof: АС,в, = ACB (corresp. Zs, В,С; and BC parl). 
AGD, = ACD (corresp. Zs, C,D, and CD parl.). 
`. B,C,D, = BCD, 

Similarly 2272 = CDE. 
Also ABC, = ABC (oorresp. Zs, B,C, and BC parl.) 
and EAB, = EAB (common /) 

e AED, = AED (sum of Zs of pentagon = 6 rt. 

angles) 

2. ABCDE and AB,C,D,E, are equiangular. 

Also since the triangles AB,C,, АВС; AC,D,,-ACD; 
Diti ADE are equiangular ` 

. corresponding sides are in proportion 


oy Аа, ete. 


^ AM UR is d to ы and side AB, 1 5 
(constr.). 
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"Vest e 


Construction: Draw A,B, = KH and parl. to AB, inside ABCDE | 
(Fig. 1), or outside ABCDE (Fig. 2). 


Join АА,, BB, and produce them to meet at S. 
Join SC, SD, SE. 
Through B, draw B,C, parl. to BC; through C, draw 
CD, parl. to CD; through D, draw D,E, parl. to DE. 
Join EjA,. 

Then А,В,С,0,Е, is the required figure, 


Outline of Proof: 

Since A,B, is parl. to AB, As SAB, SA,B, are equiangular. | 
Similarly As SBC and SB,C,, As SCD and SC,D,, As SDE | 
and SD,E, are equiangular, 

. SA, _ SE, 

From similar triangles ЗА SE 

„ Қ.А, is parl. to EA. на 

Figs. ABCDE and A,B,C,D,E, are equiangular (corresp. sides 
parl.), also corresponding sides are proportional (from sim. As) 

“+ AiB,C;DjE, is similar to ABCDE and A,B, = НК. 


S is called the homothetic centre or centre of 
similarity. 


N 
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(3) To describe a rectilineal figure similar to one rectilineal 
figure and equal to another given rectilineal figure, 


D " 
; с 
t 5 
DE 
А B E H 
M x 


Given: Rectilineal figures ABCD and EHKL. 


Required: To describe a rectilineal figure similar to ABCD 
and equal to EHKL. 


Construction: Construct squares equal in area to ABCD and 
EHKL, 
From AX, a str. line making any angle with AB, cut 
off AR, AM equal respectively to the sides of these 
squares, 
Join RB and through M draw MB, parl. to RB, to cut 
AB in B.. 
On AB, construct a figure AB,C,D, similar to ABCD. 
Then AB,C,D, is the required figure. 


Proof: AB,C,D,: ABCD = AB,?: AB* (sim. polygons prop. 
to sqs. on corresp. 
i sides 
and ABl: АВ? = AM?: AR? (AB,: AB = АМ: AR) 
4^. AB,C,D, : ABCD = AM? : AR. 
But EHKL ; ABCD = AH: AR? (constr.) 
. AB,C,D, : ABCD = EHKL : ABCD 
2, AB,C,D, = EHKL, and із similar to ABCD. 
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(4) To construct a rectilineal figure similar to a given 
rectilineal figure and equal to a given fraction of it in area. 
Ist Methods 


c 
D ^ 
Ts K 
^ E B 
М 1 16 
ы 1 2 / 
NN 1 852 2 
“м 2 


Given: Rectilineal figure ABCD, 


Required: To construct a Tectilineal figure, similar to ABCD 
and equal to ABCD in area, 
Construction: From AB cut off AE equal to }AB, 


7 Find G in AB such that AG is a mean proportional 
between AE and AB. 


On AG construct AGHK Similar to ABCD, 
Then AGHK is the required figure, 


AE AG 
Proof: AG ^B (constr.) 


7. AG? = AE. AB = }АВ.АВ (constr. 


= {АВ 
$ AG? г 
ТАВ y 


AGHK is similar to ABCD (constr.) 


. AGHK = AG? (sim. polygons are prop. to sqs. on 
** ABCD ^ дві corresp. sides) 


<. AGHK is similar to ABCD and equal to ҘАВСО, 


Ес. І. қ Fro. 2. 


Construction: Take any point S inside ABCD (Fig. 1), or outside 


Proof: 


ABCD (Fig. 2). 

Join SA and SB, 

From SA cut ой SO = {5А.  _ 

Find a point A, in SA such that SA, is a mean pro- 
portional between SO and SA. 4 
Through A, draw A,B, parl. to AB to meet SB іп В. 
On A,B, construct A,B,C,D, similar to ABCD. 

Then A,B,C,D; is the required figure. 


A,B, is рагі, to AB (constr.) 
2. ASA,B, is equiangular to ASAB 


А8. SA, i 
- "AB ^ SA (corresp. sides prop.). 
SO + SA, 
ut SA, = ЗА (constr.) n 
г. SA = SO.SA = jSA.SA (constr.) 
= {5А? 
SA,* І 
SA? 3 
. ABS r1 
. АВ? = 3 


But A,B,C,D, is similar to ABCD (constr. 
. A,B,C,D, _ A,8;* (sim. polygons are prop. to sqs. 
** ABCD AB? оп corresp. sides) 

=} > 
^. A,B,C,D, is similar to ABCD and equal to one-third · 
of its area. : 
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In a triangle, inscribe a square having two vertices on the 
base and one on each side. 


Given г ДАВС. 


Required; To inscribe in triangle ABC a square with two of its 
vertices on BC, and one on each of AB and AC, 


Construction: On BC describe a square BCDE. Join AD, AE 
and let them cut BC in D, and E. 
Through Ё, and D; draw E,B/ and D,C, parallel to EB, 
to meet AB and AC in B, and C, respectively. Join B,C}. 
Then B,C,D,E, is the required square, 


Proof: As AB,E,, ABE; As AE,D,, AED; As AC,D,, ACD 
are similar As 


2. B,C, is parl. to ВС. 

Also B,E, is parl, to CD, (constr.) 

v 810151 із a parm. (opp. sides parl). 
But EBC is a right angle (Z of a sq.) 
„ EB,C, is a right angle 

2. B,C,D,E, is a rectangle. 


н 


е 


З 


о 


10. 
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Also from similar As, BE 255 
But BE = ED (sides of a sq.) 
л BE, = E,D; 
2. B,C,D,E, is a square. 


EXERCISES 63 


. Draw а quadrilateral ABCD, given that AB = 25 in., 


А = 95°, В = 120°, BC = r5 in, CD = 4 in. Construct 
a quadrilateral A,B,C,D, similar to ABCD, such that the 
ratio of each side of A,B,C,D, to the corresponding side 
of ABCD is 2:3. 


Inscribe a rectangle in a given triangle so that two vertices 
are on the base and one vertex on each of the other two 
sides, the sides of the rectangle being in the ratio 3:2. 


Inscribe a square in a given semicircle so that two vertices 
are on the diameter and two on the arc. 


. In a given triangle ABC inscribe a triangle similar to 


another given triangle DEH. 


Show how to draw a straight line, parallel to one side of 
a triangle, to divide it into two equal parts, 


. Draw a rectangle ABCD 4 in. by 3 in. Construct a similar 


rectangle of one-fifth the area. 


„ Inscribe a regular octagon in a square. 


. Construct an equilateral triangle equal in area to a-given 


triangle. 


Construct a regular hexagon equal in area to а given 
square. 


Construct a triangle whose sides are in the ratio 3: 4: 6. 
equal in area to a square of side 2 in. 
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Revision Papers XLI-L 


XLI 


1. Twice the area of the square on the diagonal of a rectangle 
is equal to five times the area of the rectangle. Find the 
ratio of the sides. 


A 

2. Calculate BD and DC in terms of b 
а, b, с. 5 

в c 


— d — 


4. Р is a point within the angle BAC. Show how to draw a 
straight line through P terminated by AB and AC, such that 
it is divided at P іп the ratio 3:2. 


5. Two circles intersect at A and B, and tangents at A to the 
circles meet the circles again at C and D. Prove that 
AB'-BCOBD. | 
CB and DB produced meet the circles again in F and E 

c 


A АЕ B 
respectively. Prove that APT Bp: 


XLII 


-I-ABCD із a quadrilateral. DA, CB produced meet at F; 
BA, CD кы meet af Е, Show that the circles FCD, 


Алламен ak a point Ps and that GA = pe 


A 


н 


. ABCD is а parallelogram, and 
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B 
. Calculate OQ, РО, AQ. 8 Stes 
Оз in. Pa in. А 
^ 
BE ; AF F 
. Calculate ЕЕ апі EC 
B D c 


. State and prove a construction for finding points P and Q 


in the sides AB and AC of AABC, such that PQ is parallel 
to BC, and quadrilateral ВРОС is equal to.§ of the triangle 
ABC. 


. Two triangles have one angle of the one equal to one angle 


of the other, Prove that their areas are in the ratio of the 
rectangles contained by the sides about the equal angles. 


~ XLIII 


. A and B are fixed points. А point P moves 50 that 


PA = IFB. Prove that P lies on a circle whose diameter 
is equal to АВ. х 


EF is parallel to AB. 

If ED is a mean proportional 
between AE and AD, prove that 
ME= BN. 
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4 


ce 


Find the fraction that the quad. BRQC is of the triangle 
ABC. 
^ 
LA p 
— ai M 
c 


D B 

QR and CB produced meet in D, and DP cuts AB in E. 
Prove that 

1) BD — BC. 

2) AE = EB, 
State and prove a construction for finding two points D and 
E in the sides AB and AC of ДАВС, such that AADE will be 
similar to AABC, and AD + DE will be equal to a given 
length. IfAB = 9 cm., BC = бст, and AD T DE 5 em., 
what fraction of ДАВС is ДАРЕ? 
Two circles with centres A and 8 intersect in C and D. 
A lies on the circle with centre В, AB produced meets the 
circle with centre В, in E. F is any point on this circle. 
AF cuts CD in G, and EF produced meets CD produced in H. 
Prove that CD is divided harmonically at G and H. 


XLIV 


CD is a chord Perpendicular to a diameter AB in a circle 
with centre О. Р is any point on the circumference of the 
Circle, and PA and PB, produced if necessary, cut CD or CD 
Produced,in Eand H. Prove that CD is divided harmonic- 
ally at E and H. If Q is the mid-point of EH, prove that 
OPQ = go*, 

A 


Lo AB 
If беті сей AC 


Ж 


м 
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What fraction of ДАВС is AOR? в P c 
Construct a parallelogram ABCD in which AB — 2:5 in., 
AD = r5 in, and А--60% Show how to divide the 
parallelogram into three equal areas by lines drawn parallel 
to the diagonal BD. 

AB is a diameter of a circle, and P and Qare the feet of the 
perpendiculars from A and B on the tangent at a point C. 
Prove that 

ЛАРС АС? 


ЛАВС N 
Hence show that ДАВС = jquad. APQB. 


XLV 


. ABCD is a semicircle on AD as diameter. P is a point on 


AC such that AB is a mean proportional between AP and 
AC. BP produced meets AD in Q. Prove that the angles 
at Q are right angles. 


AP m ^ 
2.53 . 
PB n = Р Q 
10 parm. BPOR 
Calculate ratio ЛАВС 2 e 
3. ABCD is a rectangle and P is any point ОН c 
within it. Е 
EF АВ Е 
Prove that — = == 
GH AD AG 8 


$ 


an 


Show how to construct a triangle ABC, having given that 


Я AB 3 2 о 
BC = cac e pU = 72°. 
C ein с 2 and A 72 


. Angle A of AABC is bisected by AD which meets BC in D. 


Prove that AB. AC = АО? + BOD. DOC. қ ; 
[Hini: Produce AD to meet the circumcircle in E, and 
prove As ABD and AEC similar.] 
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Н XLVI 
1. ABC is an equilateral triangle inscribed in a circle, and P is 
any point on the arc BC. AP cuts ВС in О. Prove that 
1) As APC and BPQ are similar. 
2) As ABP and CQP are similar. 
Deduce that PA = PB + PC. 


- LX 
“істі 8 
z ^ 
AE 3 CEDC Е 
Calculate 5 Prove that BÁC — 90*. 


3. P and Q are centres of circles which touch at A. BC is 
8 


Vr, 
Ey, — 


а direct common tangent. Prove that 


1) BÁC — 90%. 
3 ABAD is similar to AACD. 
DC. OB = DA’. 


4. Prove that AXYZ is similar to 


Hence find a construction for 
inscribing in a given triangle a 
triangle similar toa given triangle 
and similarly situated (i.e. with its 
sides respectively parallel to the 

sides of the given A). A 


5. Triangle ABC is inscribed in a circle and D is any point on 
the side BC. k isa point on the arc BC of the circle such 


that CAE = BAD. Prove that AB.AC = AE.AD. 


- 


an 
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XLVII 


4 P and Q are two points on the same side of a straight line 


AB, and C and D are the projections of P and Q on AB. 
PD and QC intersect at O, and ROE, the perpendicular from 
О to AB, meets PQ іп R and ABinE. PQ, or PO produced, 
meets AB in 5. Prove that PQ is divided harmonically at 


R and S. 
pac 
A 
B с о R 


РО — PR = r2in. Find the ratio of the areas of As ABC, 
PQR. 
^ 


G H 


‘ В EOF С 
D is the mid-point of ВС. DE = DF. Prove GH parallel 
о ВС: 


A, B, C are three points in order on a straight line. Find 
a point P at which AB and BC each subtend an angle of 45*. 
Find also the locus of points at which AB and BC subtend 


equal angles. 


. AAXB is equilateral and C is the mid-point of AB. Equi- 


lateral triangles AYC and BZC are described on AC and BC, 
on the side of AB remote from Х. Prove that XY and XZ 


trisect AB, 


XLVIII 


. AD, BE, CF are the altitudes of AABC. 


AF АС 
АЕ АВ 
АҒ ВО СЕ 


Di e zt 
educe that FB DC EA I 


Prove that АРА 
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2. 


3. 


D c A 
G £ 4 
с 

Amn 2т?в Ba DbC 
а) What fraction is DGFEBC of the whole figure ? 
b) What fraction із AAED of the whole figure? 
ABCD is a rectangle. BGH is perp. to the diagonal AC. 

TTD HC. 


Prove that 
CH.CD = CG.CA = СВ), 
CH 'BC* 
Prove also that CD = АВ? 


4. Show how to divide a triangle ABC into three equal parts by 


5. 


straight lines drawn parallel to one of the sides. 

ABC is a triangle inscribed in a circle and AD is the perpen- 
dicular from A to BC. 

If AE is the diameter of the circumcircle of AABC, prove 
that AB.AC — AD.AE. 


Hence show that R — A where the symbols have the usual 


meaning. 


XLIX 


- A and B are two fixed points 2 in. apart. If P is a point 


which moves so that pas constant, prove that the locus 
of P is a circle. Draw the locus when (т) 85 35 


(2) PB 2 What is the locus when 75 17 
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7 2, А 


B D c 
а, b, c are the sides of the ДАВС, Prove that 


Parc et 
AD Ms [gm a] 
ES ra Calculate the value of the ratio 50, 


тунар“ 


қүн 
> 
о 


А 


D с 
If AB = 4 in. and AC = 2 іп., find BD and DC. 
„Show how to construct a triangle ABC, having given that 
angle Â =63°, i-i and the radius of the circumscrib- 
ing circle is 1-3 in. 
, AB is a diameter of a circle, and AD and ВЕ are perpen- 
diculars from А and B to the tangent at a point С. Prove 
that AD.BE — DC.CE. 


_ Show also that АС? = AB.AD. Find the corresponding 
f value for BC?, and deduce that AD + BE = AB. 


L 
- The bisector of À of AABC meets BC in D, and perpen- 
diculars from B and C to the bisector meet it in H and K 
Tespectively. Prove that 

AB DH 

AC = DK H E 
Hence prove that KH. is divided harmonically at D and A. 
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2. ABCD is any quadrilateral whose diagonals intersect at O. 
Wes 


8 
E and F are centroids of As AOB and BOC. Find the value 


F 

of the ratio AC 

Hence prove that, if С and Н are the centroids of As COD, 
DOA, ЕҒОН is а parallelogram. 


B ок c 

Hence find a construction for drawing a line perpendicular 
to one side of a triangle, to cut off a given fraction of the 
triangle. 

4. Show how to construct triangle ABC when BC = 2 in., 
AB 2 4 
ACT D and AABC = 2 sq. in. 

$. ABCD is a quadrilateral inscribed in a circle. Prove that 
AB. CO + BC.AD = AC.BD. This is known as Ptolemy's 
Theorem. 


Hint: From C, draw СЕ to meet ВО in E and making 


DCE = ACB, Prove first that AB.CD = AC.DE and find 
a similar expression for BC.AD.] f; 
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PLANES AND SOLIDS 


Representation. 

It is important to practise seeing а solid figure from a flat 
drawing. Study the following figures and try to see each in 
two ways as explained, and practise changing from one way to 
the other until you can do so readily. You should then be 
able to see a solid figure, i.e. a figure in three dimensions from 
a two-dimensional one, even, when all the lines in the drawing 

are continuous, 


L А Cub D, c 
Try to see this as a cube standing on the А 
base EFGH 

(1) with AEFB the face nearest you, 

(2) with DHGC the face nearest you. Е 


IL A Pyramid оп а Triangular Base А 
Try to see this as a pyramid, standing 
on the base BCD 
.) with AC the edge nearest you, and BD 
the line of the base farthest from you, 5 
(2) with AC the edge farthest from you, 
and BD the line of the base nearest you. 


III. 4 Pyramid on a Square Base 

Try to see this pyramid in two ways, and 

State which line of the base is nearest you 0 
in each way. 
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[Note: (т) In some flat drawings representing solid figures 
certain lines are dotted to show in which of the two ways the 
solid isto be regarded. For example, the last figure might have 
been drawn in either of the following ways: 


A D 


(1) BC the nearest side of (2) ED the nearest side of 
the base. the base. 


(2) In drawings, a plane is represented by a parallelogram, 
and may be named either by a single letter as shown, placed 
near one of the vertices, or in the same way as the parallelo- 
gram. 


B с 


(3) А cuboid can be represented by drawing two overlapping 
rectangles in the position shown in Fig. 1 below, and then 
joining corresponding vertices as shown in Fig. 2. If some of 
the lines are dotted as shown in Fig. 3, it may be easier to see 
which face is intended to be the front face. 
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(4) A pyramid, a cylinder, and a cone may be represented 
as shown: 


(5) To represent vertical lines in the solid, draw straight lines 
parallel to the side edges of the paper. 


(6) To represent horizontal lines in the solid, draw straight 
fines in any direction on the paper. 


AB, BC, CA, DE, EF, FD are horizontal lines, 

DA, EB, FC are vertical lines, 

(7) To represent parallel lines in the figure, draw parallel 
lines on the paper. 

(8) To represent rectangles, draw parallelograms. 

(9) To represent circles, draw ellipses. 

(ro) To represent triangles, draw triangles, right angles 
being represented by acute or obtuse angles generally, c.g. 
in the figure above, DAB, DAC, EBC, BEF are all representing 
right angles.] 

Planes 

A surface is said to be a plane surface or a plane, if, when 
any two points in it are joined by a straight line, this line 
lies wholly in the surface. Note that, although it is possible 
to find any number of pairs of points on the curved surface 
of a cylinder such that the straight line joining them lies 
wholly in the surface, this would not be true for any two 
Points in that surface, 
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(1) Through one point any number of planes may be made 
to pass. The same is true also for two points, for we can think 
of a plane containing two points, A and B, rotating about AB 
as an axis into any number of positions. Two such positions 
are shown below; 


If we have three points not in a straight line, then there is» 
one and only one plane which can pass through these 3 points, 
e.g. in the cuboid below, one plane passes through the 3 points 
E, б and D and may be referred to-as the plane DEG. 

D c 


Ср 


(2) This also means that опе and only one plane can pass 
through two intersecting straight lines, or through а straight 
line and a point outside it. For example, in the figure above, 
ED and EG are two intersecting straight lines lying in the 
plane DEG. Also EG can be taken as a straight line, D a point 
outside it, and again these lie in the plane DEG. 

(3) From the definition of parallel straight lines, it is clear 
that if two straight lines are parallel, they must lie in the same 
plane, e.g. in the figure, AE and CG are parallel and lie in the 
plane AEGC. 


^ 


b c 
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EXERCISES 64 


. Draw a figure to represent a cuboid and name the vertices 
as in the figure above, Sketch in the following planes. 
(Draw a new figure for each.) 

(a) Through 3 points—8, E, 6; E F, O; D, Н, f. 

(b) Through 2 intersecting straight lines—HF and ОҒ; DE 
and EB; HG and HD. 

(c) Through a straight line and point outside it—EH and 
B; AC and F; HG and A. 

(d) Through 2 parallel straight lines—DC and EF; AD and 
FG; DG and AF. 

. A triangle is a plane figure bounded by three sunt 
lines.” What word is unnecessary in this definition 


. Why does a three-legged stool never rock and yet a four- 
legged one may rock? 


. In the usual figure representing a cuboid, using 4 of the given 


Pr 


letters only for each plane, name all the planes that contain 
the lines (1) EB, (2) EG, (3) Of. 
. If in the cuboid (Exercise 4) X is the point of intersection of 
the diagonals of ABCD, ani Y the point of intersection of the 
diagonals of EFGH, name the pairs of lel lines in the 
figure determining the planes in which XY lies. 
. In the figure D, E, F arethe mid-points of the x 
sides BC, CA, AB respectively. Using only 
the letters X, A, B, C name д 
(1) the sets of three points that determine 
the plane in which | (а) D lies, (b) E lies, 
(c) F lies; > i 

(2) the sets of two intersecting straight lines А f в 
(intersecting at X) which determine the planes con- 
taining (a) ХЕ, (b) ХЕ, (e) XD. 
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Lines and Planes 


А straight line and a plane may be related in the following 
ways: 

(1) the straight line may lie entirely in the plane, 

(2) the straight line may cut the plane in one point only, 

(3) the straight line may be parallel to the plane in which 
case it has no point common with the plane. 


A straight line is said to be perpendicular to a plane 
when it is perpendicular to every straight line which meets 
it in that plane. 

Such a line is called a normal to the plane. The point 
where the perpendicular meets the plane is called the foot 
of the perpendicular. j 

In the figure, if AB is a normal to the plane P, then AB is 
perpendicular to BC, BD, BE and BH, straight lines lying in P. 

A 
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It can be proved that if a straight line AB is perpendicu · 
lar to each of two intersecting straight lines at their 
point of intersection, it is perpendicular to the plane in 
which the two lines lie. 

In the figure, if AB is perpendicular to both СВ and BD it is 

А 


. 


perpendicular to the plane P in which CB and BD lie. Hence, 
if, from B, any other line BE is drawn in plane P, the angle ABE 
is a right angle. 

This fact has been used previously in 
this book, generally with reference to the 
cuboid, e.g. in the cuboid ABCD, EFGH 
AE is perpendicular to EH and EF. It is 
therefore perpendicular to the plane EFGH, 
and hence AEG is a right angle. 


The Angle between a Straight Line and a Plane 


If there is à plane P and a straight line AB which is not 
parallel to the plane, then AB (produced if necessary) must cut 
the plane at one point, say O. From B, draw BD perpendicular 
to the plane. Join OD. Then BOD is the angle which AB 
makes with the plane P. 
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Projection of Straight Line on Plane 


Let the straight line AB make an angle 0 with the plane P. 
Draw AC and BD perp. to P. 
Then CD is the projection of AB on plane P. 
Through A draw AE parl. to CD to meet BD in E. 
BAE = BOD = 8 (corresp. Zs to parls. AE and OD). 
AEB = BDC = rt. angle. 
From the rt.-angled ABAE 
AE = cos 0 
KB. cae 
2. AE = АВ cos 0. 
But CD = AE (opp. sides of rect.) 
2. CD = AB cos f. 

Hence the length of the projection of a straight line 
on a plane is obtained by multiplying the length of the 
line by the cosine of the angle which the line makes 
with the plane. 


The Three Perpendiculars 
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If a straight line AB is perpendicular to the plane P, and if 
from B, the foot of the perpendicular, a straight line BC is 
drawn perpendicular to DE any straight line in the plane P, 
then the straight line AC is perpendicular to DE. 

This can be proved by cutting off CD — CE and proving 
the congruence of three pairs of triangles: 

(0) ABDC = ABEC whence BD — BE 

(2 AABD = ДАВЕ whence AD — AE 

(3) AADC = AAEC whence ACD = ACE, i.e. AC is perp. 

to DE. 
(This might have been proved by using the theorem of 
Pythagoras.) It is left to the student to prove that if AB 
is perp. to the plane P and AC is perp. to DE then BC will 
be perp. to DE. 

. WORKED EXAMPLES 

(г) The figure represents а 
cuboid, Findtheanglebetween 
EC and the plane ABCD, andalso Е 


the angle between EC and BC. 

(а) From any point in EC we 3. a с 
mustdrawaperpendiculartothe | 4" 
plane ABCD. The point E will 


suffice because EAC is a rt. angle 
2, ECA is the required Z. 


^ ; ‘AC? = 6? + 8° sq. in. 
Now tan T E = 100 sq. in by 
AC ro in 
А р Pythagoras' Th. 
-—3 | 
2, ECA = 16° 42’. 
(b) EBC is a rt. angle 
вёв = E 
tan ECB — gc ог ja wt 
275 =3 sq. in, 
= У45 18 | — 45 sq. in. by | j 
8 in. Pythagoras’ Th. 
= 8385 


„ ECB = 39° 59 
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(2) A, BCD is a triangular pyramid, the base BCD being 
an equilateral triangle, side 6 in. The Perpendicular from A 
to plane BCD passes through the circumcentre of ABCD. If 
the edge AB is 6 in. long, find the angle between AB and the 
plane of the base. 3 


Since АЙВ is a rt, angle, the angle required is ABH 
A BH BH 
cos ABH = АВ = PC 


In equilateral ADBC the circumcentre H is the point of 


intersection of the medians (the centroid) and also the ortho- 
centre 


+. BX? = 63 — 32 sq. in. from rt-angled ABD 
= 27 sq. in. 
7. ВХ-3уҙ in. 
BH = § ВХ, since BX is a median and H is the centroid 
-2У3 
^. cos ABH = 1 = ES = 5774 


E ABH = 54° 44“ 


I. 


м 


- 


. DF and plane EFGH. 
. HB and plane AEHD. 


. AX and plane ABCD. 
. FY and plane BFGC. 


. AX and plane AEHD. 
. XY and plane EFGH. 
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EXERCISES 65 


Using 4 and only 4 letters from the 
figure, name the planes which contain А 
the following straight lines: BF, DC, 
AH, XY, RS, XR, DF. 


Using 3 and only 3 letters from the figure, 
name the planes which contain the 


following straight lines: PS, QO, XP, R 


хо, 
' 
Р а 


. In the figure for Exercise т, name the straight lines which 


are parallel to planes (а) HGCD, () BFGC, (c) DHFB. 


In the figure for Exercise т, name the straight lines which 


are perpendicular to the planes (a) AEHD, (b) AEFB, 


(c) ABCD. 


. In the figure for Exercise r, at what point in the straight 


line EC does EC cut the plane DHFB? At what point in 
DF does DF cut the plane AEGC ? 

The figure represents a cuboid 12 in. X 9 in. x 8 in. 
Find the angles which the following lines make with the 
following planes : : 


EC and plane HGCD. 
DX and plane EFGH. 


EY and plane ЕҒОН, 
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The fij resents a pyramid on a square base, such 
that tbe foot of the perpendicular drawn from the vertex 
to the base is the centre of the square. 

x 


? 4 Q 

Find the angles between the following lines and planes. 

15. XP and plane PQRS. 
16, XT and plane PQRS, 
17. XO and plane XQR. 

(By the Three Perpendiculars, OW, the perp. from О 
to the plane XQR cuts the median XT at W. Note that 
XOT isa Ad A with OW perp. to the base.) 

18. pr pad plane XQR. 5 1 
figure represents a pyramid on an equilater 
triangle as ban The perpendicular from the vertex 
through the circumcentre of the base. 
Note that AB — AD — AC (АВ? = АН? + ВН? 
= АН? + ОН? 
= AD?) 


B 6 
Find the angles between the following lines and planes. 
I9. AB and plane BCD, 
20. AX and plane BCD. 
21. НА and plane BAD, 
(By the Three Perpendiculars, HT, the perpendicular 
from H to the plane BAD cuts the median AX at T.) 


22. 


23. 


24. 


25. 


26. 


27. 
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The figure is the PARE Ra Асты; EF being the 
ridge. If EF is 16 ft. above the plane ABCD, calculate the 
angle which EB makes with the plane ABCD. 

A D 


B дой, C 
Hint: If X is the foot of the perpendicular from E to 
the plane ABCD, find BX from the rt.-angled ABXY.] 


ABC is a horizontal isosceles tri ngle with A = 90° and 
‘AB = AC —8 in. X and Y are points vertically above 
A and B respectively, such that AX = 12 in. and BY = 8 in. 
D is the mid-point of BC. Find the inclination of (1) XY, 
(2) XB, (3) XD to the horizontal. 

The figure represents two horizontal rectangles symmetric- 
allyplacedasshown. If the plane Ef Gi is 10 ft. vertically 

A ^ 


36 D 


s 8 с 
above the plane ABCD, find the inclination of BF to the 
horizontal. 


N.C.G.—I4 
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Relation between Planes 
(Note: Planes and straight lines are generally regarded as 
extending without limit.) 

+ (0) If two planes do not meet they 
are said to be parallel, 

In the cuboid represented in the 
figure, AEFB and DHGC are parallel 
planes, 

(2) If two planes intersect they 
do so in a straight line. 
Planes Р and Q intersect in 


the straight line AB, 4 
In the figure for the cuboid AM / 
above, the planes AEFB and AEHD 
intersect in the straight line AE, ee 
and the planes DEG and EFGH 
intersect in the straight line EG. 


(3) If a plane intersects two paralle] 
planes the lines of section are parallel, 

АВ and CD cannot meet because they are 
in parallel planes Q and В. Also AB and 
CD are in the same plane P. 

„ AB and CD are parallel, 
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1. In the case of the cuboid, lettered as shown above, statethe 
lines of intersection of the following planes : 


(а) FBCG and ОВЕН, 4) EFDC and ABGH. 
(P). DHFB and AEGC. е) DHF and ABCD. 
(г) EHBC and ADGF. ) BFG and DHGC. 


2. State all the pairs of parallel planes in the above figure. 

3. In the figure, D, E, F are the mid-points of AB, BC, CA 
respectively. State the lines of intersection of the follow- 
ing planes: x 


(a) XAE and ХВС, і 
(b) DEF and ХАС. 

(c) XFD and ABC. 

(4) ADX and AXE, . 
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4. Draw a figure to represent the cuboid ABCD, EFGH. 
In the figure, name the four planes which cut the two 
parallel planes ABCD and EFGH and in each of the four 
cases name the two parallel lines of section. 
RE this for each of the other two pairs of parallel 
planes. 


The above figure represents a cuboid. 

Consider a plane section through A, D and F. What other 

point lies in this section? Мате the section. What 

kind of figure is the section? 

6. If X is the mid-point of DC, consider a plane section 

through A, X and E. Find the point іп HG through which, 

this section must pass, What kind of figure is the section ? 

Name the two pairs of parallel planes cut by the section, 

and in each case the parallel lines in which the section cuts 

these parallel planes. 

Consider a plane section through A, X and G. Through 

what point in EF must this section pass? Give a reason 

for your answer. 

8. Let PQ be any line in the plane ABCD parallel to DA and 
cutting DC and AB at P and Q respectively. Consider 
a plane section through PQ and cutting the cuboid so that 
it cuts the face BFGC in a line RS. What do you know 
about the line RS? Draw the section. 
9. Let LM be any line in the plane ABCD, not parallel to AD, 

and cutting DC and AB in L and M respectively. Consider 
а plane section through LM and cutting the cuboid so that 
it cuts the face BFGC in a line МК. What kind of figure 
is the section? 

ro. Consider a plane section through Н, F, and X, What line 
in the figure will it cut, and at what point? What kind of 
figure is the section? 


Қа 


* 
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тт. Consider the plane section through P, Q, R and $, the mid- 
points of AD, EF, FG, DC respectively. Where does the 
section cut AE and GC? Draw the section. What kind 
of figure is it? 

12. Consider the plane section through A, C, and F. What 
kind of figure is it? 


Angle between Two Planes 


When two planes meet they form an angle called a 
dihedral angle. 


c А А D 

The two planes P and Q cut in the straight line СО. Any 
point A is taken in CD. 

In plane Р the straight line АВ is drawn at right angles to CD. 

In plane Q thestraight line AE is drawn at right angles to CD. 

BAE is the angle between the planes. 

It is the angle through which the plane Q would need to be 
rotated about CD for it to coincide with the plane P. 

No matter where point A is taken in CD it can be shown that 
the size of the angle ВАЕ is the same, eg. B NE = BAE. _ 

Hence, to find the angle between two planes, we find the line 
of intersection, and then draw two straight lines, one in each 
plane, from any point in the line of intersection and perpen- 
dicular to it. The angle formed by these two straight lines is 
the required angle. 
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If the dihedral angle is a right 

angle the planes are perpendicular 

6 one another, e.g. in the figure 

P and Q are perpendicular to each 
other, 


Exercise 1.—The following figure represents а cube ABCD, 
EFGH. Find the angle between the planes DEG and EFGH. 


EG is the line of intersection of planes 
DEG and EFGH. 
О (the point of intersection of the 
diagonals of the square EFGH) is a point 
in this line. 
OH, in the plane EFGH, is at right angles 
to EG, since the diagonals of a square 
cut at right angles. 
OD, in the plane DEG, is at right angles to EG, by the Three Per- 
pendiculars (DH is perp. to plane EFGH and HO is perp. to EG). 
Hence the angle formed by OH and OD, i.e. HOD, is the angle 
between the planes. i 
To calculate ik size of the angle HOD*, A DHO is a right- 
angled triangle for ОЙО = a rt. angle 
„ een 8 
tan HOD = OH 
Let each edge of the cube be І unit in length. 
HD = 1 unit, HO =} diagonal HF 
FH? = НЕ? + EF 
= val = 1 + 1 84. units 


2 1 Hi 
5 tan HOD = —— = V2 = 14142 
tan Pa 


tunit 

Эб нӧр ша 54° 44 РЕТ 
the angle between the planes is jdiag HF 
54° 4q'. 


* It may be found helpful to draw the section OHD separately. 
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Exercise 2.—A rectangular solid is 1o in. long, 5 in. broad 
and 8 in. high. It rests on a horizontal plane, and is cut by 
a plane which passes through an edge 5 in. long in the top face, 
and makes an angle of 30? with that face, Find the dimen- 
sions of the section, 


The figure ABCD, EFGX represents the solid, and AHKD is the 
section. 
AD is the line of intersection of the planes ABCD and AHKD. 
Aisa Mask in AD and AB is in plane ABCD and is at right angles 
to A 
y АН is in plane AHKD and is at right angles to AD 

. BAH is the angle between the two planes 

. BAH = 30° 
moy is also 309), 
HK and AD are parl. (sections of parl. planes by plane AHKD) 
and АН and KD are similarly parl, 

. AHKD is a parm. 
But DAH is a rt. angle . AHKD is a rectangle. 
AABH is а rt.-angled A. 


AB Va 
"АН ЗОИ 
10 in. V 
ee 
20 in. eyii 
„ AH = 21.55 in. те біп. 
Vs 55 in. Also AD = 5in 


„ the dimensions of the ous аге 5 in. and 11-55 іп, 
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Exercise 3.—ABCD, EFGH is a cube each edge of which is 
2in.long. X is the mid-point of AD, and Y is the mid-point 
of AE. Find the inclination of the plane ХҮС to the plane 
AEHD. 


Join XY, YG, XG. Join AH to cut XY in Z. Join ZG. 
XY is the line of intersection of the planes AEHD and XYG. 
ZH is in the plane AEHD and is perp. to XY [diagonals AH and 
DE of square cut at rt. angles, and XY is parl. to DEJ. 
ZG is in the plane XYG and is perp. to XY by the Three 
Perpendiculars (GH is perp. to plane AEHD and HZ is perp. 
to XY). 

„ * = G2Y 

„ GZH is the angle between the planes AEHD and XYG. 
Also GHZ is a rt. angle since GH is perp. to plane AEHD 


; ӨТ ЖӨН а Во 2 іп. 
< tan ӨН = 7н = F diag. AH J. 2 in. 
4 2V2 
9428 
„ 


. 62 = 43% 19. 
[Note: It may be found helpful to draw separately the 
various planes as shown below.] 
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Exercíse 4.—The figure represents a pyramid on a square 
base. BD and EC intersect at O, and AO is perpendicular to 
the plane BCDE. If BC = 4 in. and AB = 8 in., find the angle . 
between the faces ABC and ACD. 


It can readily be proved that the faces ABC, ACD, ADE, 
ABE are congruent isosceles triangles, for As AOB, AOC, 
AOD, AOE are all congruent (2 sides and incl. C). 

Planes ABC and ACD intersect in the straight line АС. If 
perpendiculars are drawn from B and D to AC, they will meet 
at the same point H on AC, since 
As BCH and DCH are congruent (2 Zs and corresp. side) 
Athe angle between the planes ABC and ACD is BHD. 


8 o D 
B * R "C 
Fis. 1. Fic. 2. 


Fig. 1. 
ДАВС is an isosceles triangle. If R is the mid-point of BC, 
then ARB = 90°, 


еп ВАКВА а 


== + 5 Ж = e ^ 
ВА 8^ 75 2. BAR = 14° 29 


2. ВАС = 2BAR = 28° 58’, 
8% — sin BAC = sin 28° 58’ = -4843 
7. BH = 8 х -4843 = 3:8744 in. 
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Fig. 2. 

ABHD is an isosceles triangle 

2, BD? = BC? + CD? = 32 sq. in. 
2, BD = 4/32 іп. = 47/2 in. 


„ BO = 2/2 in. 
or BO _ sin 45° 
Bc 7 sin 45 
GE 
Va 
I 
. F 
alio «PO uds 
Sin BHO = Ең 3874 7300 


„ e-. 
2, BHD = 2BHO = 93° 46 
2, angle between faces ABC and ACD — 93? 46. 
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1. The figure represents a cube. Name the angle between 
the following planes and find the size of 
еа 


ch. 

a) EFGH and AEHD. 

b) ABCD and HGCD. 

c) EBCH and EFGH. 
EFGH and EFCD. 

с) НЕВРО and AEGC. 


2. The figure represents а cuboid. AB = 16 cm., 
ВС = 12 cm., ВЕ = 9 cm. Name the angle between the 


following planes and find the size of each. 


(a) FGD and AEHD. 
% BFG and AEGC. 
(с) DEC and BCA. 
d) DHB and AFB. 
е) АВС апа HGC. 
(/) HFBD and AEGC. É r9 
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10. 


II. 


12. 


. The figure shows the end view of a 
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If the cube in Exercise т is cut by a plane passing through 


EH and making an angle of 45° with the base, find the 
dimensions of the section. 


. Repeat Exercise 3 if the angle is 60°. Find the area of the 


section. 


. If the cuboid of Exercise 2 is cut by a plane passing 


through FG, what is the greatest angle this plane can make 
with the base if it is to cut the face AEHD ? 


. The cuboid of Exercise 2 is cut by a plane passing through 


DC and making an angle of 25° with the face ABCD. 
Find the dimensions of the section. 


A cuboid measures 4 in. X 2 in. X 2 in. It is cut by 


а plane passing through an edge of one of the square faces 
and through the centre of the opposite square face. Find 
the dimensions of the section and its area. 


shed with a sloping roof. Find the 
angle which each side of the roof 1:2" 
makes with the horizontal, 


20! 


. ABC is an isosceles triangle with Аа right angle. AD is 


drawn perpendicular to the plane of the triangle. If 
AB — 6 cm., AD — 8 cm., find the angle which the plane 
DBC makes with the plane ABC. 


А pyramid X, ABCD has a square base, each side 4 in., 
and is such that the vertex X is on the straight line through 
O, the point of intersection of the diagonals of the base, 
perpendicular to the plane of the square. If the height 
of the pyramid is 8 in., find the size of the angle which any 
triangular face makes with the base. 


If the pyramid in Exercise 10 had a square base, each side 
being 6 in., and the edges XA, XB, XC, XD were all ro in. 
long, find the inclination of plane XAD to the base. 


If the pyramid in Exercise ro had a square base, each side 
being 5 in. long, and XA was inclined at an angle of 50° 
to the base, calculate the angle which the face XAD would 
make with the base. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 
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In the pyramid of Exercise 1o, find the angle between the 
faces XAB and XBC, 

In the pyramid of Exercise Ії, find the angle between the 
faces XAB and XBC. 

In the pyramid of Exercise 12, find the angle between the 
faces XAB and XBC. 

ABCD is a rectangle. AC and BD intersect at O. OX 
is perpendicular to the plane ABCD. If AB=8 in., 
BC = 6 in., OX = 12 in., find the angle between the planes 
XAB and ABCD, and the angle between the planes XBC and 
ABCD. 

O, ABC is a pyramid on an equilateral triangle ABC as base, 
and the perpendicular from O to ABC passes through the 
circuméentre of АВС, Find the angle between ОАВ and 
the base, and the angle between OAB and OBC, if 
AB = 8 in. and OA = IO in. 


The figure is the plan of theroof of А D 


a house, EF being the ridge. If EF 
is 16 ft. above the plane ABCD, 
зо” 


calculate the angle which plane 
AEB makes with ABCD, and the ZN 
angle which plane BEFC makes with 

с 


ABCD. B 40! 


The figure is the plan of the flat roof of a house. Тһе 
plane of EFGH is 1o ft. above that of ABCD. Find the 


B c 
inclination of (r) plane AEFB, (2) plane BFGC to the 
horizontal. 
ABCD, EFGH is a cube. X and Y are the mid-points of 
DH and HG respectively. Find the angle between the 
planes BXY and ОСОН if AB = 3 іп, Will this angle 
change in size when the length of AB is changed? 


- 
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21. ABCD is a horizontal rectangle with AB = 8 in., BC = біп. 
AE is vertical and 5 in. long. Find the angle which plane 
EBD makes with the horizontal. 

Vote: If AH is perp. to BD at Н, then EH is also perp. to 
BD) 


22. ABC is a horizontal isosceles triangle with A = 00% and 
AB=AC=6in. X, Y, Z are 3 points vertically above 
А, B, C respectively, such that AX = 14 in. and BY = CZ = 
8in. Find the inclination of (1) plane AYZ, (2) plane XYZ 
to the horizontal. 


23. The figure represents a square board ABEF, each side 30 in. 
long, with the edge AB touching a horizontal table ABCD. 
The board is inclined at 20° to the table. Find the angles 


30”. 


which BE, BG, BF make with the horizontal. Why could 
550 T the board, parallel to BE, be called lines of greatest 
оре 


24. А, BCDE is a pyramid on a square base, AO, the perpen- 
dicular from А to the base, meets the base at О, the point 
of intersection of the diagonals. If BC is 6 in. and the face 
ABC is inclined at an angle of 50% to the base, calculate the 
inclination of AB to the base. 


25. The figure in question 18 above is the plan of the roof of 
а house, EF being the ridge. 
II AB = 24 fl., BC = 30 ft., EF = 16 ft., and the face 
AEB is inclined at 50° to the plane ABCD, find the inclina- 
tion of BE to the plane ABCD. 
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Solid Figures—Areas of Surfaces and Volumes of Solids 


The Cuboid 

If a solid is bounded by three pairs of parallel plane faces 
and these six faces are all squares, then the solid is called 
acube. If the six faces are all rectangles then the solid is 
called a cuboid or a rectangular solid. 


^ d units в 


To find the surface area of a cuboid we could find the area 
of each rectangular face and add the results. But it is useful 
to express the surface area ina different way. We can speak 
of the face EFGH as the top face, the face ABCD as the bottom 
face and the other four surfaces as forming the lateral surface. 
Let the cuboid be 4 units long, b units broad, л units high. 


Area of lateral surface = sum of areas of rectangles, ABFE, 
BCGF, DCGH, ADHE 


= (Ih + bh + th + bh) units of area 
= (lh + 2bh) units of area 
4 = (21 + 2b)h units of area 
2, lateral surface = perimeter of base x height. 
Total surface = area of ends + lateral surface 
= (alb + 2th + 2bh) units of area. 
In the case of a cube, since the six faces are all equal squares, 
if side of square = / units of length, 
total surface = 6/* units of area. 
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WORKED EXAMPLE 


A manufacturer receives an order for 240 dozen cubical 
closed boxes to be made of thin sheet metal. If the edge of 
the cube is 3 in. long, and ro per cent of the metal is wasted in 
the process of manufacture, how many square feet of metal 
will he require ? 

If the manufacturer had used the same amount of sheet 
metal to manufacture boxes in the shape of a closed cuboid 
6 in. long, 3 in. broad and 4 in. high, and the wastage now was 
cut to 5 per cent, how many dozen boxes could he have made? 

(т) Area of sheet metal required for x cubical box 

= 6 х 37 sq. in. 
Area of sheet metal required for 240 dozen boxes 
= 240 X I2 X 6 X 32 sq. in. 
240 X 12 X 6 x 3* 
. 
Tf x sq. ft. is the total area required, since то per cent of this is 
wasted in manufacture, 
9, 240 X 12 X 6 X 3* 
10 144 
4 10X 240 X 12 X 6 x 33 
9 X 144 | 


sq. ft. 


= 1200 
„. area of sheet metal required = 1200 sq. ft. 
(2) If boxes of the cuboid shape had been made, 
area of sheet metal at first 
= 1200 sq. ft., 
area wasted 


І 
20 X 1200 = бо sq. ft., 


2. actual area of metal in the boxes 
= 1140 sq. ft. 

Total area of metal required for 1 box 
=(2x6xX3+2x6xX4+2x 4 * 3) sq. in. 
= 108 sq. in. 
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| 

| | +, No. of boxes that could be made 
1140 X 144 

| 108 

| = 1520 

i — 126% dozen. 


| ў EXERCISES 68 

i Find the total surface of the solids in Exercises І to 5. 
) . Cube, edge 5 in. 

. Cube, edge 1 ft. 3 in. 

. Cube, edge 3:5 cm. 

Cuboid, 6 in. by 4 in. by 3 in. 

. Cuboid, 5:2 cm. by 4:5 cm. by 6 cm. 


. The surface of a cube is 10$ sq. ft. Find the length of 
one edge in inches. 


7. Theoutside surface of a closed rectangular box is 184 sq. in. 
If the box is 8 in. long and 5 in. broad, find its height. 


8. The outside dimensions of a closed box, made of wood 
J in. thick, are 21 in. X 17 in. X 15 in. The box includ- 
ing the lid is lined with silk. How many square feet of silk 
will be required for a dozen boxes assuming there is no 
4 wastage of material ? 


. From the four corners of a certain rectangular sheet of 
metal, equal squares are cut, and the remainder made 
into a rectangular open box by folding. If the box is 
12 in. long, 6 in. broad, and total surface area is 180 sq. in., 
find the length and breadth of the original sheet of metal. 


10. Find the number of closed rectangular boxes 8 in. x 5 in. 
X 5 in. that can be made from 1000 square feet of sheet 
metal, allowing a wastage of 124 per cent in the process 
of manufacturing. 

11. The bottom of a lidless rectangular box is a square of side 
xin. If the height is 5 in. and the total external surface 
is 96 sq. in., find ғ, 


S 


ре NECI ERI pe 
о 
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- Volume 


Volume. The volume of a solid is the amount of space it 
occupies. To measure a volume we must compare it with a 
volume taken as a unit. The unit volume is the volume of a | 
cube whose edge is the unit of length. For example a cubic 
inch is the volume of a cube whose edge is 1 in., and a cubic 
centimetre is the volume of a cube whose edge is 1 cm. 


Іші 
А centimetre cube, volume Ап inch cube, volume 


1 cubic centimetre (1 c.c.) 1 cubic inch (1 cu. in.). 


Note that a solid may have a volume of 1 cubic in. and not be 
а cube. 


To Find the Volume of a Rectangular Solid 


The figure represents a rectangular solid length 5 in., 
breadth 4 in., height 3 in. If a layer x in. thick is taken, 
it is clear from the figure that this layer can be divided into 
20 blocks, each block being an inch cube, 

2. Vol. of first layer = 20 cu. in. 
In the whole rectangular solid there are three such layers 
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-. vol. of rect. solid = 20 cu. in. х 3 
= 60 cu. in. 
у =5 X 4 X 3 cu. in. 
Similarly for a rectangular solid with length a units, breadth 
units, height c units 
vol. of rect. solid = a x b x c units of vol. 
This is often expressed 
vol. of rect. solid — length x breadth x height 
or vol. of rect. solid — area of base x height. 
In the case óf a cube, since the length, breadth and height are 
all equal 
vol. of cube = (edge)*. 


Surface Area and Volume of Right Prism 

The rectangular solid is a special kind of prism. If a 
solid is bounded by plane faces, two of them called ends 
being congruent figures in parallel planes, and the others 
called side faces are rectangles, then the solid is said to be a 
right prism. 

Three examples of right prisms are shown below, a triangular 
prism, a square prism, and a prism on a pentagonal base 


To find the surface area and the volume of a right prism, 
the same reasoning will apply as in the case of the 
rectangular solid. 

Hence 


(1) Lateral surface of any right prism 
= perimeter of base x height. 


(2) Total surface = area of ends + lateral surface. 
(3) Volume of any right prism = area of base x height. 
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WoRKED EXAMPLES 


/ 
.) The figure represents the vertical end of a hayrick. If 
the hayrick is 8 yds. long, find the volume of hay in cubic yards. 


E 
15 
The hayrick is a right prism with ABCDE the end face 

2. vol. of hay = area of ABCDE x length. 

Area of ABCDE = area of ДАВЕ + area of trapezium 
BCDE 

=$ X 18 x 6+ 18 +15) x 6 sq. ft. 
= 54 + 99 sq. ft. 
= 153 sq. ft. 
= 17 sq. yd. 

4. vol. of hay = 17 x 8 cu. yd. = 136 cu. yd. 

(2) The figure represents an open metal trough, the ends 
being equal vertical isosceles triangles with sides 1 ft. 3 in., 
1 ft. 3 in., 1 ft. 6 in. The open top is a horizontal rectangle 
and the trough is ro ft. long. Find the area of metal required 
to make tne trough. 


The trough is a right prism with ABE the end face. ' 
Area of metal = twice area of AABE + twice area 
of rect. EBCF, 
Altitude of ДАВЕ = У 15? — 9? in. 
= I2 in, 


| 
Я 
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Л area of metal — 2 X} x $ X 14-2 X $ x 10 sq. ft. 
= 1} + 25 sq. ft. 
= 26} sq. ft. 


EXERCISES 69 
In Exercises x to 4, find the total surface and the volume of 


the following right prisms : 


Ln 
21 
3. 


өз 


eo 


IO. 


II. 


то in. by 8 in. by 6 in. 
Base, equilateral A, side 4 in.—height 10 in. 


Base, isosceles A, equal sides ro in., base 12 in.—height 
18 in. 


Base, regular hexagon, side 4 cm.—height zo cm, 


. The volume of a cube is 1728 cu. in. Find its total surface 
in sq. ft. 

. The total surface of a cube is 384 sq. in. Find its volume 
in cu. in. 

. A closed wooden box in the shape of a rectangular prism 


is made of wood } in. thick. If the external dimensions 
are 3 ft. X 2 ft. x 1 ft. 6 in., find the volume of the wood. 


А manufacturer makes open metal containers іп the shape 
of rectangular prisms r ft. 8 in. X 10 in. X 5 in. He 
replaces these by containers in the shape of a cube, the 
capacity of the container remaining the same as before. 
Assuming there is no waste in either case what percentage 
of metal does he save by the change? 

А swimming bath is 50 yd. long and 25 yd. broad. It is 


3 ft. deep at the shallow end and 7 ft. deep at the deep end. 
Find the volume of water it can hold when full. 


А room is 30 ft. long, 20 ft. broad and 15 ft. high. Allow- 
ing 250 cu. ft. of air space per person, how many persons 
can it accommodate ? 

A rectangular tank is 6 ft. x 4 ft. x 1ft.6in. Find the 
number of gallons of water it can hold when full. 
(т cu. ft. — 6} gal.) 
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12. 


13. 


14. 


15. 


16. 


PLANES—SOLIDS 


А tank contains 1350 gallons of water, If the tank is а 
rectangular one 15 ft. long, 12 ft. broad and 6 ft. deep, 
what will be the depth of the water? 


The figure represents the vertical end section of a wooden 
shed with a tiled roof. If the shed is 30 ft. long, find 


16 


(a) the area of the roof, (5) the area of timber required for 
thé ends and sides, (c) cubic capacity. 


The figure represents a lean-to shed placed against a brick 


wall, and made entirely of wood. How much wood will 

be required? Answer in square feet. 

The figure is the cross-section of an trough with 

vertical ends. Ты top is 4 Yectangle Sit 4 fe Find 
8" 


1o* 


the area of the material required to make it, and the cubic 
capacity. | 

А rectangular tank is 3 ft. x 2} ft. x a ft. It is half 
of water. А cube, 12 in., is placed in 


rests on the bottom, will be the rise in the level of 
the water? : 
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The Right Pyramid 


If a solid is bounded by plane faces, of which one, called 
the base, is any rectilineal figure, and the others are triangles 
with a common vertex, then the solid is called a pyramid. 


If the perpendicular from the vertex of the pyramid to 
the base passes through the centre of the base (i.e. the point 
equidistant from the vertices of the base), then the pyramid 
is said to be a right pyramid, Three right pyramids are 
represented below. 


Д 
If the pyramid is bounded by four triangular faces, it is 


called a tetrahedron, and, if the four triangles are all equi- 
lateral triangles, it is called a regular tetrahedron. 


It is important to notice that the edges of a right pyramid 
which join the vertex of the pyramid to the vertices of the 
base are all equal, because they are the hypotenuses of con- 
gruent right-angled triangles, e.g. in the tetrahedron above 
As VOA, VOB, VOC аге congruent .. УА = VB = VC. 
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Surface Area and Volume of Pyramid 


The slant surface of any pyramid is the sum of the areas of 
the triangular faces. In the case of the right pyramid on a 
regular base, a convenient expression for the slant surface can 
be obtained as follows: 


5 


к 
в с 


5, ABCDE is a right pyramid, the base being a regular pentagon. 
SH is the perpendicular from S to the base. 
SK is perpendicular to AB. 


H is the circumcentre of ABCDE 


2. АН = BH. 
But 5А? = SH? + АН? 
and SB? = SH? + BH*. 
Since АН? = ВН? 
„ SA? = SB? 
OSA = SB 
2. ASAB is an isosceles triangle and all the slant faces are 
congruent isosceles triangles 
„ SK, the perp. from S to AB, bisects AB. 


[Vote: SK is called the slant height of the pyramid, for 
the distance of S from the base of each isosceles triangle is 
constant.] 


2. Slant surface = sum of areas of As SAB, SBC, SCD, etc. 
= jAB.SK + JBC.SK . 
=}(AB+BC+CD+.. .)SK 
= j (perimeter of base) x slant height. 

Total surface = slant surface + area of base, 
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PE 


Volume 


Consider the triangular right prism ABC, DEH. This can be 
regarded as split up into two pyramids, one with vertex B and 
base ADEH, the other with vertex B and base ADHC. This 
second pyramid B, ADHC can itself be regarded as made up of 
two triangular p; 145, one with vertex B and base ADH, 
the other with vertex B and base ACH. (It will be seen that 
none of the three triangular pyramids is a right pyramid.) 
2. Ar prism ABC, DEH = руг. В, DEH + руг. B, ADH 

+ pyr. B, ACH. 

It can be proved that pyr. B, ADH and pyr. B, ACH have equal 
volumes, since they are on equal bases and have the same 
altitude. f 
Also another name for pyr. B, ACH is H, ABC, and pyr. 
H, ABC = pyr. B, DEH, since they are on equal bases ABC and 
DEH and have the same altitude, 

5. vol. of each pyramid = $ vol. of Ar prism. 
Hence the vol. of the pyramid B, DEH is one-third the vol. of 
the prism on the same base and of the same height. 


But the vol. of the prism = area of base x height 
2. vol. of pyramid = } area of base x height. 


Since a pyramid such as that shown on page 437 can be 
regarded as made up of a number of triangular pyramids 
with the same height 


„vol. of any pyramid = j area of base x height. 


440 PLANES—SOLIDS 


WORKED EXAMPLE 


A right pyramid 8 in. high on a square base, edge 12 in., is 
cut by a plane parallel to the base and 2 in. from it. Find the 
total surface, and the volume, of the frustum. 


The frustum is the solid included by the base BCDE and the 
plane XYZW. 

XY and BC are parallel because they are the lines of section 
of two parallel planes by the plane АБС, 

Similarly YZ and CD are parallel. Also As ABC, ACD, 
etc., are congruent isosceles triangles. 

| As AXY, ABC, AYZ, ACD are similar 

ОХИСТА 
"ВС ТАССР: 


Ви ВС = Ср . ХҮ = VIZ. Also XÎZ = rrt. angle since 
вёр is a rt. an 

XYZW is a square. 
Draw AM Регр. to plane BCDE to meet XYZW in O. 
Then AO is perp. to XYZW. 
Draw AL perp. to CD, to cut YZ in K. 
Then since ACD and AYZ are isos. As, CL = LD and YK = KZ. 
Join OK and ML. 
As AOK and AML are similar because they are equiangular 
s OKR 22 З 
“ML = AM = 8 Еа aso OK = 4} in. 

"n XY = 20K = 9 in. 
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Also AL? = АМ? + ML? (Pythagoras Th.) 


AK АО , AK 
10 


(1) Total Surface— 

Area of top and bottom faces = ХҮ? + BC? 
= 9* + 123 sq. in. 
= 225 84. in. 

Area of side faces = 4 Х area of trap. CDZY 
-4Х 10 + 12) X 2} sq. in. 
= 105 sq. in. 
2, Total surface = 330 sq. in. 


(2) Volume— 

Vol. of frustum — vol. of pyr. A, BCDE — vol. pyr. A, XYZW 
= 4.12? x 8 — 3.9% x 6 cu. in. 
= 384 — 162 cu. in. 
= 222 cu. in. 


EXERCISES 70 


In Exercises 1 to 4, find the total surface and the volume of 
the right pyramids: 


Base Height 
1. Square, edge 6 in. 1 ft. 
2. Equilateral A, side 5 са. . 20 cm. 
3. Octagon, side 3 in. 10 in. 


4. Regular hexagon, side 4.cm. 8 cm. 

5. Find the slant height, the total surface and the volume of 
a regular tetrahedron, edge 6 in. 

6. A right pyramid on a square base is 16 in. high, and is cut 
by a plane, parallel to the base and 4 in. from it. If the 
side of the square base is 8 in. long, find the volume of 
the frustum between the base and the plane. 
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. The base of a right mid is a rectangle, 6 in. X 4 in. 

í and the slant Bani 6 in. Find the total surface and 
the volume. 

8. A, BCDE is a right pyramid on a rectangular base. If 
BC = 8 in., CD = 6 in., AE = 13 in., find the height of the 
pyramid, its total surface, and its volume. 

9. The roof of a tent, total height 13 ft., is a right pyramid on 
a square base, a side of the square being 10 ft. If the rest 
of the tent is in the shape of a square pe 8 ft. high, the 
edge of the square being 1o ft., fin 

(a) the total area of canvas required, 
(b) the cubic capacity of the tent. 

10. A vessel contains water to a depth of x ft. The vessel is 
an inverted right pyramid, the base being a square of edge 
4 ft., and the depth of the vertex below the base 8 ft. 
Find the volume of the water. 


Surface and Volume of Right Circular Cylinder 


All cylinders referred to in the book are right circular 
cylinders, 


Consider a right prism standing on a regular polygon as 
base, If the number of sides in the polygon is increased 
indefinitely, the greater the number of sides the more nearly 
does the polygon become a circle, and the prism a right 
circular cylinder, 

_ Непсе the rules that apply to the right prism may be applied 
to the cylinder. 8 in" 
Let radius of base — r units of length 
and height of cylinder = h units of length. 
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(1) Curved surface of cylinder — perimeter of base x height 
= 2nr X h units of area 
, = 2nrh units of area. 


(2) Total surface of cylinder = curved surface + area of 
ends 
= 2nrh + 2nr* units of area 
= 2zr(h + r) units of area. 


(3) Volume of cylinder — area of base x height 
= nr*h units of volume. 


(Note: If the curved surface of a right circular cylinder is 
developed, it forms a rectangle, whose length is the circum- 
ference of the base and whose breadth is the height of the 
cylinder. Hence area of curved surface of cylinder = 2zrh.) 


WORKED EXAMPLES 


(1) Find the volume of metal іп a 
cylindrical pipe 60 ft. long, the external 
and internal diameters being 4 in. and 
3 in. respectively. 

Let R in. and r in. be external and 

internal radii respectively. i 

Area of cross-section = R — лу? sq. in. 
= a(R? — 72) sq. in. 
=2(R +7)(R — r) sq. in. 

If length of pipe =? in. 3 

vol. of metal = R + (Е — Y cu. in. 


- 7% 4- 19a — 14) x 60 x 12 cu. in. 


22 7 * бо K Iz ` 
„ 2 xi xn 
cu. ft. 

24 


-2 cu. ft. 
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(2) 50 gallons of water are poured into a cylindrical tank, 
diameter of base being 4 ft. Find the depth of the water in 
inches, correct to yg in. 

61 gal. = 1 cu. ft. 
50 
25 
Let depth — 4 in. 
Vol. of cylinder = nr?h 


D EE 4 
1. 50 gal. = X 25 8 cu. ft. 


.. vol. of water . 20. cu. ft. 


d 
Ar „ 
2 4-7 Х12х8 
X 4 * 22 
_ 8 
Ir 
= 763 


„ depth of water = 7:6 in., to the nearest jl іп, 


EXERCISES 71 
1. Find the total surface of a cylinder, height 40 cm., radius 
of base I4 cm. 
2. Find the total surface of a cylinder, height r ft. 6 in., 
radius 7 in. 
3. Find the volume of a cylinder, diameter of base 28 cm., 
height 25 cm. 
4. Find the volume of a cylinder, diameter of base 1 ft. 2 in., 
height 15 in. 
5. Find the area of the curved surface of a cylinder, radius 
of base 4:2 cm., height ro cm. 
6. If the area of the curved surface of a cylinder is 264 sq. in. 
and the height is 8 in., find the radius of the base. 
- If the total surface of a cylinder, 13 in. high, is 1056 sq. in., 
find the radius of the base. 


1f the volume of a cylinder is 77 cu. in. and the radius 
is rj in. find the height. 


о x 


* 


10. 


ІІ. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


I9. 


20. 
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If the volume of a cylinder is т000 c.c. and the height is 
50 cm., find the radius to the nearest millimetre. 


Find the number of square feet of thin metal required to 
make 1000 cylindrical closed vessels, height = 8 in., 
diameter of base = 5 in. 


A copper cube, edge 1 ft., is melted down and made into 
a cylindrical rod г yd. long. Find the radius of the circular 
end of the rod. Give answer to the nearest tenth of an 
inch. 

Find the volume of a cylindrical ring, outer and inner 
diameters 4 in. and 3 in. respectively, the ring being } in. 
thick. 

Find the volume of copper required for a cylindrical pipe, 
internal diameter 7 cm., thickness of copper 6 mm., 
length тоо cm. Answer to the nearest c.c. 


Find the weight of 1 mile of copper wire, diameter 1 in., 
if І cu. ft. weighs 551 lb. Answer to yy lb. 


А rectangle, 6 in. х 3:5 in., rotates about the 6-in. side as 
axis. Find the volume of the solid it generates. 


А cylinder, 10 in. high, has a volume of 385 cu. in. Find 
the area of the section through the axis of the cylinder. 


50 gallons of water per minute flow through a cylindrical 
pipe, diameter 3} in. If the pipe is always full, find the 
speed of the water in miles per hour. Answer to nearest 
ту mile, (r cu. ft. = 6} gal) 

500 gallons of water flow into a cylindrical tank, diameter 
of base 5 ft. Find the depth of the water in feet, to the 
nearest tenth of a foot. 


А cylindrical vessel, diameter of base 4 in., height 5 in., is 
used to fill a second vessel of the same shape, diameter 
of base ro in., height r5 in. Find the least number of 
times the first vessel must be used. 


А cylindrical can, 8 in. high, is made with the same capacity 
as a rectangular can, 8 in. high, base 7 in. х 5} in. Find 
the difference in the area of sheet metal required in the 
two cases, if both cans are closed cans. 
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Surface and Volume of Righ Circular Cone 


A 


Consider a right pyramid standing on a regular polygon as 
base. If the number of sides in the polygon is increased 
irdefinitely, the greater the number of sides the more nearly 
does the polygon become a circle, and the pyramid a right 
circular cone. 


Hence the rules that apply to the right pyramid may be 
applied to the cone. 


Let slant height of cone = } units of length, 
height of cone = ; units of length 
and radius of base =r units of length. 


(х) Curved surface of cone = } (perimeter of base) x slant 
height 
= 2л) x I units of area 
= nl units of area. 


(2) Total surface of cone = curved surface + area of base 
= arl + nr? units of area 
= n'(| +r) units of area. 


(3) Volume of cone = 4 area of base x height 
= { arh units of volume, 
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WORKED EXAMPLE 
From a circle, radius 6 in., is cut a sector, the angle of the 
sector being 120°. The sector is now folded so that it becomes 
the curved surface of a cone. Find (a) the radius of the 
base, (5) the height, (c) the area of the curved surface, (4) the 
volume, (е) the vertical angle of the cone. f 


Length of arc XY = $ of circumference (since 120° = 3 of 
4 360°) 
= Van X 6 in. 
= 4n in. 
Hence circumference of base of cone = 22r, ifr in. is the radius 
of the base, 
1. 2л = 4% 
(a) for 2, 
From rt.-angled AACB, АС? = 1? — st. 
= 6* — 2? sq. in. 
= 32. sq. іп. 
(0) Д AC = V32 = 4V2 in. 
(с) Area of curved surface = j area of circle 
=}x2x6x6 sq, in. 
1 = 12л. Sq. in. 
(4) Vol. = jah 
= {л.21.4У2 cu. in. 
. 4.4 ½ cu. in. 
: = 2377 cu. in. 
(е) sin BÁC — 121 47) вАС = 19% 28“ 
2, BAD = 38° 56. 
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EXERCISES 72 


Find the total surface, and the volume, of the solid 


с 


А бст, 8 
formed by revolving the triangle right-angled at B about 
(1) BC, (2) AB as an axis. 
Find the slant height, the total surface, and the volume of 
a cone, height 6 in., diameter of base 5 in. 


; Find the curved surface and the volume of a cone with 


slant height 6:8 cm. and radius of base 3:2 cm. 


- If the area of the curved surface of а cone is 165 sq. cm. 


and the radius of the base 5 cm., find the volume. 


- Find the total surface area of a cone of volume 770 cu. in., 


the diameter of the base being 7 in. 

If the area of the base of a cone is 38:5 sq. in. and the 
volume is 462 sq. іп., find the vertical angle. 

А cone 12 in. high, whose base diameter is 20 in., is cut by 
a plane parallel to the base and at a distance of 6 in. from 
it. Find the volume of the part of the cone between the 


. Find the curved surface and volume of the frustum of a 


cone formed when a cone of height 8 in. and diameter of 
n 8 in. is cut by a plane, parallel to the base and 6 in. 
m it. 


- The vertical angle of a cone is 60*, and the slant height 


10 in. Find the volume, 

Find the area of canvas required for a bell tent, 12 ft. high 
and 12 ft. in diameter, 

Into a cylindrical vessel full of water, diameter 21 cm. 
and height 10 cm., is placed a cone of the same diameter 
and height. How much water will overflow ? 
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12. The figure shows the cross-section of a funnel, which 


consists of the frustum of a cone and a cylindrical pipe. 
Find the total volume. 

13. Find the rise in the water level when a cone, height 9 in., 
base diameter 4 in., is placed in a cylindrical vessel, 
height 15 in., base diameter 12 in., the water completely 
covering the cone. 

| 14. Find the volume of the conical vessel formed from a semi- 
circular piece of metal, diameter 26 in., the whole of the 
metal forming the curved surface of the vessel. 

I5. A sector of a circle, radius 18 cm., the angle of the sector 
being 100°, is folded to make the curved surface of a cone. 
Find the height and volume of the cone. 

16. A filter paper in the form of a circle, diameter 12} em., is 
folded in four, and opened out so as to form a hollow cone. 
Find the vertical angle of the cone. 

17. The diameter of the two ends of the frustum of a cone are 
б in. and rj in. If the height of the frustum is 4 in., find 
its volume. 

18. A cone is 12 in. high. Where must a plane, parallel to the 
base, cut it, so that the cone is bisected? 


The Sphere 


A sphere may be regarded as a solid bounded by one surface 
which is such that all points on it are at the same distance from 
a fixed point. The fixed point is the centre of the sphere and 
the constant distance is the length of the radius. [The word 
sphere is sometimes used for the surface of the sphere, when no 

* confusion can arise.) 
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If any straight line through the centre cuts the surface in 
two points A, B, then AB is a diameter of the sphere. 
Every plane section of a sphere is a circle, 


Let APB be any plane section of a sphere with centre O. 
Take P any point on the bounding line of the section, 
Let ON be the perpendicular from O to the plane section, 
Join ОР, РМ. 
Then ONP =a rt, angle (constr.) 

„ NP? = OP? — ON? (Pythagoras’ Th.). 


But OP is a fixed length, the radius of the sphere, and ON is 
a constant length for all positions of P 


-. NP is a constant length; and N is a fixed point 
the locus of P is the circumference of a circle, centre М and 
radius NP. 

Any plane section of a sphere, which contains the centre 
of the sphere, is a circle whose radius is equal to the radius 
of the sphere.. This circle is called a great circle. 


the sphere determine a plane, and the section of the sphere by 
this plane is a circle which passes through the centre; ' 
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Surface and Volume of Sphere 


If we have a sphere and the circumscribing cylinder, it can 
be proved that the curved surface of the cylinder, intercepted 
by two planes perpendicular to the axis, isequal to the area of 
the belt of the sphere between the same planes, i.e. in the 
figure, the curved surface ABCD on the sphere is equal in area 
to the curved surface PQRS on the cylinder. 

Hence if r units of length — radius of sphere 
area of surface of sphere = area of curved surface of сіг; 

cumscribing cylinder 
= 277 X ar (ht. of cylinder = 27) 
Ari units of area. 

To find the formula for the volume we may consider the 
whole sphere made up of a number of pyramids, the number 
being increased indefinitely; 


*. volume of sphere — sum of vols. of pyramids 
= } (sum of areas of bases) x height 
= }x4zr*xr units of volume 
= ілу? units of volume. 
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WORKED EXAMPLES | 
(r) The figure represents the cross-section of a sphere placed 
in a conical vessel. Find the 
volume of water required to just 
cover the sphere. 
From similar As ABC and DEC 


DC вс | 
БЕ” AB | 
5 De us pum oc = in. 

Iin 3 in. 

^ ҮС —2 in. фт in. =3 in. 

2 3 in. I 


AC? = BC* — AB! = 36\— 9 = 27 Sq. in. 
Y I r 
1 “YZ = in. 
Vol. of water = vol. of сопе XCZ — vol. of sphere 
= ġa. YZ?.YC — 471? cu. in, 
= §2(/3)*.3 — £z cu. in. 
= jn[9 = 4]. cu. in. 
= {л cu. in. 
(2) The figure represents 
the cross-section of а 
sphere floating in water, 
partly submerged. 
Find the length of the 
water line on the sphere, 
AB? — OA? — OB? 
= 13" — 122 sq m. 


= 25 sq. in. 
A8 — 5 in, 
-. length of water line = circumference of circle, radius 
5 in. 
= 27.5 in. 


= І0л іп, 


I. 
2. 


төзе 


З 


ж 


10. 
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13. 


14. 


15. 


16. 
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EXERCISES 73 


Find the surface and volume of a sphere, radius = 6 in. 
Find the surface and volume of a sphere, diameter 
= 14 cm. 

The surface of a sphere is 616 sq. in. Find the radius. 
The volume of a sphere is 440 c.c. Find the diameter. 
The surface of a sphere is 38-5 sq. in. Find the volume. 


. A cube of lead, edge то in., is melted down and made into 


spheres, 2 in. in diameter. How many spheres can be 
made, allowing that ro per cent of the lead is wasted ? 


. A sphere, radius 3 in., is completely immersed in the water 


in a rectangular tank, length 6 in., breadth 5 in., depth 
4 іп. Find the consequent rise in level of the water. 


. The reading of the water level in a measuring glass is 


14 с.с. А sphere is placed in the water and the reading 
is now 18-8 c.c. Find the radius of the sphere. : 


Find the volume of metal in a spherical shell, the inner and 


outer diameters being 8 in. and r ft. respectively. 
How many spherical pellets, о-2 іп. in diameter, can be 
made from a sphere 6 in. in diameter, assuming that there 
is no waste ? 

Two metal spheres, radii ro in. and 8 in., are melted and 
moulded into a single sphere. Find the radius of this 
Sphere. 

The volume of a sphere is 125 c.c. Find the area of the 
surface. 

Find the radius of a sphere which circumscribes a cube 
whose edge is 4 in. 

Find the internal diameter of a spherical iron shell, which 
weighs 500 lb. and has an external diameter of 2 ft., if 
I cu. ft. of iron weighs 480 Ib. 

A sphere, diameter 10 in., is placed in a cylinder full of 
water, the cylinder being ro in. high and of diameter 
10 in. Find the volume of water which is left in the 
cylinder. А 

Find the area of the zone of a sphere, diameter 10 in., 
bounded by two planes 2 in. apart. 
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17. A thin metal cap is part of a sphere of radius 1 ft. If its 
greatest depth is } in., find the area of its surface. 


18. A conical cap just covers three equal spheres (radius 1 in.), 


placed on a table as shown in the figure. Find the height 
of the cone and the diameter of its base. 

19. А sphere of radius 2 in. is placed in a wire frame which is 
in the shape of an equilateral triangle, each side being 
6 in. long. What is the depth of the lowest point of the 
sphere below the plane of the frame ? 

20. A sphere, radius 15 in., floats in water so that the highest 
point of the sphere is 5 in. above the water. Find the 
length of the water line on the sphere. (4 


Latitude and Longitude 
N 


. 5 
The earth is approximately a sphere, which rotates about its 
axis once every 24 hours. The ends of this axis аге called 


the North and South Poles (marked N and S respectively in 
the figure). 1 


Q 
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The equatorial plane is the great circle to which the 
axis NS is normal, and the circumference of this great circle 
is called the Equator. 


Parallels of latitude are the circumferences of small 
circles parallel to the equatorial plane. 


Any number of great circles can be drawn having NS as 
diameter. Half the circumference of any one of these circles 
extending from the North Pole to the South Pole is called a 
meridian of longitude, or briefly a meridian. 


(1) The latitude of a place P is its angular distance north or 
south of the Equator. 


In the figure, NPAS is the meridian through the place P and 
cuts the equator at A. If O is the centre of the earth, POA 
(north) is the latitude of P. АШ places on the parallel of lati- 
tude QPR have the same latitude as P. ў 


(2) The longitude of a place is its angular distance east 
or west of a standard meridian. It is the dihedral angle 
between the great circles containing the meridian of the place 
and the standard meridian (taken as the meridian of Green- 
wich). 

In the diagram, NPAS is the meridian of the place P which 
cuts the equator at A. NCS is the standard meridian, cutting 
the equator at C. The planes containing these meridians 
intersect in the line NS, and OA and OC are straight lines, one 
in each plane, and both perpendicular to NS. 


2. AOC measures the angle between these planes 


2. AGC (east) is the longitude of P. 
All places on the same meridian NPS have the same longitude 
as P, 5 
The position of a place on the earth's surface із known if we 
know its latitude and its longitude. 
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WORKED EXAMPLE 


Taking the radius of the earth as 4000 miles, find the dis- 
tance between two places P, lat. 56° N. long. 10° E., and Q, 
lat. 56° N. long. 65° E., 

(1) measured along a parallel of latitude, 

(2) measured along the great circle through P and Q. 


(1) The figure shows the section through place P and the 
Polar Axis М5. The parallel of, latitude through P is 
the circumference of a circle radius BP, 

BP А : 
Ap = 95 BPA = cos 56 
2. BP = 4000 cos 56° 
= 4000 X 5592 
= 2237 miles (to the nearest mile). 

Since place Q is on the same parallel of latitude, the distance 
PQ, measured along the parallel, is the length of the arc sub- 
tending an angle of 55° at the centre of a circle? radius 
2237 miles, 


Distance PQ = = х2х = X 2237 miles 
== 2148 miles. 
(2) The length of the straight line PQ 
= 2QX = 2 X 2237 X sin 274° = 2065 miles. 
This straight line subtends an angle at the centre of the earth. 


457 


The figure shows that the 
sine of half of this angle = — 1^2. 


-93 
4000 
= 2583 
2. $ of this angle = 14° 58” 
2. the angle = 29° 56' 
The distance from P to Q measured along the great circle, 
passing through P and Q, is the length of the arc of a circle, 
radius 4000 miles, subtending an angle of 29° 56’ at the centre. 


6 E 
^ Distance = SEE X 2л X 4000 miles 


= 2089 miles. 


Note that this is less than the distance between the places 
Measured along the Parallel of latitude. The least distance 
between any two places is the distance measured along the 
Sreat circle which Passes through the places. 
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EXERCISES 74 
(Take the radius of the earth as 4000 miles) 
1. Find the radius of the parallel of latitude 40° М. 


2. Find the length of the parallel of latitude 35° S. 


3. Find the length of 
(а) the Arctic Circle (lat. 664° N.), 
(b) the Tropic of Cancer (lat 23}° N.). 


4. Due to the rotation of the earth, through how many miles 
per hour does a place move in latitude 56° N. ? 


5. Find the area of the Tropical Zone and of the Antarctic 
Zone. 


6. Find the distance measured along a meridian between the 
parallel of latitude 40° №. and the equator. 


7. Find the distance of the Arctic Circle from the North Pole. 


8. Two places on the parallel of latitude 50% №. differ in 
longitude by 25°. Find the distance between them 
measured along the parallel of latitude. 


9. Find the distance between two places P and Q on the 
earth's surface, P lat. 30° N. long. 20% E., О lat. 30° N. 
long. 160° E. measured 


(1) along the parallel of latitude, 
(2) along the great circle. 


то. А place P is 3000 miles from the North Pole, measured 
along a meridian, Find the latitude of P. 


II. A ship in latitude 40° S. sails due east for 100 miles. Ву 
how many degrees does her longitude change? 
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Revision Papers LI-LX 
LI \ 
x. The figure represents a cuboid. Find the angles between 
(т) planes ACGE and BFGC, ; 
(2) planes АССЕ and CGHD, . 


(3) AF and plane EFGH, 
(4) AC and plane AEHD. 


The figure represents a door, opened through AGC, about the 
hinge ОВ. If AOC = 70°, find ABC. 

3. P, Q, R are three fixed non-collinear points. X is a point 
which moves so that it is always equidistant from P, Q, . 
and R. Find the locus of X. 


4. А cuboid measures 8 in. by 6 in. by 5 in. Find the total 
surface, the volume and the length of the diagonal. 


5. A 15-in. cube of metal is melted down and made into а 
sphere, Calculate the diameter of the sphere, if 5 per cent 
of the metal is wasted in the process. Answer in inches, 
correct to 1 dec. pl. 
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LII 


In the figure, ABCD represents a plane hillside, inclined at an 
angle of 30? to the horizontal plane BCYX. BZ Tepresents 
a track up the hillside making an angle of 40° with the line 


A z D' 


м 


ы 


6” . 


6 3" 5 C 
solid formed by the revolution of ДАВС about AD as an 
axis. 


- 


What fraction of the earth's surface lies between the parallel 
of latitude 30% М. and the equator ? 
^, BCD is a tetrahedron on an equilateral triangle as base, 
with BC — 6 in. If AB = AC = AD = 8 in., find 
(1) the distance of A from the plane BCD, 
(2) the inclination of the edge AC to the plane BCD, 
(3) the angle between the faces ABC and BCD. 


> 


“А 
> 
E 
; o 
е 
2 
+g 
? 
EE 
. 
E: 
5 
: 
[ 
É 
Cn 
= 
T 


placed in a cylindrical tank, base-radius ro in. Water is 
poured in until the depth is ro in. Find the volume of 
water poured in. 
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LIII 


- The figure represents an 8-іп. cube. sf 
BK =4BC and EL = ДЕН. Find KI. 


. The figure represents a tent 
with 4 vertical canvas walls 
resting on horizontal ground, and 
a canvas roof in the shape of a 
regular pyramid on a square 
base. Find 

(x) the total area of canvas required, 

(z) the volume of air in the tent, 

(3) the angle which a face of the pyramid makes with the 
horizontal. 

X and Y are two fixed points 6 in. apart. What is the locus 
in space of a point P which moves so that 

ХР? + ҮР? = 50 sq. in.? 

- The diagonals of a square ABCD, each side 4 in., intersect 

at O. OP is perpendicular to the plane ABCD and 

ОР = 2 in. Find the angle between BP and the plane 

155, and the angle between the face ВРА and the plane 

CD. 


- А cylindrical hole, diameter 1 in., is bored through a metal 
upe, each edge 5 in. Find the volume of the metal that 
is left, 


LIV 


The figure represents a tower АВ, 250 
ft. high. X is due west of the tower, 
Yis due south of it. Find the distance 
XY, and the angle between the planes 
AXY and BXY. 
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2. The figure represents a triangle ABC, with YZ parallel to 


un 


AB, and with ABC a rt. angle, in two vertical positions, 


Pisahorizontal plane. Calculate YC, BC, CD and the angle 
which plane ACD makes with the horizontal. 


АХ = AY = YZ = in., ХҮ = in., AB = 10 in. 


AB, AC, AD are three equal rods forming a tripod. Prove 


that, if AO is perpendicular to the horizontal plane BCD, 
O is the circumcentre of BCD. If AB — 7:5 in. and 
AO = 6 in., find the angle which AB makes with the plane 
BCD, and the inclination of ABC to the horizontal, if 
ADBC is equilateral. 


A and B are two places on the earth's surface, both in 
latitude 38* N., their longitudes being 24° W. and 33° E. 
respectively. Find the distance between them, measured 
along the parallel of latitude, taking the radius of the earth 
as 3960 miles, 


A wooden sphere of radius 9 in. floats in water, with its 


lowest point 6 in. below the water level. Find the lengtb 
of the water line. 


LV 


In the figure, ABCD is a vertical rect- 
angle, BXYC is a horizontal rectangle. i 
Find the length of XD and hence find б | 


XDY. If DQ = {0Х, find the distance 


3 c 
х к 9g / 
of Q from the plane ABCD. 5 ЖЕТЕ 
Y 


: x 


w 
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In the figure, the lowest point of 


the sphere is 4 in. below the 
plane containing the circular 
hole in which the sphere rests. 
The radius of the sphere — 10 
in. Find — 
(1) the radius of the hole, 
(2) the area of the surface of the sphere below the plane. 


. A door 3 ft. wide and 8 ft. high is opened through an angle 


of 50 Calculate the angle between two positions of a 
diagonal. 


. A ship is in lat. 40° S. and long. 40° E. What is is shortest 


distance from the south pole? D у 
If the ship travels due east until meridian 100° is reached, 
how long will she take if her speed is 18 miles per hour ? 


. A lidless box in the shape of a square prism 8 in. high is 


made of thin wood. If the area of the wood is 420 sq. in., 
find the length of the side of the square base. 


LVI 


. The figure represents a right circular A 


cone, height 8 in., radius of base 6 in. 
If О is the centre of the base and 
BOC = 60°, calculate 
R the area of AABC, 
2) the angle which plane ABC makes >0 
with the base. S 


. The figure shows the plan of a hut with walls zo ft. high, 
E 


a6" 


and a flat roof. Calculate the height of the roof above the 
ground, and the angle which AE makes with the horizontal. 
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. XYZ is a horizontal equilateral triangle, each side being 
i 5in.long. A isa point 2 in. vertically above X. Find the 

distance of X from the plane AYZ. 


Find the shortest distance between the following places on 
the earth's surface. 


А, lat. 4" N., long. 75° W. 
B, lat. 48* N., long. 75? W. 


e 


. On a sphere of radius 6 in., a circle radius 2 in. is drawn. 
Find the distance of the plane of the circle from the centre 
of the sphere. Find also the area of the surface of the sphere 
enclosed by the circle. 


«А 


LVII 


QRS is in plane P. XS is . 
to P. Calculate XQ, the 

which XS subtends at R, and the 
aneh between planes XQR and 


A 


The figure shows a rectangular box 

standing on a square base ABCD. and 7 5 
containing a square pyramid which just 
fitsinto the boxas shown. If AC = 10 Ё 
in. and AE = 12 in., find 


i) ox 


9 Абс, ; 

4) inclination of OA to plane EFGH. А о 

3. Find the slant surface and volume of the frustum of a 
pyramid, the ends being Squares with sides 20 cm. and 


36 cm. respectively, the thickness being 12 cm. 


м 
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. ABCD is a horizontal rectangle with AB — 4 ft., BC — 8 ft. 


X and Y are two points vertically above C and D respec- 
tively and CX = DY — 2 ft. 

Find the inclination of plane ABXY to the horizontal. 
Find the inclination of BY to the horizontal. 

А spherical metal shell weighs 560 lb. Its external 
diameter is 2 ft. long. If x cu. ft. of the metal weighs 
480 lb., find, correct to тір in., the thickness of the metal, 
assuming this to be uniform throughout. 


LVIII 


. In the figure, planes P and Q represent respectively a wall 


and the floor of a room. А rod XY, 8 ft. long, is suspended 


as shown, Find the angle which the rod makes with the 
wall and with ‘the floor. The distances marked are 
distances of the ends of the rod from the two planes. 


- ABCD is a rectangle in which AB = 9 in. and AD = 20 in. 


M and N are points in AD and BC respectively, such that 
АМ = BN = 8 in. The rectangle is folded about MN until 


N С 
the plane A’B’NM is perp. to the plane NCDM. Calculate 
A'C, A'CM and the distance of В” from the plane А/СМ. 
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. Find the curved surface and the volume of the frustum of 
a cone, the radii of its ends being 2 in. and 5 in., and the 
slant thickness 5 in. 


4. Two places on the earth's surface are on the parallel of 
latitude 54° N. ІН the shortest distance between them is 
2000 miles, what is their difference in longitude? [Radius 


Y 


of earth = 4000 miles, 2-2. 


A triangle ABC with A = 90°, AB = 5 in., AC = 12 in., is 
situated so that the distances of A, B, and C from a plane P 
are respectively 8 in., 5 in., ro in. Find the sides of 
AA'B'C', the projection of ДАВС on plane P. 


өл 


их 


In the figure, Af O is inclined at an angle of 40° to the 
horizontal plane Z. In ДРОВ, РО = 5 in., POR = 52°, 


- 


PRQ = 65°. Calculate the inclination of PQ and of PP. to 
the horizontal plane. 


2. ABC is an isosceles triangle with 
AB — AC. Dis the mid-point of 
BC and M, N are the mid-points 
of AB and AC respectively. MN 
and AD meet in О. The figure is 
folded as shown, until AA'MN is 
perpendicular to plane MBCN. 
If AB = 10 in., BC = 12 in., calculate 

(1) inclination of A'B to plane MBCN, 
(2) inclination of plane A'BC to plane ABC. 
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From a circle of radius r in. is cut a sector, the angle of the 
sector being 60°. Тһе remainder is folded, so as to form the 
curved surface of a cone. If r’ = the radius of its base, 
prove that r’ = grin. Ify = 12 in., find the height of the 
. cone and its volume, both correct to the first decimal place, 
What is the greatest distance of the surface of a sphere from 
the line joining two points on the sphere which subtend an 
angle of 75% at the centre, if the radius of the sphere is 
то in.? Answer correct to 2 dec. places. 
А camera tripod is set up on level ground. If the legs are 
each 4 ft. long, prove that theangles which the legs make with 
the ground are all equal. If the height of the tripod is 
3 ft., calculate this angle. If, further, the points of the legs 
in contact with the ground form the vertices of an equi- 
lateral triangle, find the length of the side of this triangle. 
Answer in feet correct to 2 dec. places. 


LX 


In the figure, isosceles Д РОК is at right angles to plane A. 
As PQS and PRS are each at an angle of 45° to plane A, as 


is also ASQR. If RS = 3 in., calculate QR and PS. What 
is the inclination of QS to plane A? 


- The figure represents a 6-in. cube. Х is the mid-point of 


: ЕЛІ» 
BF. Find the distance of X from the plane AFC. Answer 
in inches, correct to the 2nd dec. place. 


468 REVISION PAPERS 


3. The figure represents a solid figure bounded by a rectangular 
base 4 in. x gin., two congruent trapezia ABHE, DCHE, and 


E 3" H 


А 9" B 


two congruent isosceles triangles AED, BCH. Calculate the 
height of EH above ABCD, the inclination of ADE and of 
АВНЕ to the plane ABCD. — - 


4. А sphere circumscribes a cube, each edge of which is 6 in. 
Find the volume of the sphere and its curved surface. 


5. The triangle ABC is right-angled at B and has AB = BC 
= 2in.. The plane of the triangle is at right angles to plane 
P and the side BC lies in the plane p. Eis the mid-point of 


A 


BC, and triangle BEF lies in the plane P. Find the lengths 


of АР, FC. Prove that BFC = AFC — gos, Find the 
angle between the planes AFC and AFB, and between the 
planes AFC and BFC. 
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The following examination papers consist of questions set 
by several of the principal examining bodies, The source 
ot each question is indicated in brackets after the question, as 
follows, 3 


Scottish Leaving Certificate (S.L.C.) 
Glasgow University Bursary Examination (G.U.B.) 


Universities of Manchester, Liverpool, Leeds, 
Sheffield, Birmingham Joint Matriculation 


Board (J.M.B.) 
University of Cambridge, Local Examinations 
Syndicate ` (C.L.E.) 


University of Oxford, Local Examinations (0.L.E.) 
University of Bristol, Examination of the 


General Certificate of Education (B.) 
University of London, Matriculation Exam- 


ination ў (L.M.) 


EXAMINATION PAPERS 


PAPER I 


1. A triangle ABC is inscribed in a circle and the tangents at A 
and C to the circle intersect in Т. A line TX, parallel to AC, 
meets BC produced, at X. Prove that the quadrilateral 
BATX is cyclic. If TB and AC intersect at K, by considera- 
tion of angles which are equal to angle TXA, prove that XA 
is a tangent to the circle АКВ. (J. M. B.) 

e 


2. Points L, M are taken on the sides AB, BC of AABC such 
that AL: LB —2:3 and CM: MB—4:5. Through L, a 
straight line is drawn parallel to AM to meet BC at R. 
AM meets CL at P, 

(т) Write down the value of the ratio BR : BM. 

2) Calculate the ratio MP: RL. S 

6 Calculate the ratio of the areas of the triangles E) 
CBL. 2 
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. PORS is a square of side 4 in. in a horizontal plane. LQand 


. PQRS is a parallelogram in which РО = 20А. The 
bisectors of angles SPQ and SRQ meet SQ in X and Y > 


ABCD is а square. The circle on the side BC as diameter is 
drawn. The line through А and the centre of this circle cuts 
the circle at P and Q (P being nearer А). The circle with 
centre A and radius AB cuts PQ at S between P and Q. 
Prove that 


1) А5--РО; 
2) AS? = АР.АО; 
(3) АР? = AS.PS. (OLE) 


Two circles touch externally at a point A, and a straight line 
through A cuts the first circle at B and the second at C. 
The straight line BED is a tangent to the second circle at D 
and cuts the first circle at E. Prove that 


(1) AD bisects ЕАС. 
2) АО? = rect. AE, AC. 
(3) rect. BA, DE — rect. AE, BD. (S.L.C.) 


MS are vertical lines above this plane, of lengths 2 in. and 
т in. respectively. Тһе mid-point of LM is X and PX is 
produced to meet the vertical through R at the point N. 
Calculate (r) the length of RN ; (2) the angle LPM. 
(O.L.E.) 


“PAPER 2 


. OAB is a quadrant of a circle, О being the centre and OA and: 
OB radii at right angles to each other. Qis the mid-point of ` 


the arc AB, and the tangent to the circle at Q cuts OA рго- 
duced, at P, and OB produced, at R. 
(х) Show how to use ЛОРА to draw a circle touching OA 
and OB and the arc AB. 

(2) Prove that the radius of this circle is equal te AP. 


(3) Draw accurately a circle of radius 2 in. divided into 
four quadrants, with a circle described, as in (1), 
(B.) 


in one of the four quadrants. 


respectively. Show that 


(a) X and Y are points of trisection of SQ. 
(b) PXRY is а parallelogram. (JM. B.) 


3. 


ж 


ta 
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AB and CD are parallel chords of a circle. The tangent at A 
meets DC produced in Z. AD and BC intersect in X. 
Prove that As ABC and CAZ are equiangular. If, further, 
the tangent at C meets AZ in Y, prove that the triangles 
AXC and CYZ are similar, and, hence or otherwise, prove 
that XY is parallel to DC. (S.L.C.) 


. ABCD is a parallelogram; P and Q are points such that 


P and C are on opposité sides of AB, Q and A on opposite 
sides of BC, and the angles PAB, BCQ arerightangles. If 
AP: AD = CQ: CD, prove that the angles PDA, CDQ are 
equal ; and that if, further, the angle PDQ is a right angle, 
then AP = AD. (GUB) 


. V, ABCD is a pyramid, ABCD being a plane quadrilateral 


and VA = VB = VC = VD. Prove that A, B, C, D lie оп 
a circle whose centre is the foot of the perpendicular from V 
on to the plane ABCD. If ABCD is a rectangle having 


AB = 8 in., BC = 6 in., and if 
VA = VB = VC = VD = 13 in., 


calculate 


(г) the inclination of VA to the plane ABCD, 
(2) the angle between the face VAB and the 7 031 4505 


PAPER 3 


AM is a median of a triangle АВС. Through C, a parallel 
is drawn to AB, meeting AM produced, at E. Prove that M 
bisects AE, and that AB + AC is greater than 2AM, Prove 
also that in any triangle, the sum of the medians is less than 
the perimeter of the triangle. (L.M.) 


. In a triangle ABC inscribed іп a given circle, AB > AC and 


ACB is acute; the circle which touches BA at A and passes 
through C, meets BC produced, in D, and AD meets the 
given circle in E, If the circle ACD meets BE in P, and 
BE produced, in О, show that AP is а tangent to the circle 
PEC and AQ is a tangent to the circle OEC. (G.U.B.) 
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3. The bisectors of the angles A and B of an acute-angled 
triangle ABC meet in l. ХІҮ, perpendicular to Al, meets AB 
in X and AC in Y. Find expressions for the angles of the 
triangle ТҮС in terms of А, B, C (the angles of AABC) and 
show that the triangles BX! and ТҮС are similar. Prove that 

. BI? : IC? = BX: YC. (S.L.C.) 


4. (a) From a point P outside a circle, a tangent PT and a 
secant PAB are drawn. The tangent touches the circle 
at T and the secant cuts the circle at A and B. If 
PA = 2 in. and AB = 6 in. calculate the length of PT. 

(b) Two unequal circles cut each other at R and 5. From 
any point О оп RS produced, two secants QCD and 
QXY are drawn, one to each circle, Prove that the 
points C, D, Y, X are concyclic, Also prove that 
QX.DY = QD.CX. (J.M.B.) 


5. (1) X isa place on the equator and Y is a place on the same 
meridian of longitude, due north of X. If the distance 
XY measured along the meridian is 2000 miles, find the 
latitude of Y. 

(2) А ship sailing due west in Lat. 49* М. finds that after 
sailing a certain distance, her longitude has altered by 

6*. Find how far the ship has sailed. 
(Radius of earth — 3960 miles; take z to be 3:142.) 

(C.S.C.) 


PAPER 4 


O is a point inside a circle. Chords AC and BD are drawn 
to pass through O and cut at right angles. From O, a 
perpendicular ON is drawn to the line AB. МО produced 
cuts CD at М. Prove that OM = MC = MD. Prove also 
that the angle OMD is equal to the angle subtended at the 
centre of the circle by the minor arc AD. — (O. L. E.) 


А straight line AB is bisected at O and OY is drawn perpen- 
dicular to АВ. On OY a point P is taken, and the line AP is 
produced to О, so that AP.AQ = 2АО%, Prove that the 
angle AQB is a right angle. (L.M.) 

3. Two circles intersect in A and В. The tangent at A to оге 
circle meets the other circle in C, and the tangent at B to the 
circle ABC meets the first circle in D, Prove that 


м 
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t DA is parallel to BC. 

2) AB is a mean proportional between DA and BC. 
Prove also that if a line is drawn through B to cut the circle 
ABC in L and the circle ABD in M, 

AB _ AD, 
AL AM (S.L.C.) 

4. The internal bisectors of the angles A, B of a triangle ABC 
meet the opposite sides in D and E respectively, and EF is 
drawn parallel to CB to meet AD in F. Prove that 


80555 - and find the ratio of ADEF to ДАВС, 
(G.U.B.) 


5. А tripod having its three legs OA, OB, OC each 4 ft. long, 
stands on level ground with its ends forming an equilateral 
triangle ABC whose sides аге of length 2 ft. біп. Pis the 
point on the ground, vertically beneath O. Calculate 

(1) the length of PA (you may use the fact that PA, PB, 
PC bisect the angles of AABC), 

(2) the angle which OA makes with the horizontal, 

3) the length of OP, 

4) the angle which the plane OAB makes with the 
horizontal. (C.S.C.) 


PAPER 5 


т. P is a point оп the circumcircle of ДАВС, The feet of the 
perpendiculars from P to BC, CA, AB are L, M, N respectively. 
Prove that L, M, М are collinear, 

If PL, PM, PN meet the circumcircle again in О, R, S 
respectively, prove that As ABC and QRS are (0 E) 

. The sides AB, BC, CA of triangle ABC are of lengths 7, 24, 
25 units respectively. Show that the triangle is right- 
angled. ji 

The internal bisector of ВАС meets BC at X; find the 
length of BX. Ў 
ІНІ is the incentre of AABC, and IY is the radius drawn 
perpendicular to AB, prove that IY: XB = Al: AX and 
determine the length of the radius of the EO" 
қ L.C.) 


474 EXAMINATION PAPERS 


3. The tangent is drawn at A to the circumcircle of AABC. 
BR and CS are drawn perpendicular to this tangent. AD 
is the perpendicular from A to BC. Prove that 

AARB is similar to ACDA and that BR.CS = А3, 
(7.М.В.) 

4. ABCD із a rectangle having AB greater than BC. BP is 
drawn perpendicular to AC and produced to cut CD at E. 
Prove that 

т) CE.CD = СВ, 

2) CE: CD = СВ?: АВ), 

. M.) 

5. A hillside facing south has a uniformly sloping surface in 
the form of a plane which makes an angle of 10° with the 
horizontal. A straight road is made up the plane in a north- 
easterly direction (i.e. on a bearing of 045° measured in the 
horizontal plane). Find the inclination of the road to the 
horizontal. (C.L.E.) 


PAPER 6: 


1. ABCD is a square; L and M are the mid-points of BC and 
CD respectively. AM, DL meet at O. Prove that ABLO 
is a cyclic quadrilateral, Prove also that if BO is joined, 
ВО = AB. (L.M.) 

2. Two circles with centres B and C are such that the circum- 
ference of each passes through the centre of the other. СВ 
produced meets the first circle at О. The circles intersect 
at P and Q. Prove that 

1) PBQ = 120°. 
A APDQ is equilateral. 
PQ is a tangent to the circle DBQ. 
(S.L.C.) 

3. ABCD is a cyclic quadrilateral, О is any point on the cir- 
cumference of the circle ABCD, and P, Q, R, S are the feet 
of the perpendiculars from O to the lines AB, BC, CD, DA 
respectively. Prove that Of. OR = ОО.О5, 

(G.U.B.) 
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4. ABCD is a rectangle in which the length of AB is a and the 
length of AD is band a >b. The foot of the perpendicular 
from C оп the diagonal BD is L; the foot of the - 
dicular from D on the diagonal АС is M. Prove that the 


3. 52 D 
length of LM is Ip (01Е) 


. А square tent standing on horizontal ground has vertical 
sides 12 ft. long and 5 ft. high, surmounted by a roof in the 
form of a regular pyramid on a square base with sides 
12 ft. long. If the vertex of the pyramid is 8 ft, above the 
ground, find 


(x) the volume of air in the tent, 

2) the length of one of the sloping edges of the roof, 

3) the angle each sloping face of the roof makes with the 
horizontal, 

(4) the total area of canvas in the walls and тос 


tA 


PAPER 7 


1. A, B, C, D are four points in a straight line in that order, 
X is a point at which AB and CD subtend equal angles. 
Prove that the circles XBC, XAD have a common anm 
at X. (L.M.) 


2. DBA is an isosceles triangle right-angled at A. Pisa point 

within the triangle DBA, and RPA is a second isosceles 
triangle right-angled at A, and such that P and R are on 
opposite sides of AD. Prove that BPA = DRA. 
BP is produced to meet DR at S. Prove that BS is perpen- 
dicular to DR. Squares ABCD and APQR are completed. 
Prove that BSC = 45°, and hence or otherwise, prove that 
C, S, Q are collinear. (S.L.C.) 


3. The tangent at A to the circumcircle of any triangle ABC 

cuts BC in D, the bisector of the angle BAD cuts BC in E, and 

the bisector of the angle DCA cuts DA in H. Prove that 
HE is parallel to AB. (G.U.B.) 
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4. 


» 


In triangle ABC, BC is fixed and the ratio AB : AC is con- 
stant. Prove that, in general, A lies on a circle S. What 
is the exceptional case ? 

If S cuts AB, AC again at P, Q, prove that the circles APC 
and ABQ meet again at O, the centre of S, and that OP and 
OQ are equally inclined to BC. (B.) 


. The top of an open cubical box is the square ABCD ; its 


base A'B'C'D' stands on a horizontal table, the edges AA', 
BB’, CC’, DD’ being vertical and of length 3 in. A thin rod 
of length 6 іп. is placed in the box. Тһе lower end of the 
rod is in the corner A' and the rod is supported by the rim 
of the box at the opposite corner C. Find by drawing 
and measurement, or by calculation, the distance of the 
upper end of the rod from 

(1) the table, 

(2) the corner A. (O.L.E.) 


PAPER 8 


From a point P outside а circle,-secants PAB and PCD are 
drawn, The line through A, parallel to BD, cuts PD at E; 
the line through B, parallel to AC, cuts PD, produced if 
necessary, at Р, Prove that 
Қ the points А, B, E and F are concyclic ; 
2) the tangent from P to the circle passing through 
А, B, E, F is equal in length to the tangent from P 
to the given circle, 


If three parallel lines AP, BQ, CR are cut by two straight 


an at A, B, C and P, Q, R respectively, prove that 


BC ^ OR C and D are any points on the circumference 

of a circle on AB as diameter, and the perpendiculars from 

A and B to CD meet it in E and Е. Prove that CE = FD. 
à (G.U.B.) 


3. The tangent at A to the circumcircle of triangle ABC meets 


BCatD. Тһе bisectors of the angle ВАС meet BC in E and 
F. Prove that D is the mid-point of EF. (в 
0 
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4. The triangle ABC is equilateral and D, E, F are the middle 
points of BC, CA, AB respectively. If X be a point inside 
the triangle, prove that 

ХА? + ХВ? + ХС? = XD? + ХЕ? + ХЕ? + {8С?, 
(J.M.B.) 

. An equilateral triangle ABC has sides 3 in. long. A point D, 
not in the plane of the triangle, is 4 in. from each of the 
points A, B, С. Find 

(x). the distance of D from the plane ABC, 
2) the angle DA makes with the plane ABC, 
3) the angle between the planes ADB and CLE) 


y 


PAPER 9 


1. Two circles intersect at P and Q. The tangent at P to one 
of them meets the second in R, and A is the mid-point of PR. 
If AQ meets the first circle in S and the second in T, show 
that A is the mid-point of ST, and that PR is the tangent at R 
to the circle QRS. Show also, that, if PS cuts the second 
circle in B, RS is the tangent at S to the circle BSQ. 


(G.U.B.) 
2. Two triangles ACB, ADB have the same base AB. CD meets 
AB in X. Prove that 
AACB _ СХ 
AADB DX 


Hence, or otherwise, show how to find a point О inside а 
triangle ABC such that 
АОВ: ABOC: ACOA — 3:9: r. 
а A д (O.L.E.) 
3. If lis the incentre of ДАВС, and |, the ex-centre opposite 
to A, prove 
т) that the circle 1,BC passes through |, P 
5 that, if the circle cuts AB and AC (produced if neces- 
sary) at E and F respectively, 
AE = AC and AF = AB. 
(B) 
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4. Two circles, centres A and B, intersect at points P and Q 
and any line through P cuts the circles at points R and 5 
respectively. Prove that the triangles QRS and QAB are 
equiangular. (Consider both the case where R and S are 
on the exterior arcs and that where one of the points is on 
the interior arc.) 


8 If QR — k.QA what relation does RS bear to АВ? 
2 


(3) Prove that the greatest possible length of RS is 2AB 
and indicate how you would construct RS so that RS 
is of any desired length less than 2AB. LC) 


5. P and Q are two points on a geographical globe of diameter 
20 in. They both lie on the parallel of latitude 50% N. 
P has longitude 90° W. and G has longitude 90° E. 
piece of string AB, has one end, A, onP ; the other end, B, 
just reaches Q when the string is stretched over the north 
le. Calculate the length of the string. 
f, instead, the string, with the end A still on P, is laid along 
the parallel 50? N., ing east from P, calculate the longi- 
tude of the point MAR by the end B. (OLE) 


PAPER 10 


т. ABCD isa cyclic quadrilateral. АВ and DC meet in E; the 
circle with centre E and radius EC cuts AB in H, and HC, 
BC meet AD in К, L respectively. Prove that CL = 15 

(С.О.В. 


2. ABCD is a trapezium, AD being at right angles to АВ and 
DC. AD is то in. long, DC is 8 in. long, and the diagonals 
BD and AC cut at right angles. Prove that the triangles 
ABD and ADC are similar, and calculate the of AB. 

/ O.L.E.) 


Show how to find two positions for the line RS so 
that RS — AB, 1 А 


EXAMINATION PAPERS 479 


3. If D is the middle point of the side BC of a triangle ABC, 
prove that АВ? + AC? = 2(Ар? + врз), 
А point is such that the sum of the squares on the lines join- 
ing it to four fixed points із constant ; prove, by successive 
applications of the above result, that the locus of the point 
is a fixed circle, assuming all the lines to lie in the same 
plane. : (J.M.B.) 
4. D is the middle point of the side BC of a triangle АВС. 
A line through D, parallel to the external bisector of the 
angle A, cuts AB, AC, or these sides produced at P, Q 
respectively. Prove that BP — CQ and that each is equal 
to half the difference of AB, AC. (L.M.) 
5. The edges OA, OB, OC of a rectangular box are of length 
3, 4, 4 in. respectively. Calculate 
(1) the angle between the planes ABC, AOC (to the 
nearest minute), 
(2) the length of the perpendicular from O to the plane 
ABC (to three significant figures) B) 


12. 


ANSWERS 


EXERCISES 3 
2:54- 2. 39. 
EXERCISES 5 
360°. 30°. 4. 720°. 
90°, 180°, 120°. ё 90%, 74°. 7. 12.45 p.m. 
3 o'clock, 9 o'clock. 
2 o'clock, 10 o'clock; 4 o'clock, 8 o'clock; 5 o'clock, 7 o'clock. 
1807. II. 90°. 12. 45°. 
90°. 14. 45% 
180°, 90°, 45°, 90°, 5: 135°. 
160°, 110°, 100° 46”, 90°, 717 23’, 60°, 1°. 
Во°, 60°, 45°, 38° 43“, 30% 22° 13% 3°, 52° 46“ 
70°. 19. 90°. 20. 90°. 
45°. 22. 60°. 140°. 
137° or 43°; 58° or 122°. 25. (180 — 4) or 7 
60. 60° or 1207. 27. 45. 45° OF 135°. 
EXERCISES 6 
60°. 13. 69°. 
EXERCISES 7 
115°. : 2. 23°. з. 34^. 
38%; 25%; 20%; 30*. 
76°. 6. 30; 45°. 7. 132° or 487. 
81° or 65° or 34°. 9. 45°, 60° ог 75°- 
я = 45. y = 135. 12. 134°. n 
60°. 14. 58°. 25. 90°. 
68°. 17. 31 18. 110. 
30°, 180°, 20. 249°. 21. 180° — , *. 
, , 26°. 
ж = 20; y = 100; 2 = 120. о 452. K 
50. 27. 24. 39°, 41°. 


Exercises 8 


2. 4, 6, 2, 7 = 115° 
1, 3 5 = 65°. 


58° ог 122° ^ $&sty- 180. 
- 9. 65°. 


N.C.G.—18 481 


482 


16. 60*. 

22. % — x^. 
125 585, 82°. 
29. 35°, 65°. 


X. 11 ft, 26-4 in., 110 yd. 


3. 49 іп. 


8. 90%, 


X, 3:8 in., 71°. 


3. = 2°6 in. AB = 2:9 in. 


ANSWERS 


X3. 20°, 
20. 85°. 


2 807. 60°, 70%, 


EXERCISES 9 


Exercises 8 (continued) 
10. ACD = 45% BCA — 20°; 8-6- 115%. 
12. 80°, 


2. 314 in., 39:6 cm., 26-4 yd. 
4. 8:6 cm. 
м 8. 8 in., 8800 in. or 244 yd. 1 ft. 4 in 

28 in. 


7. Г15 in,, 2:77 in. 


15. 6, бо' 


EXERCISES 10 


2. 8-4 іп., 69*. 


В = 90°; A = 53°; С = 37°. 
Lay eee В = 38°; C= 90. 


. 2:4 in., 41°. 


9. ABC = ACB = 51°; 


10. 60° each. 


4 4-67 cm., b = 9 cm. 


8. 8 cm., 37°. 


11. 3:4 in., each. 


BAD = CAD = 39°; ADB = ABC = 90°, 


12. 60° each. 


13.2 cm.; 2 cm.; DAB = 42°; CAB = 84°. 


14. C = 121°; а= 30 cm.: or C 


18. 1477 ст. 31%, 
28. 4 cm. 60°, 


2. 6 cm. 

5. 1:6 in. 

9. 7 cm. 

14. 2:4 cm., 1:8 cm. 
18. 9o ft. 


16. 3 сп. 722, 
19. 90?; 5:04 in. 


EXERCISES 11 
2. 45 in. 
6. 6:75 em. 
10. 8 in. 
16. 2:4 cm. 
X9. 24 ft. 


EXERCISES 13 


2. 72°, 72°, 36°. 
40%, 50°, 90°. 
то. 90°. 


EXERCISES 14 
131°, 
20°, 
XI. 30°, 60°, 90°, 
26. 100°, 


23. 57°. 


= 59°; а = 9:2 ст. 


21. 9:6 ст., 6:3 cm. 
17. 7:2 cm. 
20. 1:2 in., 1:6 in. 


3- 120%, 


ANSWERS 485 


EXERCISES 17 
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АВ —9:5 m.; AC = 7:7 cm. 
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7) 38:5 sq. in. (3) 18-855 Sq. cm. (9) 24 sq. cm. 
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29. 2:8 cm., 30. 24:8 in. 31. 1:32 in. 
32. (1) 15, 112] sq. m. (2) 17, 250 sq. yd. 


(3) 1 ac. 2916 sq. yd. 
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EXERCISES 29 
т. h(a + 5) = ka + hb. 2. (2x)? == 4s*. 
3. (x + 1)(* + 2) ға" + 35 2. 
4 (a + b)(c +d) = ac + ad + bc + bd, 
. Аа — 9 zmha— 
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4 12-0. 5. 12 in. 7 em. 
7. 1'6 in. 13:3 in. 9. 1 + 1. 
10. Rey + 29 +1, 21. 27у. 12. 511. 
E 14. 6. „ Th 
72 in., 5 in. 17. 20 in., 15 in. 17 
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22. 18 ft. 23. 48 in. 26 5 іп. 
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30. 7:21 in., 8-25 in., 6-40 in. 32. 7 ft. 
EXERCISES 33 
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4- 2:89. 2:97. 6. 3" 
7. 2:55. 942. 9. 9:53: 
xo. 53° B^. 3 11. 22° 37. RA 13. 38° 39 
13. s 42'; 45°. 4. 67° 227; 112° 38“ 
np oso ft, 16 10916. 17. 46-2 ft. 
730 in. 19. 405 cm. 
20. 210; 9:90; 48%, EM 21. tei Y 
1 o 
22. Vai 35. 
\ 
EXERCISES 34 
X. 423; 2731; 891 2. 30°; 44°: 63% 
4. 2:80. 2:60. 6. 5:73- я 
7. 4. gat. 9. 3.8 cm. 
zo, 36° 52’. 11. 53° 8’, 14. 41° 49. 
3. 7:51 cm. 73° 44". 
1 5 27:96 yd., 82-9 yd., ы 38’, 
21:21 cm., 21°21 cm., 14:85 cm. 
18. 229 ft. 


17. 16° 16”; 6-72 cm. 
19. 23:49 к 20. 9:40 in., 342 in. 
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EXERCISES 35 


2. 8290; -6157; “3420. 2. 75° 31', 71° 20°, 49? 277. 
3. 9397, "7986, -4695, 2579; 4- 4996 cm. 
155 іп. 2:676 in. 7. 6128 cm. 
Ё I 4862, in. £ 36° 52’. 10. 70° 32'. i 
11. 38? 41’, 12. 19:66 cm. 13. 51? 19“. 
14. 8:612, 9456, 42° 19*. 15. 6:18 ft. 
m 67° 23', 17923 in. 18. 2:418 ft. 


19. 60°, 2-887 Ж, 5 774 ft., 5:774 ft. 
20. 3:214 cm., 3830 cm., 28° 36°. 


EXERCISES 36 
1. 117°, 75°, 40°; 75°, 35°; 63°, 28°, 42%; 21°, 42°, 


a. (1) N. 40° E., 040° ; N. 25° W., 335°; 
W. 32° 25 238%; E. 40? S., 130°. 
(2) S. 40% W., 220° S. 25° E., 155? ; 
E. 32? N., oss: W. 40° N., 310°. 
350'1 ft. 4. 259:8 ft. £ 565 yd. 
144 ft. 7. 26:23 yd. . 18:2 yd. 
9. 541 ft. 10. 87-2 yd.; 60:6 yd. 
21. 5'959 ml.; то ml. 12. 5 ft. 
X3. 1:072. 2:527 ml. Hd М. 21° 48' E.; 5-39 ші. 
15. 12:63 naut. ml. 6:6 ft. per sec. 


x 163:2 yd. 125-1 yd. west of B. 

209 yd., 340 yd., 161 yd. I9. 25° E. of S.; 26:6 ml. 
20, 114 chi; 2$ che; 46 ch. ax. 382 yd. 

22. 128 ch.; 59 ch X 

23. 1273 ch, 1477 ch., 64:6 ch. 24. 13:6 ml. 295°, 

25. 103 ml.; 1 hr. 14 min. after leaving A. 


Revision Papers XI-XX 


XI 
4. 7 ft. S. 2:6125 ac. 
\ XII 
I. 1:23 in., 1:64 in., 2:46 sq. in. 
4. 114 ml, 5. 3 sq. in. 
Me XIII 
2. 1:72 84. іп. 3. i. 4. 12:4 ac. 
А ХІУ 
4 N. „ ded cud 2:65 cm, 1740 cm., 3:76 Sq. cm, 
XV 


I. 5°16 in. 7:37 in., 4-63 in., 48° 6“, 23 "89 sq 
2. i 5. 2820 yd., 185 gl W. 34° N. 
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XVI 
X. 56° 197, 2. 7% sq. іп. 5. 29:9 ml., N. 30° E. 
XVII 
2. 6-28 sq. cm. 5. 233 ft. 
XVIII 
2. 204 cm., 64° 56’. 3. l. 
XIX 
1. 6-403 in., 7-071 in., 25° 6’, 9:604 sq. іп. 
2. 26° 34’, 8:94 in. 3. 12:59 ft., 3° 12". 
5. 8 сш., 123° 53', 56° 7’. a % 
LEICA. 
1. 3:84 in., 5 in., 77° 19, 57? 227. 2. 3. 
5. 21:02 m.p.h., 101°, 12-42 p.m. 
Exercises 37 
. 3 in. 2. 30 in. . 7 cm. 
4. 16 in. 9 cm. 10% in. 
7. 4 сп. 96 in. 9. 3'4 in. 
10. 2 cm.; Or 14 cm. 21. r4 in. 
22. 447 іп. 13. 5 in. 17. (1) 12, (a) 9:6. 
18. 5 cm.; 4 cm. 19. 10-4 cm. 20. 5 cm. 
Exercises 38 
І. 674°. 2. 60°, 58%, 
4- 60°, 92°, 8. 65% 78". 
15. 60°, 30°, 60°. - 
s EXERCISES 40 
х. ABD = 60°; DBC = 56°; ACB = 39°; Bbc = 25°; BDA = 39°, 
2. 35°. 3. 107°, 4 105°. M 
5. 68°, 9- 104°. хо. 89°. 
11, APB = (180 — g); AEB = (180 — ache; РВЕ = 2°. 
EXERCISES 43 1 
4. х = 90 — zy. S. 1215, 59°. 6. 75°, 58°, 47°, 
EXERCISES 44 
2. I5 in. 3. 61. 9. 27 cm. 
: 10. 7:2 cm. ; 
EXERCISES 45 


2. 100. 2. 100. 6. 56°, 57°, 67°. 
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Exercises 46 

8. 12. 6. 6. 

9. BD-s—b; BE=s—c; CE=s—d; СО =з е, 

т2. 70 cm., 4:3 cm. 


Reviston Papers XXI-XXX 


XXI 

X. 1:4 cm. or 64 cm. 3. 20°, 70°. 
XXII 

= Pi Яя ст. and 4:5 cm. Б 
XXIII 

X. 4˙8 in. 2. 33% 
XXIV 

4. 3y — 2% = 180, 
XXV 


3, 15 Cm. 964 cm. 
2. 5 . ray 34% 118%; Fig. 2. 48°, 54°, 78%, 


3. 34^, 66°. ~ 
XXVI 
х, 96 cm. 2. 72°. 3. 60°, 92°, 120°, 88 
XXVII 
«| a М o о 9 
I hi rd: 88°, 111°. LENS 
XXVIII 
2. 1:73 in., 3:46 in, 2. 5 in. 
XXIX 
8. 1 in. 
XXX 


2. 68%, 47°, 65% 


EXERCISES 49 


x, Obtuse, right, obtuse, obtuse, 

2. = 24 em.; AE = 3§ cm. 

3. 39 п. к 4 346 in.; 1-73 in. 
ch — at — Bt 

e 

8. BD = 10 in.; CD = 24 in.: ДАВС = 26, Ў 

9 AD = in,; AE = 2f in. s fci 
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Exercises 50 Š 
2. 2} in., 32 іп. 3. 12 in. 4 7°23 in. 


etad, b a? – с? 
. Таны C 


6. (1) 5 in. (2) 84 sq. in. 
7. 5 in., 2j in., 3:9 in. 


ExzRcIsES 5% 


x. 10 in. 2. 14 cm. 3. = 37, 
yrs) 
4. 76 cm., 11:9 cm., 13:2 cm. 
5. 14:4 in., 10-0 in., 174 in. 
6. art + abi аъ 5 
2 
EXERCISES 32 
x. 6 i 2. 2) in., 6 in. 3. 7 in. 
7 =8in.; DADA E 
8. 1 2 d’). " 
Revision Papers XXXI-XL 
XXXI 
3. то in, 
XXXH 
3. 722 cm. 8-54 cm. 
XXXIII 
2. 2 4. у = 2. 
XXXIV 
2.12cm. 3 cm. 
XXXV 
2. 60 ml. 3. 72 sq. in. 5. 7 31. in. 
XXXVI 
2. 7} cm. 3. 21 in. 17:32 sQ. in. 
XXXVII 
2. 2:68 ст, : 2. 2-5 іп. 81 52. in. 
XXXVIII 
x. 3:87 cm. 
хі, 


2.12 ml. 
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Exercises 67 
e 


+ (а) 90°, (b) 90°, (c) 45°, (d) 45°, (е) 90°. 
2 9 бо? 39", (b) 53° 8, (c) 36° 52, (4) ЕЗ 52%, (е) 5 8', (f) 73° 4%. 


3.2 in, 2у2 іп. 2 in., 2:31 in. Área — 4 ds 84- in. 
5. 29% 217. 16 cm., 13:24 cm. 

7. 2 Pr 4/17 in. 8:245 sq. An. 8. 38° 39. 

9. 6: 10. 252 58". 12. 71? 40". 

12. 59* 49. E 93° en $ 14. 95° 40. 

15. 105° 2". 75° 58'; 71? 34". 

175 75% 2 s 66% 7’. 18. 53° 8'; 46° 51, 

19. 39° 48°; 63° 26'. 20. 43° 19'. 

21. 46° 10’. 22. 62° 47, 54° 44’. 

23. 20°, 17° 49“, 14°. 24. 40° 7’. 25. 25° 30, 


EXERcIsEs 68 


1. 150 sq. in. 2. 9] sq. ft. 3. 735 Heel cm, 
4. 108 sq. in. É 163:2 sq. cm, 6. 16 

7. 4 in. nn sq. ft. 9. 18 i 12 іп, 
10, 600. 11. 4 in. 


Exercises 69 


TOPLI in. 2. 1339 Sq. in.: 69:3 cu. in. 
Sq. in.; 1018 cu. in, 4. 5631 sq. em. ; 831-4 cu. cm. 
1, 6. 512 cu. in. 7. 1 cu. ft. 139 cu. in. 
HE 144 25 cent. 9. 56250 cu. ft. то. 36. 
11. 225 gal. x n ft. 


13. боо sq. ft.; 1016 sq. 


„ 6240 cu. ft. 334 34. “ft. 
15. 1897 54. in.; 39 cu. ft. - 


іріп. 


EXERCISES 70 


1. 175:4 84. in.; 144 cu. in. 4. 159:2 Sq. em.; 72-2 с.с, 
3. 12727 sd. in.; 144:9 cu. in. 4. 128-1 sq. cm. ; 1108 c.c. 
S. 4˙1 in.! 493 Sq. in.: 147 cu. in. 6. 1973 cu. in. 
г 74 54. in. 32 cu. in. 

12 in. 2064 Sq. in.; 192 cu. in. 
9. 3907 sq. ft. 9005 cu. ft. 10. ½ cu. it, 


EXERCISES 71 


Y. 4752 Sq. cm. 2. 1100 sq. in. . 15400 с.с. 
4. 2310 cu. in. е 264 sq. cm. 5} in 

7. 8 in. 8 in. 9. 2:5 cm. 
10. 11454 sq. ft. 21. 391 in. 22 2} cu. in. 
13. 1433 C.C. 14. 144 lb. x 231 cu. in. 
16, 70 sq. in. 17. 1:36 m.p.h. 18. 4˙1 ft. 


19. 18. 20. 24 54. in. 


1 
< 
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EXERCISES 72 
1. 3013 sq. cm. ; gor} с.с. 452% sq. em.; 4025 с.с. 
2. 65 іп.; sq. in.; 39$ cu. in. 
3. 68:39 sq. cm. 64:37 cc. 241 cu. cm. 
5. 700 sq. in. 88° 24’. 
7. 1100 cu. in. 369 sq. in. 8. 105 sq. in., 132 cu. in. 
9. 227 cu. in. то. 253 sq. ft. II. 1155 cu. in. 
X2, 121 C.C. 13. J in. 14. 498 cu. in. 
15. 173 em.; 453 CC. 16. 60°. 
27. 509% cu. in. 18. 9:52 ft. from top. 
EXERCISES 73 
2. 453 Sq. іп. 905 cu. in. 2. 616 sq. ст. 1437 С.С. 
7 іп. 4. 944 cm. ait cu. in. 
214. 7. 3H. in. , 1:0 cm. 
9. 5095 cu. in. 10, 27,000. 11. 11:48 in. 
ха. 2810706 ст. 18. un in. 24. 57 ft. 1 
15. 26146 cu. in. x6. 62 . in. . . in. 
18. Ht. етіп. Diam. 5:5 in. i Tatum 
19. 3 in. 20. 70:28 in. 
EXERCISES 74 
x. 3064 ml. 2. 20590 ml. 
3. 10020 ml.; 23050 ml. 4. 586 m.p.h. 
po X 10* sq. ml; 1.217 X 10* sq. mi. 
2794 ml. 7. 1642 ml. B. 1122 ml. 
9. 8467 ml. 7612 ml. 
10. 47° N. 21. 12°. 
Revision Papers LI-LX 
LI 


2. (1) 22° 37; (2) 67° 237: (3) 36° 52“; (4) 22° 37. 
2. 26° 7”. 


4 236 sq. in.: 240 cu. in.; 5V5 іп. 5. 18:3 in. 
im - 

1. 2% 32% 2. 56% sq. in.: 48:99 cu. in. 

3. . 

4. ( 2/13 in.; (2) 64° 21“; (3) 76° 30". 

5. Uso Cu. in. 
LUI 

т. 86° 38’. : 

a. (i) 461-09 sq. ft.; (2) 1056 c. ft. (3) 33° 525 

3. Sphere of radius 4 in., centre at mid-pt. of XY. 

4- 35° 16, 45°. 8. 1214 cu. in. 
LIV 

1. 341:2, 49? 23. 2. 32 in., Io4/15 in., 30 іп., 15? 39. 


3. 53° 8', 69° 27. 4 3105 ml. 5. 53:31 іп. 
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LV 
1. M ja, 34° 27', 1-25 in. 2. (1) 8 in, An 2514 sq. in. 
3. 17° 4 3456 ml.; 7355 d 
5. 10 ine 
LVI 
X. (1) 28-62 sq. in.; (2 2. 14 ft., 28° 5', 
3 1816 in, inen 4- 3042 ml. è 
5. 4У2 in.; 12:94 sq. in. 
Қ LVII 


1. 104-7 ft.; 42*; 49* 36". 
2. 59/2 in., 13 in., 45° i 67° 23'. 
3. 1615 sq. cm., 9664 c. 


4 14° 2', 12° 36. 5. 1*2 in. 
LVIII 
т. 38° 41, 14° 29'. 7 1948 28% 4', 72 in. 
3. 110 sq. in., 163% cu. in, 4- 49° 46. 
S. A'B’ = 4 in., B'C' = 12 in., CA = 4/140 in. 
LIX 
1. 30° 26’, 35° 38'. 2. 29° 1', 452, 
3. 6:6 in., 694-9 cu. in. 4 1793 in. 


5. 48° 35“, 4°58 ft. 
eg a EK 

0 3751 in., "dms 33° 16% 2. i in. e 

3. 346 in., 49° 4. 5879 cu. in.; 339} sq. in, 

5. V5 in, v3 in; go; 63° 267 PPM: 


EXAMINATION PAPERS 


А 2 0 $ "m 75° 58. e 
* 4)(а) 4 in. 7 
5) (1) 2855 " N. (2) 272 ml. 


4 (4) (X 36 g* 4 
(5) ^ Я M. ft. 2. 68° 5/. 3. 373 ft, 


4 i ; 3in. ) 7? 6% 
é т, 864 e ft. 2. 9 ft. T 2 265 34. 
4. 401 sq. ft. р 


7. (5) 1. 3464 in. 2. 4:92 in. i 
8. (5) 1. ya in, 2. 64° 20. 3. 76° 30% 


р 


ROSS'S ELEMENTARY ALGEBRA 


By laying stress on vital principles and showing the 
Practical utility of the subject instead of resorting to bare 
unreasoned rules and mechanical examples this book 
attempts to sustain the interest of the young student 

by making him understand what he is doing. The 
processes of Algebra have throughout been identified 
with those of Arithmetic and the solution of equations is 
not treated as the outcome of arbitrary rules but 

each step is shown to follow logically from fundamental 
axioms. 


MASTERING MATHEMATICS 
D. б. Е. Todd 


All innovative series of three books on integrated 
maths for middle school, written according to the new 
syllabuses of the Inter-State Board of Anglo-Indian 
Education for ICSE schools and ef the NCERT. 
- The three books take pupils through the work to be done 
in Classes 6, 7 and 8, paying meticulous attention 
to the topics required for Subject Evaluation Year 8, 
the new examination course for Class 8 introduced by the 
Inter-State Board of Anglo-Indian Education. 
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